On Peterson's open problem and representations of the general linear
  groups by Phuc, Dang Vo
ar
X
iv
:1
90
7.
08
76
8v
10
  [
ma
th.
RA
]  
18
 A
ug
 20
20
On Peterson’s open problem
and representations of the general linear groups
D- ă.ng Võ Phúc
Faculty of Education Studies, University of Khanh Hoa,
01 Nguyen Chanh, Nha Trang, Khanh Hoa, Vietnam
Abstract
Fix Z/2 is the prime field of two elements and write A2 for the mod 2 Steenrod algebra. Denote
by GLd := GL(d,Z/2) the general linear group of rank d over Z/2 and by Pd the polynomial
algebra Z/2[x1, x2, . . . , xd] as an unstable left A2-module on d generators of degree one. We study
the Peterson hit problem of finding a minimal set of generators for A2-module Pd. Equivalently,
we need to determine a basis for the Z/2-vector space
QPd := Z/2⊗A2 Pd  Pd/A
+
2 Pd
in each degree n ≥ 1. Note that this space is a representation of GLd over Z/2. The problem is still
open for d ≥ 5.
In this work, we give an explicit solution to the hit problem of five variables in the generic
degree n = r(2t − 1) + 2ts with r = d = 5, s = 8 and t an arbitrary positive integer. An
application of this study to the case t = 1 shows that the Singer algebraic transfer of rank 5 is an
isomorphism in bidegree (5, 26). Here, the Singer transfer of rank d is an F2-algebra homomorphism
from GLd-coinvariants of certain subspaces of QPd to the cohomology groups of the Steenrod
algebra, Extd,∗A2(Z/2,Z/2).
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1. Introduction and statement of results
We shall work only at the prime field Z/2 throughout the paper. Let Sqk : H∗(X) → Hk+∗(X)
be the stable cohomology operation of degree k ≥ 0, which is introduced by Steenrod in 1947 (see
[33]). Here H∗(X) is the singular cohomology group of the topological space X with coefficients
in Z/2. The Z/2-graded algebra A2 generated by the operations Sqk is called the mod 2 Steenrod
algebra and acts in a natural way on the cohomology of any space X.
For d a natural number, we denote by B(Z/2)×d the classifying space of elementary abelian
2-group (Z/2)×d of rank d and by Pd = Z/2[x1, x2, . . . , xd] the polynomial algebra on d variables
of degree 1. This algebra is isomorphic to the cohomology with Z/2-coefficients of B(Z/2)×d, hence
Pd has an unstable left A2-module structure. The left action of A2 on Pd is determined by
the unstable condition Sq1(xi) = x2i , Sq
k(xi) = 0 for k > 1 and Cartan’s formula Sqk(x · y) =∑
1≤j≤k Sq
k−j(x) · Sqj(y) (see [33]).
Investigating the homotopy classification of topological spaces leads us to the study the (mod
2) cohomology of the Steenrod algebra, H∗,∗(A2,Z/2) := Ext
∗,∗
A2(Z/2,Z/2). This study has a deep
connection with the "hit" problem of determining a minimal set of generators for left A2-module
Pd. Equivalently, we need to find a basis for the Z/2-graded vector space
QPd := Z/2⊗A2 Pd  Pd/A
+
2 Pd,
whereA+2 denotes the augmentation ideal ofA2 and Z/2 is viewed as a rightA2-module concentrated
in grading 0. This problem was posed by Peterson [20] in 1987. Currently, it is an open problem
for d ≥ 5.
For a non-negative integer n, let (Pd)n be the subspace of Pd consisting of all the homogeneous
polynomials of degree n in Pd. Denote by (QPd)n the subspace of QPd consisting of all the classes
represented by the homogeneous polynomials in (Pd)n. As well known, the general linear group
GLd := GL(d,Z/2) acts regularly on Pd by matrix substitution. Further, the two actions of A2
and GLd upon Pd commute with each other; hence there is an inherited action of GLd on QPd.
From this event, the hit problem becomes one of the main tools for studying representations of
the general linear groups over Z/2. Moreover, according to Peterson [21], Priddy [27], Walker and
his collaborator [45, 48], it has a deep connection with classical problems in the homotopy theory.
Therefrom the hit problem has attracted great interest of many algebraic topologists (see Ault and
Singer [2], Crabb and Hubbuck [7], Kameko [10], Mothebe and his collaborators [14]-[17], Nam [18],
Silverman and Singer [29], Singer [31, 32], Peterson [21], the present author [22]- [26], Sum [34]-[39],
Walker and Wood [44, 45, 46], Wood [47, 48] and others).
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Let PA2H∗(B(Z/2)
×d) be the subspace of H∗(B(Z/2)×d) consisting of all elements that are
A+2 -annihilated. With the idea of studying the cohomology of the Steenrod algebra by means of
modular representations of the general linear groups, William Singer [30] constructed a transfer
homomorphism of rank d from GLd-coinvariants of the A
+
2 -annihilated elements of the dual of Pd
to the cohomology of the Steenrod algebra:
Trd : Z/2⊗GLd PA2H∗(B(Z/2)
×d)→ Extd,d+∗A2 (Z/2,Z/2)
which is related to the geometrical transfer trd : πS∗(B(Z/2)
×d
+ ) → π
S
∗(S
0) of the stable homotopy
of spheres. More explicitly, trd induces Trd at the E2-term of the Adams spectral sequence [1].
Many mathematicians then investigated this algebraic transfer (see Boardman [3], Bruner and his
collaborators [4], Chơn and Hà [6], Hà [8], Hưng [9], Minami [13], Nam [19], the present author
[24, 25, 26], Sum [36]-[38] and others).
Singer [30] has indicated the importance of this transfer by proving that Trd is an isomorphism
with d ≤ 2 and at some degrees with d ∈ {3, 4}. In 1993, Boardman [3] confirmed this again by
using a basis consisting of the all the classes represented by certain polynomials in P3 to show that
Tr3 is also an isomorphism. Therefore, the Singer transfer expected to be a useful tool in describing
the cohomology groups of the Steenrod algebra, Extd,∗A2(Z/2,Z/2).
In [30], by using the invariant theory, Singer proved that Tr5 is not an epimorphism in bidegree
(5, 14) and conjectured that Trd is a monomorphism for any positive integer d. By Boardman [3]
and Singer [30], the conjecture is true for d ≤ 3. However, it is still open in general.
One of the extremely useful tools for computing the hit problem and studying Singer’s transfer
is the Kameko squaring operation [10]
S˜q0∗ = (S˜q0∗)(d,2n+d) : (QPd)2n+d → (QPd)n.
This operation is an Z/2GLd-homomorphism induced by the Z/2-linear map
δ : (Pd)2n+d −→ (Pd)n,
given by δ(x = xt11 x
t2
2 . . . x
td
d ) = x
t1−1
2
1 x
t2−1
2
2 . . . x
td−1
2
d , if t1, t2, . . . , td odd while δ(x) = 0, for any
monomial x ∈ (Pd)2n+d. Note that the map δ is not an A2-homomorphism.
In [25], we showed that the hit problem is reduced to the case of the degree n of the form
(1.1) n = r(2t − 1) + 2ts,
with r, t, s non-negative integers such that 1 ≤ r = µ(n) ≤ d and µ(s) < r. Here, µ(s) is the
smallest number u such that α(n + u) ≤ u, where α(k) denotes the number of 1’s in the dyadic
expansion of the positive integer k. It was solved explicitly for the cases d ≤ 4 (see [10, 20, 34, 35]).
For r = d − 1, the problem was surveyed by Crabb-Hubbuck [7], Nam [18], Repka-Selick [28],
and Sum [34, 35] with s > 0, by Mothebe [14] and by us [22, 23] with s = 0. For r = d −
2 = 3, the problem was studied by the present author [25] with s = 1 and by Sum [39] with
s = 2m+u + 2m − 2, m ≥ 0, u > 0, t ≥ 6. For r = d = 5, it was explicitly determined by Tín
[41, 42, 43], with s = 2, 3, 7, by Sum [36, 38] with s = 5, 10, by the present author [24, 26] with
s = 6, and by Walker-Wood [44] with s = 26. Note that in [44], they showed that in any minimal
generating set for the A2-module Pd, there are 2(
n
2) elements in degree 2d − d − 1. For d = 5, we
see that 25 − 6 = 5(20 − 1) + 26.20 and dim(QP5)26 = 2(
5
2) = 1024. Further, it is easy to see that
µ(5(2t − 1) + 26.2t) = 5 for t > 0. This leads to the the iterated Kameko’s operation
((S˜q0∗)(5,5(2t−1)+26.2t))
t : (QP5)5(2t−1)+26.2t → (QP5)26=5(20−1)+26.20
is an isomorphism for every t ≥ 0. So, dim((QP5)5(2t−1)+26.2t) = dim(QP5)26 = 1024 for all t ≥ 0.
From this event, we have the following remark for the dimension of (QPd)5(2t−1)+26.2t in the case
3
d = 6: For n = 5(2t−1)+26.2t, we see that µ(26) = 4 and α(26+µ(26)) = 4 = µ(26). Then, using
a result in Sum [35, Theorem 1.3], we get
dim(QP6)5(2t−1)+26.2t = (2
6 − 1) dim((QP5)26) = 64512
for t ≥ 5.
Moreover, for n = 5(2t − 1) + 42.2t, since µ(n) = 5 for t > 0, the Kameko homomorphism
((S˜q0∗)(5,n))
t : (QP5)n → (QP5)42
is an isomorphism for each t ≥ 0. This implies dim(QP5)n = dim(QP5)42 for t ≥ 0. By using
a computer program of Robert R. Bruner written in MAGMA, we have dim(QP5)42 = 2520. So,
dim(QP5)n = 2520 for any t > 0. On the other hand, we have µ(42) = 4 and α(42 + µ(42)) = 4 =
µ(42). Combining this and Theorem 1.3 in Sum [35], we get
dim(QP6)n = (2
6 − 1) dim((QP5)42) = 158760
for t ≥ 5. It is currently difficult to solve the hit problem in the general case.
In this article, based on our works in [22]-[26], we continue our study of the hit problem of five
variables and by using these computational techniques, we survey Singer’s algebraic transfer for the
case d = 5 and the degree of the form (1.1). More precisely, we explicitly determine a basis of QPd
for d = 5 and the degree n of the form (1.1) with r = d = 5, s = 8 and t an arbitrary positive
integer. Using this result, we show that the fifth Singer transfer is an isomorphism in bidegree
(5, 13.2t) with t = 1. This gives an efficient method to study the isomorphism of the fifth transfer
in some internal degrees of the form (1.1) and it is different from the ones of Boardman [3], Singer
[30]. The following is our first main result.
Theorem 1.1. Let n = 13.2t− 5 with t a positive integer. Then, dim(QP5)n = 840 for t = 1, and
dim(QP5)n = 1897 for t > 2.
The proof of the theorem is long and very technical. It is proved by determining the admissible
monomials of degree n in A2-module P5 (see Sect.3). The ideas of proofs are from Kameko’s
squaring operation [10] combining with our recent results in [22], Mothebe [15, 17], Singer [31],
Sum [35], and Tín [40, 42].
Recently, in [38], Sum has proved some properties on the A2-generators for Pd. Then, he made
a conjecture on the relation between the admissible monomials for the polynomial algebras (see
Sect.3). The conjecture helps us to reduce remarkably in computing the hit problem. From the
results of Peterson [20], Kameko [10] and Sum [35], this conjecture is true for d ≤ 4. Sum proved in
[38] that the conjecture is true for d = 5 and the degree n of the form (1.1) with (r; s) = (5; 10) and
t ≥ 0. Based on the proof of Theorem 1.1 in Sect.3 and our results in [22]-[25] and Sum [39], the
conjecture is also true for d = 5 and the degrees of the form (1.1) with (r; s) = (4; 0), (5; 6), (5; 8)
and (3; s), for s = 1, t > 0, s = 2m+u + 2m − 2, m ≥ 0, u > 0, t ≥ 6.
For t = 1, we have n = 13.2t − 5 = 21. By applying Theorem 1.1, we have the following.
Theorem 1.2. There exists uniquely a non-zero class in (QP5)21 invariant under the action of
the group GL5.
Note that the Kameko operation (S˜q0∗)(5,21) : (QP5)21 → (QP5)8 is an epimorphism of Z/2GL5-
modules. So, in order to prove Theorem 1.2, we describe the Z/2-vector space structure of
(QP5)
GL5
8 . Combining this with a basis of (QP5)21 in Theorem 1.1, we explicitly compute all
GL5-invariants of QP5 in degree 21. Using this result, we obtain the following theorem.
Theorem 1.3. The fifth transfer homomorphism
Tr5 : Z/2⊗GL5 PA2H21(B(Z/2)
×5)→ Ext5,26A2 (Z/2,Z/2)
is an isomorphism.
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This result shows that Singer’s conjecture is true in the 5-variable case and the internal degree
13.2t − 5 for t = 1.
We know that there is squaring operations Sq0 (see [12]) acting on the cohomology groups
of the Steenrod algebra; however it is not the identity. A family {at : t ≥ 0} of elements in
Extd,d+∗A2 (Z/2,Z/2) is called a Sq
0-family if at = (Sq0)t(a0) for every t ≥ 0. According to Lin [11]
and Chen [5], we have
Ext5,13.2
t
A2 (Z/2,Z/2) = 〈htgt〉, htgt = ht+1ft−1 , 0,
where ht is the Adams element in Ext
1,2t
A2 (Z/2,Z/2), and gt = (Sq
0)t−1(g1), ft−1 = (Sq0)t−1(f0)
are non-zero in Ext4,12.2
t
A2
(Z/2,Z/2) and Ext4,11.2
t
A2
(Z/2,Z/2), respectively, for any t ≥ 1. On the
other hand, Singer showed in [30] that the transfer Tr1 detects the family {ht| t ≥ 1}. In [19], Nam
proved that Tr4 detects the family {ft−1| t ≥ 1}. Note that the family {gt| t ≥ 1} was not detected
by Tr4 (see Bruner-Hà-Hưng [4]). Combining these data with the face that Tr =
⊕
d≥0 Trd is the
homomorphism of algebras, we conclude that htgt is in the image of Tr5. In Sect.5, we give another
proof of this event for the case t = 1. More specifically, we proved h1g1 ∈ Im(Tr5) by a direct
computation using Theorem 1.2 and a representation in the Z/2-lambda algebra of Tr5.
We end this introduction with a short discussion on Singer’s conjecture for Tr5 in the bide-
gree (5, 13.2t) with t ≥ 2. Since µ(13.2t − 5) = 5 for all t > 2, the iterated squaring operation
((S˜q0∗)(5,13.2t−5))
t−2 : (QP5)13.2t−5 → (QP5)47=13.22−5 is an isomorphism of GL5-modules for every
t ≥ 2. So, to verify Singer’s conjecture for Tr5 in the above bidegree, we need only to determine all
GL5-invariants of (QP5)13.2t−5 for t = 2.
Recall that Kameko’s operation (S˜q0∗)(5,47) : (QP5)47 → (QP5)21 is an epimorphism of GL5-
modules and the element h2g2 = h3f1 ∈ Im(Tr5). So, by Theorem 1.2, we get
1 ≤ dim
(
Z/2⊗GL5 PA2H47(B(Z/2)
×5)
)
≤ dim(Ker(S˜q0∗)(5,47))
GL5 + 1.
Furthermore, all elements of Z/2⊗GL5 PA2H47(B(Z/2)
×5) are of the form (γ[ϕ(u0)] + [v])∗, where
γ ∈ Z/2; ϕ : P5 → P5, which is determined by ϕ(u) = x1x2x3x4x5u2 for any u ∈ P5; f ∈ (P5)47
such that [f ] ∈ Ker(S˜q0∗)(5,47), and u0 ∈ (P5)21. By Theorem 1.2, [u0] is the only non-zero element
in (QP5)
GL5
21 . Direct calculating the elements (γ[ϕ(u0)]+ [v])
∗ is very difficult. By using techniques
of the hit problem of five variables, we will describe explicitly all these elements in the near future.
From these events and htgt ∈ Im(Tr5) for any t ≥ 1, we see that if (Ker(S˜q0∗)(5,47))
GL5 = 0, then
Singer’s conjecture for Tr5 is also true at the bidegree (5, 13.2t) for t ≥ 2. However, it will be much
more interesting if (Ker(S˜q0∗)(5,47))
GL5 , 0 and dim(QP5)
GL5
47 , 1.
Our work is organized as follows. In Sect.2, we recall some results related to Kameko’s squaring
operation, the admissible monomials in Pd, and Singer’s criterion on the A2-decomposable. In
Sect.3, generators of A2-module P5 in degree n = 13.2t − 5 are described explicitly by proving
Theorem 1.1. The proof of Theorem 1.2 is presented in Sect.4 by using the results in Sect.3. In
Sect.5, we prove Theorem 1.3. Finally, the Appendix describes all the admissible monomials of
degrees 8, 21, 22, 47 in A2-module P5.
Acknowledgment. This research is funded by the National Foundation for Science and Technology
Development (NAFOSTED) of Viet Nam under grant number 101.04-2017.05.
I would also like to thank Robert R. Bruner, Phan H. Chon, Mbakiso F. Mothebe for helpful
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2. Preliminaries
This section starts with a recollection of the Kameko homomorphism and some results related to
the Peterson hit problem.
2.1. Kameko’s squaring operation
Denote by GLd := GL(d,Z/2) the general linear group of rank d over the field Z/2. This GLd left
acts on Pd according to the following standard action
(w(f))(x1, x2, . . . , xd) = f(w(x1), w(x2), . . . , w(xd)),
where w = (wij) ∈ GLd and w(xj) =
d∑
i=1
wijxi, 1 ≤ j ≤ d. Then, Pd has a left GLd-module
structure. Since the two actions of A2 and GLd upon Pd commute with each other, there is an
inherited action of GLd on QPd.
For n a positive integer, let (QPd)GLdn be the subspace of QPd generated all GLd-invariants of
degree n. Then, we have the Kameko squaring operation
S˜q0 : Z/2⊗GLd PA2Hn(B(Z/2)
×d)→ Z/2⊗GLd PA2Hd+2n(B(Z/2)
×d).
It was recognized by Boardman [3] for d = 3 and Minami [13] for general d that the operation S˜q0
commutes with the classical squaring operation
Sq0 : Extd,d+nA2 (Z/2,Z/2)→ Ext
d,2d+2n
A2 (Z/2,Z/2)
on the cohomology of the Steenrod algebra through the Singer transfer Trd [30]. This means that
the following diagram is commutative:
Z/2⊗GLd PA2Hn(B(Z/2)
×d) Extd,d+nA2 (Z/2,Z/2)
Z/2⊗GLd PA2Hd+2n(B(Z/2)
×d) Extd,2d+2nA2 (Z/2,Z/2).
✲
Trd
❄
S˜q0
❄
Sq0
✲
Trd
Note that the homomorphism S˜q0∗ : (QPd)
GLd
d+2n → (QPd)
GLd
n is the dual of S˜q
0, and it is
induced the homomorphism (S˜q0∗)(d,d+2n) : (QPd)d+2n → (QPd)n. The later homomorphism is
given by the Z/2-linear map δ : (Pd)d+2n → (Pd)n, determined by
δ(x) =
{
u if x = x1x2 . . . xdu2,
0 otherwise,
for any monomial x ∈ (Pd)d+2n. The map δ is not a homomorphism of the A2-modules. However,
δSq2k = Sqkδ, and δSq2k+1 = 0 for any non-negative integer k.
For a positive integer n, denote by α(n) the number of 1’s in dyadic expansion of n. We set
µ(n) = min
{
u ∈ N : α(n + u) ≤ u
}
.
By Kameko [10], we have
Theorem 2.1.1 (Kameko [10]). If µ(d+ 2n) = d, then the homomorphism
(S˜q0∗)(d,d+2n) : (QPd)d+2n → (QPd)n
is an isomorphism of Z/2GLd-modules.
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According to Hưng [9], if Singer’s Conjecture that Trd is a monomorphism for every d is true,
then the algebraic transfer does not detect Ker(S˜q0) in degrees n such that µ(n) = d. This leads
us to the study of the kernel of S˜q0 and its dual. Obviously, the map Sq
0
: PA2Hn(B(Z/2)
×d) →
PA2H2d+n(B(Z/2)
×d) is injective. However, the Kameko squaring operation S˜q0 = idZ/2 ⊗GLd Sq
0
is not a monomorphism in general (see Hưng [9]). Thereafter, Hưng [9] conjectured that S˜q0 is a
monomorphism in positive degrees of Z/2 ⊗GLd PA2Hn(B(Z/2)
×d) if and only if d ≤ 4. It can be
verified by using the dual of S˜q0 and the results on hit problems in [10, 20, 38].
2.2. The weight vector of a monomial and the admissible monomial
For a natural number n, denote by αt(n) the t-th coefficients in dyadic expansion of n. This means
α(n) =
∑
t≥0 αt(n).
Let x = xu11 x
u2
2 . . . x
ud
d be a monomial Pd. We define two sequences associated with x by
ω(x) = (ω1(x), ω2(x), . . . , ωt(x), . . .) and ξ(x) = (u1, u2, . . . , ud), where ωt(x) =
∑
1≤j≤d αt−1(uj).
The sequence ω(x) is called the weight vector of the monomial x and ξ(x) called the exponent vector
of the monomial x.
Let ω = (ω1, ω2, . . . , ωt, . . .) be a sequence of non-negative integers. The sequence ω are called
the weight vector if ωt = 0 for t ≫ 0. The sets of all the weight vectors and the exponent vectors
are given the left lexicographical order.
For a weight vector ω, we define degω =
∑
t≥1 2
t−1ωt. Denote by Pd(ω) the subspace of Pd
spanned by all monomials x ∈ Pd such that deg x = degω, ω(x) ≤ ω, and by P
−
d (ω) the subspace
of Pd spanned by all monomials x ∈ Pd such that deg x = degω, ω(x) < ω.
Recall that a homogeneous element f of degree n in Pd is A2-decomposable if there is a finite
sum f =
∑
k>0 Sq
k(fk), where the homogeneous elements fk ∈ Pd have grading strictly less than
n. This means that f belong to A+2 Pd.
Definition 2.2.1 (Kameko [10], Phúc [25]). Let ω be a weight vector and f, g two homogeneous
polynomials of the same degree in Pd.
(i) f ≡ g if and only if f = g modulo (A+2 Pd). If f ≡ 0 then f is A2-decomposable.
(ii) f ≡ω g if and only if f, g ∈ Pd(ω) and f = g modulo ((A
+
2 Pd ∩Pd(ω)) + P
−
d (ω)).
Obviously, the relations ≡ and ≡ω are equivalence ones. Denote by QPd(ω) the quotient of
Pd(ω) by the equivalence relation ≡ω . Then, we have
QPd(ω) = Pd(ω)/((A
+
2 Pd ∩Pd(ω)) + P
−
d (ω)),
Moreover, dim((QPd)n) =
∑
degω=n
dim(QPd(ω)) (see [25]). Note that QPd(ω) is also an GLd-
module (see Sum [36]).
Definition 2.2.2 (Kameko [10]). Let u, v be monomials of the same degree in Pd. We say that
u < v if and only if one of the following holds:
(i) ω(u) < ω(v);
(ii) ω(u) = ω(v) and ξ(u) < ξ(v).
Definition 2.2.3. A monomial u is said to be inadmissible if there exist monomials x1, x2, . . . , xk
such that xj < u for 1 ≤ j ≤ k and u ≡
∑
1≤i≤k xi. Then, u is said to be admissible if it is not
inadmissible.
Definition 2.2.4. A monomial u is said to be strictly inadmissible if and only if there exist mono-
mials x1, x2, . . . , xk such that xj < u for 1 ≤ j ≤ k and u =
∑
1≤j≤k
xj +
∑
1≤t≤2s−1
Sqt(yt) with
s = max{i ∈ Z : ωi(u) > 0} and suitable polynomials yt ∈ Pd.
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Theorem 2.2.5 (Kameko [10], Sum [34]). Let x, y and u be monomials in Pd such that ωi(x) = 0
for i > r > 0, ωt(u) , 0 and ωi(u) = 0 for i > t > 0. Then, if u is inadmissible, then xu2
r
is also
inadmissible. Furthermore, if u is strictly inadmissible, then uy2
t
is also strictly inadmissible.
For a natural number d, we now denote
P
0
d = 〈x
t1
1 x
t2
2 . . . x
td
d ∈ Pd | t1t2 . . . td = 0〉,
P
+
d = 〈x
t1
1 x
t2
2 . . . x
td
d ∈ Pd | t1t2 . . . td > 0〉.
Then P0d and P
+
d are the A2-submodules of Pd. Furthermore, we have a direct summand decom-
position of the Z/2-vector spaces
QPd = QP
0
d
⊕
QP+d ,
where QP0d := Z/2⊗A2 P
0
d and QP
+
d := Z/2⊗A2 P
+
d .
We end this section by setting up a formula on the dimension of QP0d in degree n, which will be
used in the next sections. Note that this formula is similar to the one of Mothebe-Kaelo-Ramatebele
[17].
Let I = (j1, j2, . . . , jr), with 1 ≤ j1 < . . . < jr ≤ d, 1 ≤ r < d, and let r := ℓ(I) be the length
of I. We denote PI = 〈x
t1
i1x
t2
i2 . . . x
tr
ir |tj ∈ N, 1 ≤ j ≤ r}〉 ⊂ Pd. Then, PI is a A2-submodule of
Pd. Further, it is isomorphic to Pr. By a simple computation, one gets
QP0d =
⊕
1≤r≤d−1
⊕
ℓ(I)=r
QP+I ,
where P+I = 〈{x
t1
i1x
t2
i2 . . . x
tr
ir ∈ PI | t1t2 . . . tr > 0}〉 for 1 ≤ r ≤ d − 1. It can be seen that
dim(QP+I )n = dim(QP
+
r )n for all n, and that
(d
r
)
is the number of the sequences I of length r.
Therefore, we get
dim(QP0d )n =
∑
1≤r≤d−1
(
d
r
)
dim(QP+r )n.
3. Generators of A2-module P5 in generic degree 13.2t − 5
In this section, we prove Theorem 1.1. More precisely, we explicitly compute the admissible mono-
mials of degree 13.2t − 5 in A2-module P5. We first review some homomorphisms and related
results, Sum’s conjecture [38] and Singer’s criterion on the A2-decomposable [30].
3.1. Some homomorphisms
For 1 ≤ k ≤ d, define the homomorphism ρ(k, d) : Pd−1 → Pd of algebras by substituting
ρ(k, d)(xj) =
{
xj if 1 ≤ j < k,
xj+1 if k ≤ j < d.
We now denote
Nd := {(k;K ) | K = (k1, k2, . . . , kr), 1 6 k < k1 < k2 < . . . < kr ≤ d, 0 ≤ r < d}.
Here, by convention, K = ∅, if r = 0. Denote by r = ℓ(K ) the length of K .
For any (k;K ) ∈ Nd, we define the homomorphism π(k;K ) : Pd → Pd−1 of algebras by
substituting
π(k;K )(xj) =

xj if 1 ≤ j < k,∑
p∈K
xp−1 if j = k,
xj−1 if k < j ≤ d.
Note that ρ(k, d) and π(k;K ) are also the homomorphisms of the A2-modules. In particular, we have
π(k;∅)(xk) = 0 for 1 ≤ k ≤ d and π(k;K )(ρ(k, d)(u)) = u for any u ∈ Pd−1.
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Proposition 3.1.1 (see [22]). If x is a monomial in Pd, then π(k;K )(x) ∈ Pd−1(ω(x)).
This result implies that if ω is a weight vector and x ∈ Pd(ω(x)), then π(k;K )(x) ∈ Pd−1(ω).
Futhermore, π(k;K ) passes to a homomorphism from QPd(ω) to QPd−1(ω).
From now on, we use the following notations: For a natural number d, we set
Γd = {1, 2, . . . , d},
X(S, d) = X({s1,s2,...,sr}, d) =
∏
s∈Γd\S
xs, S = {s1, s2, . . . , sr} ⊆ Γd.
In particular,
XΓd = 1, X(∅, d) = x1x2 . . . xd,
X({s}, d) = x1 . . . xˆs . . . xd, 1 ≤ s ≤ d.
Let X = xt11 x
t2
2 . . . x
td
d ∈ Pd. Set Sj(X) = {s ∈ Γd : αj(ts) = 0}, for j ≥ 0. Then we have
X =
∏
j≥0
X2
j
(Sj(X), d).
Definition 3.1.2 (see [35]). Let (k;K ) ∈ Nd, 0 < r < d. Denote
x(K , u) = x
2r−1+2r−2+ ···+2r−u
ku
∏
u<m≤r
x2
r−m
km
for 1 ≤ u ≤ r, x(∅,1) = 1. For a monomial x = x
t1
1 x
t2
2 . . . x
td−1
d−1 ∈ Pd−1, we define the monomial
φ(k;K )(x) in Pd by setting
φ(k;K )(x) =

x2
r−1
k ρ(k, d)(x)
x(K , u)
if there exist u such that,
tk1−1 = tk2−1 = . . . = tk(u−1)−1 = 2
r − 1,
tku−1 > 2
r − 1,
αr−m(tku−1) = 1, ∀m, 1 ≤ m ≤ u,
αr−m(tkm−1) = 1, ∀m, u < m ≤ r,
0 otherwise.
Then we have an Z/2-linear map φ(k;K ) : Pd−1 → Pd. Inparticular, φ(k;∅) = ρ(k, d). Note that
φ(k;K ) is not an A2-homomorphism. Moreover, we see that for each x ∈ Pd−1, if φ(k;K )(x) , 0,
then it is not a spike and ω(φ(k;K )(x)) = ω(x).
3.2. Some examples on φ(k;K )
The following examples can be found in [35]. However, we present them in more detail.
Let K = (j) and 1 ≤ k < j ≤ d. Then, for any the monomial x = xa11 x
a2
2 . . . x
ad−1
d−1 ∈ Pd−1 and
α0(aj−1) = 1, we get φ(k;K )(x) =
xkρ(k, d)(x)
xj
.
Let m be a positive integer and let x = Y 2
m−1y2
m
with y = xb11 x
b2
2 . . . x
bd−1
d−1 and Y = X({d},d) =
x1x2 . . . xd−1 ∈ Pd−1. Then if m > r = ℓ(K ) and u = 1 then
φ(k;K )(x) = φ(k;K )(Y
2m−1)(ρ(k,d)(y))
2m = x2
r−1
k
∏
16t6r
x2
m−2r−t−1
kt
X2
m−1
({k,k1,...,kr},d)
(ρ(k,d)(y))
2m .
Indeed, since ρ(k,d) is an Z/2-algebras homomorphism,
ρ(k,d)(x) = ρ(k,d)(X
2m−1)(ρ(k,d)(y))
2m , 1 ≤ k ≤ d.
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Since Y 2
m−1 = x2
m−1
1 . . . x
2m−1
d−1 and 2
d − 1 > 2r − 1, for each (k;K ), K = (k1, k2, . . . , kr) and
u = 1, we have
φ(k;K )(Y
2m−1) =
x2
r−1
k x
2m−1
2 . . . x
2m−1
k1
. . . x2
m−1
kr
. . . x2
m−1
d
x2
r−1
k1
x2
r−2
k2
. . . x2
r−r
kr
= x2
r−1
k x
2m−2r−1−1
k1
. . . x2
m−2r−2−1
k2
. . . x2
m−2r−r−1
kr
X2
m−1
({k,k1,...,kr},d)
= x2
r−1
k
∏
16t6r
x2
m−2r−t−1
kt
X2
m−1
({k,k1,...,kr},d).
Then, one gets
φ(k;K )(x) = φ(k;K )(Y 2
m−1y2
m
)
=
x2
r−1
k ρ(k,d)(X
2m−1y2
m
)
x(K ;1)
=
(
x2
r−1
k ρ(k,d)(Y
2m−1)
x(K ;1)
)
(ρ(k,d)(y))
2m
= φ(k;K )(X
2m−1)(ρ(k,d)(y))
2m
= x2
r−1
k
∏
16t6r
x2
m−2r−t−1
kt
X2
m−1
({k,k1,...,kr},d)
(ρ(k,d)(y))2
m
.
Now, if m = r, bj−1 = 0, j = k1, k2, . . . , ku−1 vÕà bku−1 > 0 then for each (k;K ) and 1 ≤ u ≤ r =
m, we have
φ(k;K )(x) = φ(ku;{ku+1,...,km})(Y
2m−1)(ρ(k,d)(y))
2m .
Indeed, we have
Y 2
m−1y2
m
= (x1 . . . xd−1)2
m−1(xb11 . . . xˆ
bk1
k1
. . . xˆ
bk(u−1)−1
k(u−1)−1
x
bku−1
ku−1 . . . x
bd−1
d−1 )
2m
= (x1 . . . xk1 . . . xku−1−1xku−1 . . . xd−1)
2m−1(xb11 . . . xˆ
bk1
k1
. . . xˆ
bk(u−1)−1
k(u−1)−1
x
bku−1
ku−1 . . . x
bd−1
d−1 )
2m.
Then, we get
φ(k;K )(x) =
x2
m−1
k ρ(k,d)(Y
2m−1)
x2
m−1+2m−2+···+2m−u
ku
∏
u<t6r
x2
m−t
kt
(ρ(k,d)(y))
2m .
=
x2
m−1
k x
2m−1
2 . . . x
2m−1
ku−1
x2
m−1
ku
∏
u+16t6m
x2
m−1
kt
. . . x2
m−1
d
x2
m−1+2m−2+···+2m−u
ku
∏
u<t6m
x2
m−t
kt
(ρ(k,d)(y))2
m
= x2
m−1
k x
2m−1
2 . . . x
2m−1
ku−1
x2
m−(u+1)+···+2m−m
ku
. . . x2
m−1
d
∏
u+16t6m
x2
m−2m−t−1
kt
. . . x2
m−1
d (ρ(k,d)(y))
2m
=
(
x2
m−(u+1)+···+2m−m
ku
∏
u+16t6m
x2
m−2m−t−1
kt
X2
m−1
({ku,ku+1,...,km},d)
)
(ρ(k,d)(y))
2m .
= φ(ku;{ku+1,...,km})(Y
2m−1)(ρ(k,d)(y))
2m .
3.3. Singer’s criterion on the A2-decomposable and Sum’s conjecture
For a subset U ⊂ Pd−1, we denote
Φ
0
(U) =
⋃
1≤k≤d
φ(k;∅)(U) =
⋃
1≤k≤d
ρ(k, d)(U),
Φ
+
(U) =
⋃
(k;K )∈Nd, 0<ℓ(K )<d
φ(k;K )(U) \P0d ,
Φ(U) = Φ
0
(U)
⋃
Φ
+
(U).
Since ρ(k, d) is a homomorphism of the A2-modules, if U is a minimal set of generators forA2-module
Pd−1 in degree n, then Φ
0
(U) is also a minimal set of generators for A2-module P0d in degree n.
Now, for a polynomial f ∈ Pd, we denote by [f ] the classes in QPd represented by f. If ω is a
weight vector and f ∈ Pd(ω), then denote by [f ]ω the classes in QPd(ω) represented by f.
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Denote by Bd(n) the set of all admissible monomials of degree n in Pd. Set
B
0
d(n) := Bd(n) ∩ (P
0
d )n, B
+
d (n) := Bd(n) ∩ (P
+
d )n.
If ω is a weight vector of degree n, we set
Bd(ω) := Bd(n) ∩Pd(ω), B
0
d(ω) := Bd(ω) ∩ (P
0
d )n, B
+
d (ω) := Bd(ω) ∩ (P
+
d )n.
Then, [Bd(ω)]ω , [B0d(ω)]ω and [B
+
d (ω)]ω are respectively the bases of the Z/2-vector spaces
QPd(ω), QP
0
d(ω) := QPd(ω) ∩ (QP
0
d )n
and QP+d (ω) := QPd(ω) ∩ (QP
+
d )n.
For a subset B ⊂ Pd, we denote [B] = {[f ] : f ∈ B}. If B ⊂ Pd(ω), then we set [B]ω =
{[f ]ω : f ∈ B}. Throughout this paper, we use Theorem 3.3.5, Proposition 3.1.1 and a result
of Sum [35] to prove a certain subset of QPd is linearly independent. More precisely, let B be
a finite subset of Pd consisting of some monomials of degree n. Denote by |B| the cardinal of
B. To prove the set [B] is linearly independent in (QPd)n, we denote the elements of B by
Yn, i, 1 ≤ i ≤ m = |B| and assume that there is a linear relation
S =
∑
1≤i≤m
γiYn, i = 0 modulo(A
+
2 Pd + P
−
d (ω)),
with γi ∈ Z/2 for all i, 1 ≤ i ≤ m. For (k;K ) ∈ Nd, we explicitly compute π(k;K )(S) in terms of
the admissible monomials in Pd−1 (modulo(A
+
2 Pd−1+P
−
d−1(ω))). Computing from some relations
π(k;K )(S) = 0 modulo(A
+
2 Pd−1 + P
−
d−1(ω)) with (k;K ) ∈ Nd, we obtain γi = 0 for all i.
We end this secton by recalling the Sum conjecture [38] on the relation between the admissible
monomials for the polynomial algebra. In [38], Sum made the following conjecture.
Conjecture 3.3.1 (Sum [38]). If ω is a weight vector, then Φ(Bd−1(ω)) ⊆ Bd(ω).
We see that if this conjecture is true, then Φ(Bd−1(n)) ⊆ Bd(n) for any positive integer n.
In other words, if x ∈ Bd−1(n), then φ(k;K )(x) ∈ Bd(n). Based on the results of Peterson [20],
Kameko [10] and Sum [35], the conjecture is true for d ≤ 4. In particular, we have the following
remark.
Remark 3.3.2. Consider the spike monomial Y = X({d},d) = x1x2 . . . xd−1 ∈ Pd−1. Let m be a
positive integer such that m > r = ℓ(K ). Then, according to Sect. 3.2, we have
φ(k;K )(Y
2m−1) = x2
r−1
k
∏
1≤t≤r
x2
m−2r−t−1
it X
2m−1
({k,k1,...,kr},d)
.
It is easy to see that ω := ω(Y ) = (d− 1, d− 1, . . . , d− 1︸                            ︷︷                            ︸
m times of (d− 1)
). Based on the results in [23, 39], the set
{φ(k;K )(Y
2m−1) : (k;K ) ∈ Nd} is a basis of QPd(ω). Note that this also holds true for m ≤ r.
Since Y 2
m−1 is a spike monomial, by Proposition 3.1.1, Y 2
m−1 is admissible. Combining these data,
Sum’s conjecture is true for the weight vector ω, where d is an arbitrary positive integer.
In [38], Sum showed that Conjecture 3.3.1 is true for d = 5 and any weight vector ω of the
degree 15.2t − 5 for t an arbitrary non-negative integer. In Subsection 3.4, we will show that this
conjecture is also true for d = 5 and in degree 13.2t − 5 for any positive integer t.
We end this section by recalling Singer’s criterion on the A2-decomposable.
Definition 3.3.3. A monomial z = xt11 x
t2
2 . . . x
td
d in Pd is called a spike if tj = 2
aj − 1 for aj a
non-negative integer and 1 ≤ j ≤ d. If z is a spike with a1 > a2 > . . . > ar−1 ≥ ar > 0 and aj = 0
for j > r, then it is called a minimal spike.
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Lemma 3.3.4 (see [22, 25]). All the spikes in Pd are admissible and their weight vectors are weakly
decreasing. Furthermore, if a weight vector ω = (ω1, ω2, . . .) is weakly decreasing and ω1 ≤ d, then
there is a spike z in Pd such that ω(z) = ω.
The proof of the lemma can be found in [25].
Singer showed in [31] that if µ(n) ≤ d, then there exists uniquely a minimal spike of degree n in
Pd. Further, we have the following.
Theorem 3.3.5 (Singer [31]). Suppose that X ∈ Pd is a monomial of degree n, where µ(X) ≤ d.
Let z be the minimal spike of degree n in Pd. If ω(X) < ω(z), then X is A2-decomposable.
This standard is also a useful tool to solve hit problems.
3.4. Proof of Theorem 1.1
First, we see that n = 13.2t − 5 = 2t+3 + 2t+2 + 2t + 2t−1 + 2t−1 − 5. This implies µ(n) = 5 for any
t > 2. So, by Theorem 2.1.1, the iterated Kameko’s squaring operation
(S˜q0∗)
t−2
(5,n) : (QP5)n → (QP5)13.22−5
is an isomorphism of Z/2GL5-modules for every t ≥ 2. Therefore, we need only to compute (QP5)n
for t = 1, 2.
3.4.1. The case t = 1
Now, for t = 1, we have n = 13.2t − 5 = 21. Consider Kameko’s squaring operation
(S˜q0∗)(5,21) : (QP5)21 −→ (QP5)8.
Since (S˜q0∗)(5,21) is an epimorphism of Z/2-vector spaces, one gets
(QP5)21  Ker(S˜q0∗)(5,21)
⊕
(QP5)8  (QP
0
5 )21
⊕
(Ker(S˜q0∗)(5,21) ∩ (QP
+
5 )21)
⊕
(QP5)8.
By Tín [40], dim(QP5)8 = 174. Accroding to the results in [20], [10] and [35], we have
|B+1 (21)| = |B
+
2 (21)| = 0, |B
+
3 (21)| = 7, and |B
+
4 (21)| = 66.
Note that (QP3)21  (QP3)3 and B3(21) = B
+
3 (21) = ϕ˜
2(B3(3)) with the Z/2-linear map
ϕ˜ : P3 → P3, given by ϕ˜(u) = X(∅,3)u
2, ∀u ∈ P3. Since (QP05 )21 =
⊕
1≤r≤4
⊕
1≤j≤(5r)
(QP+r )21,
one gets dim(QP05 )21 =
(5
3
)
.7 +
(5
4
)
.66 = 400, and B05(21) = Φ
0
(B4(21)) = {Y21, i : 1 ≤ i ≤ 400},
where the monomials Y21, i, 1 ≤ i ≤ 400, are listed in Sect.6.2.
Proposition 3.4.1. The set {[Y21,i] : 401 ≤ i ≤ 666} is the basis of the Z/2-vector space
Ker(S˜q0∗)(5,21) ∩ (QP
+
5 )21. Here the monomials Yi := Y21,i, 401 ≤ i ≤ 666, which are determined
in Sect.6.3.
Combining Proposition 3.4.1 and the above arguments, we see that dim(QP5)21 = 840. We
prepare some lemmas for the proof of the proposition.
Lemma 3.4.2. If u is an admissible monomial of degree 21 in P5 and [u] belong to Ker(S˜q0∗)(5,21),
then we have either ω(u) = (3, 3, 1, 1) or ω(u) = (3, 3, 3).
Proof. Observe Z = x151 x
3
2x
3
3 is the minimal spike of degree 21 in P5 and ω(Z ) = (3, 3, 1, 1). Since
[u] , [0], by Theorem 3.3.5, we get either ω1(u) = 3 or ω1(u) = 5. If ω1(u) = 5 then u = X(∅,5)y2
with y a monomial of degree 8 in P5. Since u is admissible, by Theorem 2.2.5, one gets y ∈ B5(8).
So (S˜q0∗)(5,21)([u]) = [y] , [0]. This contradicts the fact that [u] ∈ Ker(S˜q0∗)(5,21). Hence, ω1(u) = 3.
Then, we have u = X({i,j},5)y
2
1 with 1 ≤ i < j ≤ 5 and y1 ∈ B5(9). Since y1 is admissible, according
to a result in [42], we have either ω(y1) = (3, 1, 1) or ω(y1) = (3, 3). The lemma is proved.
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Based on Lemma 3.4.2, we conclude
Ker((S˜q0∗)(5,21)) ∩ (QP
+
5 )21 = QP
+
5 (3, 3, 1, 1)
⊕
QP+5 (3, 3, 3).
The following lemma is an immediate corollary from a result in [35].
Lemma 3.4.3. The following monomials are strictly inadmissible:
(i) x2ixjx
3
kx
7
ℓ , x
6
ixjx
3
kx
3
ℓ , x
2
ix
5
jx
3
kx
3
ℓ , x
2
ixjx
3
kx
3
ℓ , 1 ≤ i < j ≤ 5, 1 ≤ k, ℓ ≤ 5, k , ℓ, k, ℓ , i, j;
(ii) x3ix
4
jx
3
kx
3
ℓ , 1 ≤ i < j < k < ℓ ≤ 5;
(iii) ρ(k, 5)(X), 1 ≤ k ≤ 5, where X is one of the following monomials:
x31x
4
2x
7
3x
7
4, x
3
1x
7
2x
4
3x
7
4, x
3
1x
7
2x
7
3x
4
4, x
7
1x
3
2x
4
3x
7
4,
x71x
3
2x
7
3x
4
4, x
7
1x
7
2x
3
3x
4
4, x
7
1x
8
2x
3
3x
3
4.
Lemma 3.4.4. The following monomials are strictly inadmissible:
(i) x2ix
2
jxkxℓx
7
m, x
2
ix
6
jxkxℓx
3
m, x
6
ix
2
jxkxℓx
3
m, x
2
ix
2
jx
5
kxℓx
3
m, x
2
ix
4
jxkx
3
ℓx
3
m,
x4ix
2
jxkx
3
ℓx
3
m, x
2
ixjx
4
kx
3
ℓx
3
m, where (i, j, k, ℓ,m) is a permutation of (1, 2, 3, 4, 5);
(ii) x31x
2
2x3x4x
6
5 x
3
1x
6
2x3x4x
2
5, x
3
1x
2
2x
5
3x
2
4x5, x
3
1x
2
2x3x
5
4x
2
5,
x31x
2
2x
5
3x4x
2
5, x
3
1x
5
2x
2
3x
2
4x5, x
3
1x
2
2x
2
3x4x5, x
3
1x
2
2x3x
2
4x5,
x31x
2
2x3x4x
2
5.
Proof. Consider the monomials X = x2ix
2
jxkxℓx
7
m and Y = x
3
1x
2
2x3x4x
6
5. We prove that these mono-
mials are strictly inadmissible. The others can be proved by a similar computation. Obviously,
ω(X) = ω(Y ) = (3, 3, 1). By a direct computation using the Cartan formula, we obtain
X = Sq2(xixjxkxℓx7m) + Sq
4(xixjxkxℓx5m) + xixjx
2
kx
2
ℓx
7
m
+xix2jxkx
2
ℓx
7
m + xix
2
jx
2
kxℓx
7
m modulo (P
−
5 (3, 3, 1));
Y = Sq1(x31x2x3x4x
6
5) + x
3
1x2x
2
3x4x
6
5 + x
3
1x2x3x
2
4x
6
5 modulo (P
−
5 (3, 3, 1)).
These equalities show that X and Y are strictly inadmissible. The lemma follows.
Lemma 3.4.5. The following monomials are strictly inadmissible:
X1 = x1x62x
8
3x
3
4x
3
5, X2 = x1x
3
2x
6
3x
6
4x
5
5, X3 = x
3
1x
5
2x
2
3x
6
4x
5
5, X4 = x1x
6
2x
7
3x
6
4x5,
X5 = x1x72x
6
3x
6
4x5, X6 = x
7
1x2x
6
3x
6
4x5, X7 = x1x
2
2x
6
3x
5
4x
7
5, X8 = x1x
2
2x
6
3x
7
4x
5
5,
X9 = x1x62x
2
3x
5
4x
7
5, X10 = x1x
6
2x
2
3x
7
4x
5
5, X11 = x1x
2
2x
7
3x
6
4x
5
5, X12 = x1x
6
2x
7
3x
2
4x
5
5,
X13 = x1x72x
2
3x
6
4x
5
5, X14 = x1x
7
2x
6
3x
2
4x
5
5, X15 = x
7
1x2x
2
3x
6
4x
5
5, X16 = x
7
1x2x
6
3x
2
4x
5
5,
X17 = x1x62x
3
3x
4
4x
7
5, X18 = x1x
6
2x
3
3x
7
4x
4
5, X19 = x1x
6
2x
7
3x
3
4x
4
5, X20 = x1x
7
2x
6
3x
3
4x
4
5,
X21 = x31x
4
2x3x
6
4x
7
5, X22 = x
3
1x
4
2x3x
7
4x
6
5, X23 = x
3
1x
4
2x
7
3x4x
6
5, X24 = x
3
1x
7
2x
4
3x4x
6
5,
X25 = x71x2x
6
3x
3
4x
4
5, X26 = x
7
1x
3
2x
4
3x4x
6
5, X27 = x1x
6
2x
6
3x
3
4x
5
5, X28 = x1x
6
2x
3
3x
6
4x
5
5,
X29 = x1x62x
6
3x
7
4x5, X30 = x
3
1x2x
6
3x
6
4x
5
5, X31 = x
3
1x
5
2x
6
3x
6
4x5, X32 = x
3
1x
4
2x
5
3x
2
4x
7
5,
X33 = x31x
4
2x
5
3x
7
4x
2
5, X34 = x
3
1x
4
2x
7
3x
5
4x
2
5, X35 = x
3
1x
5
2x
4
3x
2
4x
7
5, X36 = x
3
1x
5
2x
4
3x
7
4x
2
5,
X37 = x31x
7
2x
4
3x
5
4x
2
5, X38 = x
3
1x
5
2x
7
3x
4
4x
2
5, X39 = x
3
1x
7
2x
5
3x
4
4x
2
5, X40 = x
7
1x
3
2x
4
3x
5
4x
2
5,
X41 = x71x
3
2x
5
3x
4
4x
2
5, X42 = x1x
6
2x
6
3x4x
7
5, X43 = x
3
1x
5
2x
6
3x
2
4x
5
5, X44 = x
3
1x
5
2x
6
3x
5
4x
2
5,
X45 = x31x
5
2x
5
3x
2
4x
6
5, X46 = x
3
1x
5
2x
5
3x
6
4x
2
5, X47 = x
3
1x
4
2x
4
3x
3
4x
7
5, X48 = x
3
1x
4
2x
4
3x
7
4x
3
5,
X49 = x31x
4
2x
3
3x
4
4x
7
5, X50 = x
3
1x
4
2x
7
3x
4
4x
3
5, X51 = x
3
1x
4
2x
3
3x
7
4x
4
5, X52 = x
3
1x
4
2x
7
3x
3
4x
4
5,
X53 = x31x
7
2x
4
3x
4
4x
3
5, X54 = x
3
1x
7
2x
4
3x
3
4x
4
5, X55 = x
7
1x
3
2x
4
3x
4
4x
3
5, X56 = x
7
1x
3
2x
4
3x
3
4x
4
5,
X57 = x31x
4
2x
5
3x
6
4x
3
5, X58 = x
3
1x
4
2x
5
3x
3
4x
6
5, X59 = x
3
1x
5
2x
4
3x
6
4x
3
5, X60 = x
3
1x
5
2x
6
3x
4
4x
3
5,
X61 = x31x
5
2x
4
3x
3
4x
6
5.
Proof. It is easy to see that ω(X1) = (3, 3, 1, 1) and ω(Xj) = (3, 3, 3) for j = 2, 3, . . . , 61. We prove
the lemma for the monomials X1 = x1x62x
8
3x
3
4x
3
5, X2 = x
3
1x
5
2x
2
3x
6
4x
5
5 and X3 = x1x
3
2x
6
3x
6
4x
5
5. The
others can be proven by a similar computation. By a direct computation, we have
X1 = x1x32x
3
3x
6
4x
8
5 + x1x
3
2x
3
3x
8
4x
6
5 + x1x
3
2x
6
3x
3
4x
8
5 + x1x
3
2x
6
3x
8
4x
3
5 + x1x
3
2x
8
3x
3
4x
6
5
+x1x32x
8
3x
6
4x
3
5 + x1x
4
2x
3
3x
3
4x
10
5 + x1x
4
2x
3
3x
10
4 x
3
5 + x1x
4
2x
10
3 x
3
4x
3
5
+x1x62x
3
3x
3
4x
8
5 + x1x
6
2x
3
3x
8
4x
3
5 + Sq
1(A1) + Sq2(A2) + Sq4(A4) modulo (P
−
5 (3, 3, 1, 1)),
13
where
A1 = x21x
3
2x
5
3x
5
4x
5
5 + x
2
1x
5
2x
3
3x
5
4x
5
5 + x
2
1x
5
2x
5
3x
3
4x
5
5 + x
2
1x
5
2x
5
3x
5
4x
3
5,
A2 = x1x32x
3
3x
6
4x
6
5 + x1x
3
2x
5
3x
5
4x
5
5 + x1x
3
2x
6
3x
3
4x
6
5 + x1x
3
2x
6
3x
6
4x
3
5 + x1x
5
2x
3
3x
5
4x
5
5
+x1x52x
5
3x
3
4x
5
5 + x1x
5
2x
5
3x
5
4x
3
5 + x1x
6
2x
3
3x
3
4x
6
5 + x1x
6
2x
3
3x
6
4x
3
5 + x1x
6
2x
6
3x
3
4x
3
5,
A4 = x1x42x
3
3x
3
4x
6
5 + x1x
4
2x
3
3x
6
4x
3
5 + x1x
4
2x
6
3x
3
4x
3
5.
This relation implies that X1 is strictly inadmissible. By a similar technique, we obtain
X2 = Sq
1(B1) + Sq
2(B2) + Sq
8(B8) + x1x
3
2x
5
3x
6
4x
6
5 + x1x
3
2x
6
3x
5
4x
6
5 modulo (P
−
5 (3, 3, 3)),
where
B1 = x21x
5
2x
3
3x
5
4x
5
5 + x
2
1x
5
2x
5
3x
3
4x
5
5 + x
2
1x
5
2x
5
3x
5
4x
3
5,
B2 = x1x32x
3
3x
6
4x
6
5 + x1x
3
2x
5
3x
5
4x
5
5 + x1x
3
2x
6
3x
3
4x
6
5 + x1x
6
2x
3
3x
3
4x
6
5 + x1x
6
2x
3
3x
6
4x
3
5 + x1x
6
2x
6
3x
3
4x
3
5,
B8 = x1x32x
3
3x
3
4x
3
5,
X3 = Sq
1(C1) + Sq
2(C2) + Sq
8(C8) + x
3
1x
5
2x3x
6
4x
6
5 + x
3
1x
5
2x
2
3x
5
4x
6
5 modulo (P
−
5 (3, 3, 3)),
where
C1 = x31x
5
2x3x
5
4x
6
5 + x
3
1x
5
2x3x
6
4x
5
5 + x
5
1x
3
2x
2
3x
5
4x
5
5 + x
5
1x
5
2x
2
3x
3
4x
5
5 + x
5
1x
5
2x
2
3x
5
4x
3
5,
C2 = x31x
3
2x3x
6
4x
6
5 + x
3
1x
5
2x3x
5
4x
5
5 + x
3
1x
6
2x3x
3
4x
6
5 + x
3
1x
6
2x3x
6
4x
3
5 + x
6
1x
3
2x3x
3
4x
6
5
+x61x
3
2x3x
6
4x
3
5 + x
6
1x
6
2x3x
3
4x
3
5,
C8 = x31x
3
2x3x
3
4x
3
5.
The lemma is proved.
Now we denote by C the set of the following monomials:
x31x
12
2 x3x
2
4x
3
5 x
3
1x
12
2 x3x
3
4x
2
5, x
3
1x
12
2 x
3
3x4x
2
5, x
3
1x
4
2x3x
2
4x
11
5 ,
x31x
4
2x3x
11
4 x
2
5, x
3
1x
4
2x
11
3 x4x
2
5, x
7
1x
8
2x3x
2
4x
3
5, x
7
1x
8
2x3x
3
4x
2
5,
x71x
8
2x
3
3x4x
2
5, x
3
1x
4
2x3x
3
4x
10
5 , x
3
1x
4
2x3x
10
4 x
3
5, x
3
1x
4
2x
3
3x4x
10
5 ,
x31x
4
2x
3
3x
9
4x
2
5, x
3
1x
4
2x
9
3x
2
4x
3
5, x
3
1x
4
2x
9
3x
3
4x
2
5.
A direct computation shows that Φ
+
(B4(3, 3, 1, 1))∪C is the set of 196 monomials: Yj := Y21,j, 401 ≤
j ≤ 596 (see Sect.6.3.)
Proposition 3.4.6. Under the above notations, the Z/2-vector space QP+5 (3, 3, 1, 1) is spanned
by the set
[Φ
+
(B4(3, 3, 1, 1)) ∪ C].
Proof. LetX be an admissible monomial in P5 such that ω(X) = (3, 3, 1, 1). ThenX = X({k,ℓ},5)Y
2
with 1 ≤ k < ℓ ≤ 5 and Y a monomial of degree 9 in P5. Since X is admissible, according to
Theorem 2.2.5, Y ∈ B5(3, 1, 1).
A direct computation shows that if z ∈ B+5 (3, 1, 1), 1 ≤ k < ℓ ≤ 5, and X({k,ℓ},5)z
2 ,
Yj , ∀j, 401 ≤ j ≤ 596 then there exists a monomial w which is given in one of Lemmas 3.4.3-
3.4.5 such that X({k,ℓ},5)z
2 = wz2
a
1 with a monomial z1 ∈ P5 and a = max{m ∈ Z : ωm(w) > 0}.
By Theorem 2.2.5, X({k,ℓ},5)z2 is inadmissible. Since X = X({k,ℓ},5)Y 2 with Y ∈ B5(3, 1, 1) and X
is admissible, one can see that X = Yj, 401 ≤ j ≤ 596. The lemma follows.
By a direct computation, we see that
Φ
+
(B4(3, 3, 3)) ∪ {x
3
1x
4
2x3x
5
4x
6
5, x
3
1x
5
2x3x
6
4x
4
5, x
3
1x
5
2x
6
3x
3
4x
4
5}
is the set consisting of 70 monomials: Yt := Y21, t, 597 ≤ t ≤ 666 (see Sect.6.3.)
Proposition 3.4.7. The Z/2-vector space QP+5 (3, 3, 3) is spanned by the set {[Yt] : 597 ≤ t ≤
666}.
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Proof. Let u be an admissible monomial in P5 such that ω(u) = (3, 3, 3). Then u = xixjxℓy2 with
1 ≤ i < j < ℓ ≤ 5 and y ∈ B5(3, 3).
By a direct computation, we can verify that for any X ∈ B5(3, 3), 1 ≤ i < j < ℓ ≤ 5, such that
xixjxℓX
2 , Yt, ∀t, 597 ≤ t ≤ 666, there is a monomial z which is given in one of Lemmas 3.4.3-
3.4.5 such that xixjxℓX2 = zw2
b
with suitable monomial w ∈ P5 and b = max{r ∈ Z : ωr(z) > 0}.
Then, according to Theorem 2.2.5, xixjxℓX2 nadmissible. Since u = xixjxℓy2 is admissible and
y ∈ B5(3, 3), one gets u = Yt, for some t. This proves the proposition.
Proof of Proposition 3.4.1. From Propositions 3.4.6 and 3.4.7, the space Ker((S˜q0∗)(5,21))∩(QP
+
5 )21
is spanned by the set {[Yi := Y21, i] : 401 ≤ i 6 666}. Futhermore, this set is linearly independent
in (QP5)21 . Indeed, suppose there is a linear relation
S =
∑
401≤i6666
γiYi = 0 modulo(A
+
2 P5),
where γi ∈ Z/2. Let H be a sequence of non-negative integers and γh ∈ Z/2 for h ∈ H . Denote
γH =
∑
h∈H γh ∈ Z/2. Based on Theorem 3.3.5 and Proposition 3.1.1, for (k;K ) ∈ N5, we explic-
itly compute π(k;K )(S) in terms of a given minimal set of A2-generators in P4 (modulo(A
+
2 P4)).
Computing directly from the relations π(k;p)(S) ≡ 0, 1 ≤ k < p ≤ 5, one gets γh = 0, h ∈ H, where
the set H = {401, 402, . . . , 425, 434, 435, 439, 441,
442, 443, 446, 451, 453, 454, 457, 458, 460, 461, 462, 463, 465, 467, 470, 471, . . . , 477, 479, 483,
487, 489, 497, 498, 500, 501, 502, 504, 505, 506, 507, 510, 513, 515, 517, 519, 520, 523, 527, 532,
533, 540, 542, 543, 560, 561, 562, 565, 566, 567, 568, 570, 573, 575, 577, 578, 579, 580, 581, 585,
597, 598, 599, 600, 601, 602, 604, 606, 607, 609, 610, 613, 615, 616, 617, 620, 622, 629, 630, 632,
633, . . . , 647, 650, 651, 652, 653, 655, 656, 657, 658, 659, 660, 662, 663}, and
γ430 = γ593,
γ431 = γ594, γ536 = γ541,
γ603 = γ664, γh = γ426, h ∈ I1,
γ608 = γ627, γh = γ427, h ∈ I2,
γ619 = γ626, γh = γ432, h = 468, 491, 518, 595,
γ621 = γ665, γh = γ433, h = 596, 623, 666,
γh = γ436, h = 437, 438, 469, 492, 495, 496, 499, 534, 539, 545, 614, 654,
γ{450,595,661} = γ{522,648,661} = γ{531,648,661} = γ{549,654,661} = 0,
γ{555,595,654} = γ{618,626,628} = 0,
γ{582,654,661} = γ{583,654,661} = γ{584,654,661} = 0,
γ{429,648,595,661} = γ{455,595,654,661} = γ{456,654,661,666} = γ{486,648,594,654} = 0,
γ{493,664,665,594} = γ{503,654,552,666} = γ{512,648,595,661} = γ{529,664,665,594} = 0,
γ{544,654,661,595} = γ{547,654,661,595} = γ{548,654,661,666} = γ{550,654,661,595} = 0,
γ{551,648,594,654} = γ{557,654,661,666} = γ{558,654,661,648} = γ{592,648,595,661} = 0,
γ{481,648,664,665,594} = γ{526,648,664,665,594} = γ{554,654,628,595,626} = 0,
γ{624,626,628,627,664} = γ{459,628,648,595,626,666} = 0,
γ{488,628,595,626,648,594} = γ{535,627,654,595,661,626} = 0,
γ{546,661,666,648,594,552} = γ{612,628,627,665,666,664} = 0,
γ{485,627,654,648,595,661,626} = γ{490,626,628,627,665,666,664} = 0,
γ{509,666,552,654,628,595,626} = γ{524,666,552,654,628,595,626} = 0,
γ{538,627,654,648,595,661,626} = γ{556,654,628,648,595,661,626} = 0,
γ{559,648,626,628,627,666,661} = γ{625,626,628,627,665,666,664} = 0,
γ{521,654,666,648,594,552,628,664,665} = γ{553,654,648,594,626,628,627,666,664} = 0.
Here I1 =
{
440, 447, 448, 464, 466, 478, 484, 508, 514, 516, 586, 605, , 648
}
,
I2 =
{
428, 444, 445, 449, 452, 480, 482, 494, 511, 525, 528, 530, , 537, 563,
15
564, 569, 571, 572, 574, 576, 587, 588, 589, 590, 591, 611, 631, 649, 661
}
,
Combining the above computations and the relations π(1,(2;j))(S) ≡ 0, j = 3, 4, 5, π(1,(3;4))(S) ≡
0, we obtain γi = 0, ∀i, 401 ≤ i ≤ 666. This finishes the proof.
3.4.2. The case t = 2
For t = 2, we have 13.2t − 5 = 47 and µ(47) = 3 < 5. Since Kameko’s operation
(S˜q0∗)(5,47) : (QP5)47 → (QP5)21
is an epimorphism of the Z/2GL5-modules, hence (QP5)47 = Ker((S˜q0∗)(5,47))
⊕
(QP5)21. Hence,
we need to compute Ker((S˜q0∗)(5,47)).
Remark 3.4.8. If Y ∈ B5(47) and [Y ] ∈ Ker((S˜q0∗)(5,47)), then ω1(Y ) = 3.
Indeed, we see that Z = x311 x
15
2 x3 is the minimal spike of degree 47 in P5. By Lemma 3.3.4,
Z ∈ B5(47). Since [Y ] , 0, by Theorem 3.3.5, either ω1(Y ) = 3 or ω1(Y ) = 5. If ω1(Y ) = 5,
then Y = X(∅,5)Z
2 with Z a monomial of degree 21 in P5. Since Y is admissible, by Theorem
2.2.5, Z ∈ B5(21). So, we have (S˜q0∗)(5,47)([Y ]) = [Z] , [0]. This contradicts the face that [Y ] ∈
Ker((S˜q0∗)(5,47)); hence we get ω1(Y ) = 3.
From Remark 3.4.8, we have Y = xkxℓxmg2 with 1 ≤ k < ℓ < m ≤ 5 and g ∈ B5(22). Thus,
to determine Ker((S˜q0∗)(5,47)), we need to compute all the admissible monomials of degree 22 in
A2-module P5.
Computation of (QP5)22
We consider the weight vectors
ω(1) = (2, 2, 2, 1), ω(2) = (2, 4, 1, 1), ω(3) = (2, 4, 3), ω(4) = (4, 3, 1, 1), ω(5) = (4, 3, 3).
We have degω(i) = 22, 1 ≤ i ≤ 5. It is easy to see that Z = x
15
1 x
7
2 is the minimal spike of degree 22
in P5 and ω(z) = ω(1). Let u be an admissible monomial of degree 22 in P5. Then [u] , [0] and by
Theorem 3.3.5, either ω1(u) = 2 or ω1(u) = 4. Since u ∈ B5(22), by Theorem 2.2.5, if ω1(u) = 2,
then u = X({i,j,k},5)y2 with y ∈ B5(10) and 1 6 i < j < k ≤ 5. According to Tín [41], ω(y) is one
of the following sequences:
(2, 2, 1), (4, 1, 1), (4, 3).
If ω1(u) = 4, then u = X({i},5)y
2
1 with y1 a monomial of degree 9 in P5 and 1 ≤ i ≤ 5. By Tín [41],
either ω(y1) = (3, 1, 1) or ω(y1) = (3, 3). Hence, one gets the following.
Remark 3.4.9. If u ∈ B5(22), then ω(u) is one of the sequences ω(t), 1 ≤ t ≤ 5.
As it is known,
(QP5)22 = (QP
0
5 )22
⊕
(QP+5 )22.
By Sum [35], we have |B+4 (22)| = 72. Then, combining the rerults in [20] and [10] with fact that
(QP05 )22 =
⊕
1≤s≤4
⊕
1≤u≤(5u)
(QP+s )22, we get
dim(QP05 )22 =
(
5
2
)
.2 +
(
5
3
)
.8 +
(
5
4
)
.72 = 460,
and B05(22) = Φ
0
(B4(22)) = {Y22, t : 1 ≤ t ≤ 460}, where the monomials Y22, t, 1 ≤ t ≤ 460, are
determined in Sect.6.4.
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Next, we determine (QP+5 )22. From now on, we denote
U(5, n) := {r ∈ N : α(n− (2r − 1) + 4) ≤ 4}
with n a natural number. For r ∈ U(5, n), let X = xa11 . . . x
a4
4 be an admissible monomial of degree
m = n− (2r − 1) in A2-module P4. We set
B(5, n) :=
⋃
r∈U(5,22)
〈
{xa11 . . . x
aj−1
j−1 x
2r−1
j x
aj+1
j+1 . . . x
a4
5 ∈ (P5)n=m+2r−1 : 1 ≤ j ≤ 5}
〉
.
Then, according to Mothebe [15], B(5, n) ⊆ B5(n). If ω is a weight vector of degree n, then we
write
B(5, ω) := B(5, n) ∩P5(ω), B
+(5, ω) := B(5, ω) ∩ (P+5 )n.
By a simple computation, we see that Φ
+
(B4(ω(1))∪B
+(5, ω(1)) is the set of 31 admissible mono-
mials: Y22, i, 461 ≤ i ≤ 491 (see Sect.6.5.)
Denote by D is the set of the following monomials:
Y22, 492 = x1x2x63x
6
4x
8
5, Y22, 493 = x1x2x
6
3x
10
4 x
4
5, Y22,494 = x1x
2
2x
3
3x
4
4x
12
5 ,
Y22, 495 = x1x22x
3
3x
12
4 x
4
5, Y22, 496 = x1x
2
2x
4
3x
9
4x
6
5, Y22,497 = x1x
2
2x
5
3x
8
4x
6
5,
Y22, 498 = x1x32x
2
3x
4
4x
12
5 , Y22, 499 = x1x
3
2x
2
3x
12
4 x
4
5, Y22,500 = x1x
3
2x
4
3x
8
4x
6
5,
Y22, 501 = x1x32x
6
3x
4
4x
8
5, Y22, 502 = x1x
3
2x
6
3x
8
4x
4
5, Y22,503 = x
3
1x2x
2
3x
4
4x
12
5 ,
Y22, 504 = x31x2x
2
3x
12
4 x
4
5, Y22, 505 = x
3
1x2x
4
3x
8
4x
6
5, Y22,506 = x
3
1x2x
6
3x
4
4x
8
5,
Y22, 507 = x31x2x
6
3x
8
4x
4
5, Y22, 508 = x
3
1x
5
2x
2
3x
4
4x
8
5, Y22,509 = x
3
1x
5
2x
2
3x
8
4x
4
5,
Y22, 510 = x31x
5
2x
8
3x
2
4x
4
5.
Proposition 3.4.10. B+5 (ω(1)) = Φ
+
(B4(ω(1)) ∪B
+(5, ω(1)) ∪ D.
In order to prove the proposition, we need some lemmas.
Lemma 3.4.11. The following monomials are strictly inadmissible:
(i) x21xjx
2
kx
3
l x
6
m, x
6
1xjxkx
2
l x
4
m, l < m, x
2
1xjxkx
4
l x
6
m.
Here (j, k, l,m) is a permutation of (2, 3, 4, 5);
(ii) x1x
2
2x
4
3x
6
4x5, x1x
2
2x
6
3x4x
4
5, x1x
2
2x
6
3x
4
4x5, x1x
6
2x
2
3x4x
4
5,
x1x
6
2x
2
3x
4
4x5, x
3
1x
3
2x
4
3x
2
4x
2
5, x
3
1x
4
2x
2
3x
2
4x
3
5, x
3
1x
4
2x
2
3x
3
4x
2
5,
x31x
4
2x
3
3x
2
4x
2
5, x
3
1x
2
2x3x
2
4x
6
5, x
3
1x
2
2x3x
6
4x
2
5, x
3
1x
2
2x
2
3x4x
6
5,
x31x
2
2x
2
3x
6
4x5, x
3
1x
2
2x
6
3x4x
2
5, x
3
1x
2
2x
6
3x
2
4x5, x
3
1x
6
2x3x
2
4x
2
5,
x31x
6
2x
2
3x4x
2
5, x
3
1x
6
2x
2
3x
2
4x5, x
2
1x
3
2x
3
3x
3
4x
3
5, x
3
1x
2
2x
3
3x
3
4x
3
5,
x31x
3
2x
2
3x
3
4x
3
5, x
3
1x
3
2x
3
3x
2
4x
3
5, x
3
1x
3
2x
3
3x
3
4x
2
5.
Proof. We prove the lemma for the monomials u = x21xjx
2
kx
3
l x
6
m, and v = x1x
2
2x
4
3x
6
4x5. The others
can be proved by a similar computation. We have ω(u) = (2, 4, 1) and ω(v) = (2, 2, 2). By a simple
computation, one gets
u = x1x2jx
2
kx
3
l x
6
m + Sq
1(x1xjx2kx
3
l x
6
m) modulo(P
−
5 (2, 4, 1)),
v = x1x2x43x
6
4x
2
5 + x1x
2
2x
4
3x
5
4x
2
5 + Sq
1(f1) + Sq2(f2) modulo(P
−
5 (2, 2, 2)),
where f1 = x21x2x
4
3x
5
4x5 and f2 = x1x2x
4
3x
5
4x5. Hence, u and v are strictly inadmissible. The lemma
follows.
The following lemma can easily be proved by a direct computation.
Lemma 3.4.12. If (i, j, k, l,m) is a permutation of (1, 2, 3, 4, 5), then the following monomials are
strictly inadmissible:
(i) x6ixjx
7
k, x
2
ix
5
jx
7
k, x
3
ix
4
jx
7
k, x
2
ixjx
2
kx
2
l x
7
m,
x2ix
5
jx
2
kx
2
l x
3
m, x
2
ix
4
jx
2
kx
3
l x
3
m, x
2
ixjx
2
kx
2
l x
3
m, i < j;
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(ii) xix
6
jx
3
kx
2
l x
2
m, j < k, x
3
ix
6
jx
5
k, x
6
ix
3
jx
5
k, x
2
ixjxkx
3
l x
3
m, x
2
ixjxkx
2
l , i < j < k;
(iii) x2ixjx
4
kx
3
l x
4
m, x
2
ix
4
jxkx
3
l x
4
m, i < j < k, l < m.
Lemma 3.4.13. The following monomials are strictly inadmissible:
x1x
2
2x
2
3x
7
4x
10
5 , x1x
2
2x
4
3x
3
4x
12
5 , x1x
2
2x
4
3x
11
4 x
4
5, x1x
2
2x
7
3x
2
4x
10
5 ,
x1x
2
2x
7
3x
8
4x
4
5, x1x
2
2x
7
3x
10
4 x
2
5, x1x
2
2x
12
3 x
3
4x
4
5, x1x
6
2x3x
6
4x
8
5,
x1x
6
2x3x
10
4 x
4
5, x1x
6
2x
3
3x
6
4x
6
5, x1x
6
2x
6
3x
3
4x
6
5, x1x
6
2x
6
3x
6
4x
3
5,
x1x
6
2x
9
3x
2
4x
4
5, x1x
7
2x
2
3x
2
4x
10
5 , x1x
7
2x
2
3x
8
4x
4
5, x1x
7
2x
2
3x
10
4 x
2
5,
x1x
7
2x
8
3x
2
4x
4
5, x1x
7
2x
10
3 x
2
4x
2
5, x
3
1x
3
2x
4
3x
4
4x
8
5, x
3
1x
3
2x
4
3x
8
4x
4
5,
x31x
4
2x3x
2
4x
12
5 , x
3
1x
4
2x3x
10
4 x
4
5, x
3
1x
4
2x
4
3x
4
4x
7
5, x
3
1x
4
2x
4
3x
5
4x
6
5,
x31x
4
2x
4
3x
7
4x
4
5, x
3
1x
4
2x
5
3x
4
4x
6
5, x
3
1x
4
2x
5
3x
6
4x
4
5, x
3
1x
4
2x
7
3x
4
4x
4
5,
x31x
4
2x
9
3x
2
4x
4
5, x
3
1x
5
2x
4
3x
4
4x
6
5, x
3
1x
5
2x
4
3x
6
4x
4
5, x
3
1x
5
2x
6
3x
4
4x
4
5,
x31x
7
2x
4
3x
4
4x
4
5, x
3
1x
12
2 x3x
2
4x
4
5, x
7
1x2x
2
3x
2
4x
10
5 , x
7
1x2x
2
3x
8
4x
4
5,
x71x2x
2
3x
10
4 x
2
5, x
7
1x2x
8
3x
2
4x
4
5, x
7
1x2x
10
3 x
2
4x
2
5, x
7
1x
3
2x
4
3x
4
4x
4
5,
x71x
8
2x3x
2
4x
4
5, x
7
1x
9
2x
2
3x
2
4x
2
5.
Proof. We prove the lemma for the monomials x = x1x22x
4
3x
3
4x
12
5 , and y = x
3
1x
3
2x
4
3x
4
4x
8
5. The others
can be proved by a similar computation. By a direct computation using the Cartan formula, we
have
x = x1x22x
3
3x
4
4x
12
5 + x1x
2
2x
4
3x
2
4x
13
5 + x1x
2
2x
2
3x
4
4x
13
5 + x1x2x
6
3x
6
4x
8
5 + x1x2x
6
3x
4
4x
10
5
+x1x2x43x
6
4x
10
5 + Sq
1(f1) + Sq2(f2) + Sq4(f4) modulo(P
−
5 (ω(1))),
where
f1 = x1x42x
3
3x
4
4x
9
5 + x1x
4
2x
3
3x
5
4x
8
5 + x1x
4
2x
4
3x
3
4x
9
5 + x1x
4
2x
4
3x
5
4x
7
5
+x1x42x
5
3x
3
4x
8
5 + x1x
4
2x
5
3x
4
4x
7
5 + x
2
1x2x
4
3x
5
4x
9
5 + x
2
1x2x
5
3x
4
4x
9
5
+x21x2x
5
3x
5
4x
8
5 + x
4
1x
4
2x
3
3x
3
4x
7
5,
f2 = x1x2x43x
5
4x
9
5 + x1x2x
5
3x
4
4x
9
5 + x1x2x
5
3x
5
4x
8
5 + x1x
2
2x
3
3x
4
4x
10
5
+x1x22x
3
3x
6
4x
8
5 + x1x
2
2x
4
3x
3
4x
10
5 + x1x
2
2x
4
3x
6
4x
7
5 + x1x
2
2x
6
3x
3
4x
8
5
+x1x22x
6
3x
4
4x
7
5 + x1x
4
2x
2
3x
2
4x
11
5 + x
2
1x
4
2x
3
3x
3
4x
8
5 + x
2
1x
4
2x
3
3x
4
4x
7
5
+x21x
4
2x
4
3x
3
4x
7
5,
f4 = x1x22x
2
3x
2
4x
11
5 + x1x
2
2x
4
3x
4
4x
7
5.
The above equalities show that x is strictly inadmissible. By a similar computation, we obtain
y = x21x2x
2
3x
13
4 x
4
5 + x
2
1x2x
3
3x
12
4 x
4
5 + x
2
1x2x
4
3x
7
4x
8
5 + x
2
1x2x
4
3x
13
4 x
2
5 + x
2
1x2x
5
3x
6
4x
8
5
+x21x2x
6
3x
9
4x
4
5 + x
2
1x2x
8
3x
7
4x
4
5 + x
2
1x2x
12
3 x
5
4x
2
5 + x
2
1x
3
2x
5
3x
8
4x
4
5 + x
2
1x
3
2x
8
3x
5
4x
4
5
+x21x
5
2x
2
3x
5
4x
8
5 + x
2
1x
5
2x
2
3x
9
4x
4
5 + x
2
1x
5
2x
3
3x
8
4x
4
5 + x
2
1x
5
2x
4
3x
3
4x
8
5 + x
2
1x
5
2x
4
3x
9
4x
2
5
+x21x
5
2x
8
3x
5
4x
2
5 + x
3
1x2x
2
3x
12
4 x
4
5 + x
3
1x2x
4
3x
6
4x
8
5 + x
3
1x2x
4
3x
10
4 x
4
5 + x
3
1x2x
4
3x
12
4 x
2
5
+x31x2x
4
3x
12
4 x
2
5 + x
3
1x
2
2x
4
3x
9
4x
4
5 + x
3
1x
2
2x
8
3x
5
4x
4
5
+Sq1(g1) + Sq2(g2) + Sq4(g4) + Sq8(x31x
3
2x
2
3x
4
4x
2
5) modulo(P
−
5 (ω(1))), where
g1 = x31x
3
2x
2
3x
9
4x
4
5 + x
3
1x
3
2x
4
3x
9
4x
2
5 + x
3
1x
3
2x
2
3x
5
4x
8
5 + x
3
1x
3
2x
8
3x
5
4x
2
5 + x
5
1x2x
2
3x
9
4x
4
5
+x31x2x
4
3x
9
4x
4
5 + x
5
1x2x
4
3x
9
4x
2
5 + x
5
1x2x
8
3x
5
4x
2
5 + x
3
1x2x
8
3x
5
4x
4
5 + x
5
1x2x
6
3x
5
4x
4
5
+x31x
4
2x
5
3x
5
4x
4
5 + x
5
1x2x
5
3x
6
4x
4
5 + x
5
1x2x
3
3x
8
4x
4
5 + x
3
1x
3
2x
3
3x
8
4x
4
5 + x
5
1x2x
2
3x
5
4x
8
5
+x51x2x
4
3x
3
4x
8
5 + x
3
1x
3
2x
4
3x
3
4x
8
5,
g2 = x51x
3
2x
2
3x
8
4x
2
5 + x
5
1x
3
2x
2
3x
6
4x
4
5 + x
5
1x
3
2x
4
3x
6
4x
2
5 + x
2
1x
3
2x
2
3x
9
4x
4
5 + x
3
1x
2
2x
2
3x
9
4x
4
5
+x31x2x
2
3x
10
4 x
4
5 + x
6
1x2x
2
3x
7
4x
4
5 + x
2
1x
3
2x
4
3x
9
4x
2
5 + x
3
1x
2
2x
4
3x
9
4x
2
5 + x
3
1x2x
4
3x
10
4 x
2
5
+x61x2x
4
3x
7
4x
2
5 + x
2
1x
3
2x
8
3x
5
4x
2
5 + x
2
1x
3
2x
2
3x
5
4x
8
5 + x
3
1x
2
2x
8
3x
5
4x
2
5 + x
3
1x
2
2x
2
3x
5
4x
8
5
+x31x2x
8
3x
6
4x
2
5 + x
6
1x2x
6
3x
5
4x
2
5 + x
3
1x
2
2x
6
3x
5
4x
4
5 + x
3
1x
2
2x
5
3x
6
4x
4
5 + x
3
1x
2
2x
3
3x
8
4x
4
5
+x21x
3
2x
3
3x
8
4x
4
5 + x
6
1x2x
2
3x
3
4x
8
5 + x
3
1x2x
2
3x
6
4x
8
5 + x
3
1x
2
2x
4
3x
3
4x
8
5 + x
6
1x2x
3
3x
6
4x
4
5
+x21x
3
2x
4
3x
3
4x
8
5 + x
2
1x2x
10
3 x
5
4x
2
5 + x
2
1x2x
2
3x
7
4x
8
5 + x
2
1x2x
2
3x
11
4 x
4
5 + x
2
1x2x
3
3x
6
4x
8
5
+x21x2x
3
3x
10
4 x
4
5 + x
2
1x2x
4
3x
11
4 x
2
5 + x
2
1x2x
6
3x
9
4x
2
5 + x
2
1x2x
8
3x
7
4x
2
5,
g4 = x31x
3
2x
2
3x
6
4x
4
5 + x
3
1x
3
2x
4
3x
6
4x
2
5 + x
4
1x2x
2
3x
7
4x
4
5
+x41x2x
4
3x
7
4x
2
5 + x
4
1x2x
6
3x
5
4x
2
5 + x
4
1x2x
3
3x
6
4x
4
5.
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The above relations imply that y is also strictly inadmissible. The lemma is proved.
Proof of Proposition 3.4.10. We denote by Yt := Y22, t, 461 ≤ t ≤ 510 the admissible monomials in
B
+
5 (ω(1)) (see Sect.6.5.) For x ∈ B
+
5 (ω(1)), we have x = X{i,j,k}y
2 with y a monomial of degree 10
in P5, and 1 ≤ i < j < k ≤ 5. Since x is admissible, by Theorem 2.2.5, y ∈ B5(2, 2, 1).
Let z ∈ B5(2, 2, 1) such that X({i,j,k},5)y
2
1 ∈ P
+
5 . By a direct computation using a result in
[42], we see that if X({i,j,k},5)y
2
1 , Yt, for all t, 461 ≤ t ≤ 510, then there is a monomial w which
is given in one of Lemmas 3.4.12 - 3.4.13 such that X({i,j,k},5)y
2
1 = wz
2u with suitable monomial
z ∈ P5 and u = max{j ∈ Z : ωj(w) > 0}. By Theorem 2.2.5, X({i,j,k},5)y
2
1 is inadmissible. Since
x = X({i,j,k},5)y
2 and x is admissible, one gets x = Yt. This implies QP
+
5 (ω(1)) is spanned by the
set {[Yt := Y22, t]ω(1) : 461 ≤ t ≤ 510}.
We now prove the set {[Yt]ω(1) : 461 ≤ t ≤ 510} is linearly independent in QP5(ω(1)). Suppose
there is a linear relation
(3.2) S =
∑
461≤t≤510
γtYt ≡ω(1) 0,
where γt ∈ Z/2. From a result in [35], dimQP
+
4 (ω(1)) = 26, with the basis {[uj ]ω(1) : 1 ≤ j ≤ 26},
where
u1. x1x2x
6
3x
14
4 , u2. x1x2x
14
3 x
6
4, u3. x1x
2
2x
4
3x
15
4 , u4. x1x
2
2x
5
3x
14
4 , u5. x1x
2
2x
7
3x
12
4 ,
u6. x1x
2
2x
12
3 x
7
4, u7. x1x
2
2x
13
3 x
6
4, u8. x1x
2
2x
15
3 x
4
4, u9. x1x
3
2x
4
3x
14
4 , u10. x1x
3
2x
6
3x
12
4 ,
u11. x1x
3
2x
12
3 x
6
4, u12. x1x
3
2x
14
3 x
4
4, u13. x1x
6
2x3x
14
4 , u14. x1x
7
2x
2
3x
12
4 , u15. x1x
14
2 x3x
6
4,
u16. x1x
15
2 x
2
3x
4
4, u17. x
3
1x2x
4
3x
14
4 , u18. x
3
1x2x
6
3x
12
4 , u19. x
3
1x2x
12
3 x
6
4, u20. x
3
1x2x
14
3 x
4
4,
u21. x
3
1x
5
2x
2
3x
12
4 , u22. x
3
1x
5
2x
6
3x
8
4, u23. x
3
1x
5
2x
10
3 x
4
4, u24. x
3
1x
13
2 x
2
3x
4
4, u25. x
7
1x2x
2
3x
12
4 ,
u26. x
15
1 x2x
2
3x
4
4.
Consider the homomorphism π(1;2) : P5 → P4. By a direct computation using Theorem 3.3.5
and Proposition 3.1.1, we have
π(1;2)(S) ≡ω(1) (γ473 + γ475 + γ481 + γ483)u1 + γ477u6 + γ478u7
+(γ476 + γ477 + γ478)u4 + γ483(u9 + u14) + γ481(u10 + u11)
+(γ475 + γ476 + γ477 + γ478)u13 + (γ470 + γ481 + γ484)u18
+(γ471 + γ478 + γ481 + γ484)u19 + γ472u20 + (γ479 + γ484)u21
+(γ480 + γ481 + γ484)u22 + γ482u23 + γ485u24 + γ495u25 + γ497u26
+(γ474 + γ478 + γ481 + γ484)u2 + γ476u5 + (γ469 + γ475)u17 + γ484u15 ≡ω(1) 0.
This relation implies
(3.3)
γ469 = γ470 = γ471 = γ472 = γ473 = γ474 = γ475 = γ476
= γ477 = γ478 = γ479 = γ480 = γ481 = γ482 = γ483
= γ484 = γ485 = γ495 = γ497 = 0.
Substituting (3.3) into the relation (3.2), we have
(3.4)
∑
461≤t≤468
γtYt +
∑
4866t6494
γtYt + γ496Y36 +
∑
498≤t≤510
γtYt ≡ω(1) 0.
Applying the homomorphisms π(1;3), π(1;4) : P5 → P4 to (3.4), we get
(3.5)

γt = 0, t ∈ J,
γ464 = γ487 = γ499 = γ508, γ468 = γ494 = γ506 = γ509, γ498 = γ502,
γ467 + γ468 + γ503 = γ467 + γ468 + γ505 = 0,
γ462 + γ468 + γ502 + γ508 = γ463 + γ468 + γ502 + γ508 = 0,
γ466 + γ501 + γ502 + γ508 = γ466 + γ468 + γ504 + γ507 + γ508 = 0.
Here J = {461, 465, 486, 488, 489, 490, 491, 492, 493, 496, 500}. Then, combining (3.3), (3.5), and the
relation π(1;5)(S) ≡ω(1) 0, we obtain γt = 0 for 461 ≤ t ≤ 510. The proposition is proved.
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Using a similar technique as mentioned in the proof of Proposition 3.4.10, we obtain
Proposition 3.4.14.
(I) B+5 (ω(2)) = B
+(5, ω(2)) ∪ E , where E is the set of the following monomials:
x1x
2
2x
2
3x
3
4x
14
5 , x1x
2
2x
3
3x
2
4x
14
5 , x1x
2
2x
3
3x
6
4x
10
5 , x1x
2
2x
3
3x
14
4 x
2
5, x1x
3
2x
2
3x
2
4x
14
5 ,
x1x
3
2x
2
3x
6
4x
10
5 , x1x
3
2x
2
3x
14
4 x
2
5, x1x
3
2x
6
3x
2
4x
10
5 , x1x
3
2x
6
3x
10
4 x
2
5, x1x
3
2x
14
3 x
2
4x
2
5,
x31x2x
2
3x
2
4x
14
5 , x
3
1x2x
2
3x
6
4x
10
5 , x
3
1x2x
2
3x
14
4 x
2
5, x
3
1x2x
6
3x
2
4x
10
5 , x
3
1x2x
6
3x
10
4 x
2
5,
x31x2x
14
3 x
2
4x
2
5, x
3
1x
5
2x
2
3x
2
4x
10
5 , x
3
1x
5
2x
2
3x
10
4 x
2
5, x
3
1x
5
2x
10
3 x
2
4x
2
5, x
3
1x
13
2 x
2
3x
2
4x
2
5,
(II) B+5 (ω(3)) = {x1x
3
2x
6
3x
6
4x
6
5, x
3
1x2x
6
3x
6
4x
6
5, x
3
1x
5
2x
2
3x
6
4x
6
5, x
3
1x
5
2x
6
3x
2
4x
6
5, x
3
1x
5
2x
6
3x
6
4x
2
5},
(III) B+5 (ω(4)) = Φ
+
(B4(ω(4)) ∪B
+(5, ω(4)),
(IV) B+5 (ω(5)) = Φ
+
(B4(ω(5)) ∪B+(5, ω(5)).
A direct computation shows: |B+5 (ω(2))| = 25, |B
+
5 (ω(4))| = 300 and |B
+
5 (ω(5))| = 125 (see
Sect.6.5.) On the other hand, by Remark 3.4.9, we have (QP5)
+
22 =
⊕
1≤j≤5QP
+
5 (ω(j)). Combining
this with the above results, we obtain
Corollary 3.4.15. (QP+5 )22 is the Z/2-vector space of dimension 505 with a basis consisting of
all the classes represented by the monomials Y22, t, 1 ≤ t ≤ 505, which are determined in Sect.6.5.
Computation of Ker((S˜q0∗)(5,47))
We consider the weight vectors
ω(1) = (3, 2, 2, 2, 1), ω(2) = (3, 2, 4, 1, 1), ω(3) = (3, 2, 4, 3),
ω(4) = (3, 4, 3, 1, 1), ω(5) = (3, 4, 3, 3).
It is easy to see that degω(1) = degω(2) = . . . = degω(5) = 47. Then, from Remarks 3.4.8 and
3.4.9, one gets the following.
Lemma 3.4.16. If X is an admissible monomial of degree 47 in P5 and [X ] ∈ Ker((S˜q0∗)(5,47)),
then ω(X) is one of the sequences ω(k), 1 ≤ k ≤ 5.
From this lemma, we have
Ker((S˜q0∗)(5,47)) = (QP
0
5 )47
⊕(
Ker((S˜q0∗)(5,47)) ∩ (QP
+
5 )47
)
= (QP05 )47
⊕
(
⊕
1≤i≤5QP
+
5 (ω(i))).
Recall that (QP05 )47 =
⊕
1≤t≤4
⊕
1≤ℓ≤(5t)
(QP+t )47. Then, by a direct computation using a result in
[10], [20] and [35], we conclude
dim(QP05 )47 =
(
5
3
)
.14 +
(
5
4
)
.84 = 560.
The set B05(47) = B
0
5(ω(1)) = Φ
0
(B4(47)) = {Y47, i : 1 ≤ i ≤ 560} is described in Sect.6.6. We
now determine QP+5 (ω(j))) for 1 ≤ j ≤ 5.
Lemma 3.4.17. The following monomials are strictly inadmissible:
I) X1 = x31x
12
2 xkx
3
ℓx
12
m , X2 = x
3
1x
4
2x
3
kx
8
ℓx
13
m , X3 = x1x
14
2 x
2
kxℓx
13
m ,
X5 = x31x
14
2 x
12
k xℓxm, X6 = x
7
1x
10
2 x
12
k xℓxm, X7 = x
3
1x
2
2x
12
k xℓx
13
m ,
X8 = x31x
12
2 x
2
kxℓx
13
m , X9 = x
15
1 x
2
2xkx
4
ℓx
9
m, X10 = x
15
1 x
2
2xkx
5
ℓx
8
m,
X11 = x71x
2
2xkx
8
ℓx
13
m , X12 = x
7
1x
2
2xkx
9
ℓx
12
m , X13 = x
15
1 x
2
2x
12
k xℓxm,
X14 = x31x
4
2xkx
8
ℓx
15
m , X15 = x
3
1x
4
2xkx
9
ℓx
14
m , X16 = x
3
1x
14
2 xkx
4
ℓx
9
m,
20
X17 = x31x
5
2xkx
8
ℓx
14
m , X18 = x
3
1x
6
2xkx
8
ℓx
13
m , X19 = x
3
1x
6
2xkx
9
ℓx
12
m ,
X20 = x71x
10
2 xkx
4
ℓx
9
m, X21 = x
7
1x
10
2 xkx
5
ℓx
8
m, X22 = x
3
1x
2
2x
5
kx
8
ℓx
13
m ,
X23 = x31x
2
2x
5
kx
9
ℓx
12
m , X24 = x
7
1x
2
2x
5
kx
8
ℓx
9
m, X25 = x1x
2
2x
14
k xℓx
13
m ,
X26 = x31x
6
2x
5
kx
8
ℓx
9
m, X27 = x
3
1x
12
2 x
14
k xℓxm. Here (k, ℓ,m) is a permutation of (3, 4, 5);
II) X27 = x3ix
2
jx
13
k x
4
ℓx
9
m, j < k, X28 = xix
2
jx
6
kx
9
ℓx
13
m , X29 = x
3
ix
4
jx
6
kx
9
ℓx
9
m, where (i, j, k, ℓ,m) is a
permutation of (1, 2, 3, 4, 5).
Proof. It is easy to see that ω(Xt) = ω∗ := (3, 2, 2, 2) for 1 ≤ t ≤ 29. We prove the lemma for the
monomials X1 = x31x
12
2 xkx
3
ℓx
12
m and X2 = x
3
1x
4
2x
3
kx
8
ℓx
13
m , where (k, ℓ,m) is a permutation of (3, 4, 5).
The others can be proved by a similar technique. We have
X1 = x21x
11
2 xkx
5
ℓx
12
m + x
2
1x
11
2 x
4
kx
5
ℓx
9
m + x
2
1x
11
2 x
8
kx
5
ℓx
5
m + x
2
1x
13
2 xkx
3
ℓx
12
m
+x21x
13
2 x
4
kx
3
ℓx
9
m + x
2
1x
13
2 x
8
kx
3
ℓx
5
m + x
3
1x
3
2x
8
kx
5
ℓx
12
m + x
3
1x
5
2x
8
kx
5
ℓx
10
m
+x31x
5
2x
8
kx
6
ℓx
9
m + x
3
1x
7
2x
4
kx
8
ℓx
9
m + x
3
1x
7
2x
8
kx
5
ℓx
8
m + x
3
1x
7
2x
8
kx
8
ℓx
5
m
+x31x
9
2x
2
kx
5
ℓx
12
m + x
3
1x
9
2x
4
kx
3
ℓx
12
m + x
3
1x
9
2x
4
kx
5
ℓx
10
m + x
3
1x
9
2x
4
kx
6
ℓx
9
m
+x31x
9
2x
8
kx
5
ℓx
6
m + x
3
1x
9
2x
8
kx
6
ℓx
5
m + x
3
1x
11
2 xkx
4
ℓx
12
m
+Sq1(g1) + Sq2(g2) + Sq4(g4) + Sq8(x61x
5
2x
4
kx
3
ℓx
5
m) modulo(P
−
5 (ω
∗)), where
g1 = x31x
7
2xkx
3
ℓx
16
m + x
3
1x
11
2 xkx
3
ℓx
12
m + x
5
1x
3
2x
8
kx
5
ℓx
9
m + x
5
1x
7
2x
4
kx
5
ℓx
9
m + x
5
1x
7
2x
8
kx
5
ℓx
5
m,
g2 = x21x
11
2 xkx
3
ℓx
12
m + x
2
1x
11
2 x
4
kx
3
ℓx
9
m + x
2
1x
11
2 x
8
kx
3
ℓx
5
m + x
3
1x
3
2x
8
kx
5
ℓx
10
m + x
3
1x
3
2x
8
kx
6
ℓx
9
m
+x31x
7
2x
4
kx
5
ℓx
12
m + x
3
1x
7
2x
4
kx
6
ℓx
9
m + x
3
1x
7
2x
8
kx
5
ℓx
6
m + x
3
1x
7
2x
8
kx
6
ℓx
5
m + x
5
1x
7
2x
2
kx
3
ℓx
12
m
+x61x
3
2x
8
kx
3
ℓx
9
m + x
6
1x
7
2x
4
kx
3
ℓx
9
m + x
6
1x
7
2x
8
kx
3
ℓx
5
m,
g4 = x31x
7
2x
2
kx
3
ℓx
12
m + x
4
1x
7
2x
4
kx
3
ℓx
9
m + x
4
1x
7
2x
8
kx
3
ℓx
5
m + x
10
1 x
5
2x
4
kx
3
ℓx
5
m.
This equality implies that X1 is strictly inadmissible.
Next, we show that X2 is also strictly inadmissible. Indeed, using Cartan’s formula, we obtain
X2 = x21x2x
3
kx
12
ℓ x
13
m + x
2
1x2x
5
kx
9
ℓx
14
m + x
2
1x2x
5
kx
10
ℓ x
13
m + x
2
1x2x
6
kx
9
ℓx
13
m + x
2
1x2x
10
k x
5
ℓx
13
m
+x21x2x
12
k x
5
ℓx
11
m + x
2
1x
5
2xkx
9
ℓx
14
m + x
2
1x
5
2xkx
10
ℓ x
13
m + x
2
1x
5
2x
8
kx
3
ℓx
13
m + x
2
1x
5
2x
8
kx
5
ℓx
11
m
+x31x2x
4
kx
9
ℓx
14
m + x
3
1x2x
4
kx
10
ℓ x
13
m + x
3
1x2x
6
kx
8
ℓx
13
m + x
3
1x2x
8
kx
6
ℓx
13
m + x
3
1x
2
2x
4
kx
9
ℓx
13
m
+x31x
2
2x
5
kx
8
ℓx
13
m + x
3
1x
3
2x
8
kx
4
ℓx
13
m + x
3
1x
3
2x
8
kx
5
ℓx
12
m + x
3
1x
4
2xkx
9
ℓx
14
m + x
3
1x
4
2xkx
10
ℓ x
13
m
+x31x
4
2x
2
kx
9
ℓx
13
m
+Sq1(Z1) + Sq2(Z2) + Sq4(Z4) + Sq8(x31x
4
2x
4
kx
5
ℓx
7
m) modulo(P
−
5 (ω
∗)),
where
Z1 = x31x2x
3
kx
5
ℓx
18
m + x
3
1x2x
3
kx
6
ℓx
17
m + x
3
1x2x
3
kx
9
ℓx
14
m + x
3
1x2x
3
kx
10
ℓ x
13
m
+x31x2x
6
kx
9
ℓx
11
m + x
3
1x2x
10
k x
5
ℓx
11
m + x
3
1x
3
2xkx
6
ℓx
17
m + x
3
1x
3
2xkx
10
ℓ x
13
m
+x31x
3
2xkx
12
ℓ x
11
m + x
3
1x
3
2xkx
16
ℓ x
7
m + x
3
1x
3
2x
4
kx
3
ℓx
17
m + x
3
1x
3
2x
8
kx
3
ℓx
13
m
+x31x
3
2x
8
kx
5
ℓx
11
m + x
3
1x
3
2x
8
kx
9
ℓx
7
m + x
3
1x
4
2x
5
kx
5
ℓx
13
m + x
5
1x
5
2xkx
5
ℓx
14
m ,
Z2 = x21x2x
3
kx
9
ℓx
14
m + x
2
1x2x
3
kx
10
ℓ x
13
m + x
2
1x2x
6
kx
9
ℓx
11
m + x
2
1x2x
10
k x
5
ℓx
11
m
+x21x
3
2xkx
9
ℓx
14
m + x
2
1x
3
2xkx
10
ℓ x
13
m + x
2
1x
3
2xkx
12
ℓ x
11
m + x
2
1x
3
2x
8
kx
3
ℓx
13
m
+x21x
3
2x
8
kx
5
ℓx
11
m + x
2
1x
3
2x
8
kx
9
ℓx
7
m + x
3
1x
5
2xkx
6
ℓx
14
m + x
3
1x
5
2x
2
kx
5
ℓx
14
m
+x31x
6
2xkx
5
ℓx
14
m + x
5
1x2x
6
kx
6
ℓx
11
m + x
5
1x
2
2x
2
kx
9
ℓx
11
m + x
5
1x
2
2x
3
kx
5
ℓx
14
m
+x51x
2
2x
3
kx
6
ℓx
13
m + x
5
1x
2
2x
6
kx
5
ℓx
11
m + x
5
1x
2
2x
8
kx
3
ℓx
11
m + x
5
1x
3
2xkx
6
ℓx
14
m
+x51x
3
2x
2
kx
6
ℓx
13
m + x
5
1x
3
2x
2
kx
8
ℓx
11
m + x
5
1x
3
2x
2
kx
10
ℓ x
9
m + x
5
1x
3
2x
2
kx
12
ℓ x
7
m
+x51x
3
2x
4
kx
3
ℓx
14
m + x
5
1x
3
2x
4
kx
6
ℓx
11
m + x
5
1x
3
2x
4
kx
10
ℓ x
7
m + x
6
1x
3
2xkx
5
ℓx
14
m ,
Z4 = x31x2x
6
kx
5
ℓx
12
m + x
3
1x2x
6
kx
6
ℓx
11
m + x
3
1x
2
2x
2
kx
9
ℓx
11
m + x
3
1x
2
2x
3
kx
6
ℓx
13
m + x
3
1x
2
2x
6
kx
5
ℓx
11
m
+x31x
2
2x
8
kx
3
ℓx
11
m + x
3
1x
3
2xkx
6
ℓx
14
m + x
3
1x
3
2x
2
kx
6
ℓx
13
m + x
3
1x
3
2x
2
kx
8
ℓx
11
m + x
3
1x
3
2x
2
kx
10
ℓ x
9
m
+x31x
3
2x
2
kx
12
ℓ x
7
m + x
3
1x
3
2x
4
kx
3
ℓx
14
m + x
3
1x
3
2x
4
kx
6
ℓx
11
m + x
3
1x
3
2x
4
kx
10
ℓ x
7
m + x
3
1x
4
2xkx
5
ℓx
14
m
+x31x
8
2x
4
kx
5
ℓx
7
m + x
4
1x
3
2xkx
5
ℓx
14
m .
The above relations imply that X2 is strictly inadmissible. The lemma follows.
Lemma 3.4.18. The following monomials are strictly inadmissible:
21
Y1 = x31x
4
2x
7
3x
8
4x
9
5, Y2 = x
3
1x
7
2x
8
3x
5
4x
8
5, Y3 = x1x
6
2x
10
3 x4x
13
5 , Y4 = x1x
6
2x
10
3 x
13
4 x5,
Y5 = x1x62x
11
3 x
12
4 x5, Y6 = x1x
7
2x
10
3 x
12
4 x5, Y7 = x
7
1x2x
10
3 x
12
4 x5, Y8 = x1x
2
2x
2
3x
13
4 x
13
5 ,
Y9 = x1x22x
14
3 x
5
4x
9
5, Y10 = x1x
14
2 x
2
3x
5
4x
9
5, Y11 = x
3
1x
3
2x
12
3 x
12
4 x5, Y12 = x
3
1x
15
2 x
4
3x
8
4x5,
Y13 = x31x
15
2 x
4
3x4x
8
5, Y14 = x
15
1 x
3
2x
4
3x
8
4x5, Y15 = x
15
1 x
3
2x
4
3x4x
8
5, Y16 = x1x
14
2 x
3
3x
4
4x
9
5,
Y17 = x31x
4
2x
10
3 x4x
13
5 , Y18 = x
3
1x
4
2x
10
3 x
13
4 x5, Y19 = x
3
1x
4
2x
11
3 x
12
4 x5, Y20 = x1x
14
2 x
3
3x
5
4x
8
5,
Y21 = x31x
14
2 x
5
3x
8
4x5, Y22 = x
3
1x
14
2 x3x
5
4x
8
5, Y23 = x
3
1x
14
2 x
5
3x4x
8
5, Y24 = x1x
6
2x
3
3x
13
4 x
8
5,
Y25 = x1x142 x
14
3 x4x5, Y26 = x
3
1x
7
2x
8
3x
12
4 x5, Y27 = x
3
1x
7
2x
12
3 x
8
4x5, Y28 = x
3
1x
7
2x
12
3 x4x
8
5,
Y29 = x71x
3
2x
8
3x
12
4 x5, Y30 = x
7
1x
3
2x
12
3 x
8
4x5, Y31 = x
7
1x
3
2x
12
3 x4x
8
5, Y32 = x1x
6
2x
11
3 x
4
4x
9
5,
Y33 = x71x
11
2 x
4
3x
8
4x5, Y34 = x
7
1x
11
2 x
4
3x4x
8
5, Y35 = x1x
6
2x
11
3 x
5
4x
8
5, Y36 = x1x
6
2x
10
3 x
5
4x
9
5,
Y37 = x31x
5
2x
8
3x
2
4x
13
5 , Y38 = x
3
1x
12
2 x
2
3x
5
4x
9
5, Y39 = x
3
1x
5
2x
9
3x
2
4x
12
5 , Y40 = x
7
1x
2
2x
4
3x
9
4x
9
5,
Y41 = x71x
2
2x
9
3x
4
4x
9
5, Y42 = x
3
1x
4
2x
3
3x
12
4 x
9
5, Y43 = x
3
1x
12
2 x
3
3x
4
4x
9
5, Y44 = x
3
1x
4
2x
9
3x
3
4x
12
5 ,
Y45 = x31x
12
2 x
3
3x
5
4x
8
5, Y46 = x
3
1x
5
2x
8
3x
3
4x
12
5 , Y47 = x
3
1x
4
2x
11
3 x
4
4x
9
5, Y48 = x
3
1x
4
2x
11
3 x
5
4x
8
5,
Y49 = x31x
4
2x
10
3 x
5
4x
9
5, Y50 = x1x
6
2x
3
3x
12
4 x
9
5, Y51 = x
3
1x
4
2x
7
3x
9
4x
8
5, Y52 = x
3
1x
7
2x
8
3x
4
4x
9
5,
Y53 = x71x
3
2x
8
3x
4
4x
9
5, Y54 = x1x
14
2 x
3
3x
12
4 x5, Y55 = x
7
1x
3
2x
8
3x
5
4x
8
5.
Proof. Note that ω(Yj) = ω∗, j = 1, 2, . . . , 55. We prove this lemma for the monomials Y1 =
x31x
4
2x
7
3x
8
4x
9
5, and Y2 = x
3
1x
7
2x
8
3x
5
4x
8
5. The others can be proved by a similar computation. A direct
computation shows:
Y1 = x21x2x
7
3x
8
4x
13
5 + x
2
1x2x
13
3 x4x
14
5 + x
2
1x2x
13
3 x
8
4x
7
5 + x
2
1x
3
2x
9
3x
4
4x
13
5 + x
2
1x
3
2x
12
3 x4x
13
5
+x21x
5
2x
9
3x
4
4x
11
5 + x
2
1x
5
2x
9
3x
8
4x
7
5 + x
2
1x
5
2x
12
3 x4x
11
5 + x
3
1x2x
5
3x
8
4x
14
5 + x
3
1x2x
7
3x
8
4x
12
5
+x31x2x
12
3 x4x
14
5 + x
3
1x2x
12
3 x
4
4x
11
5 + x
3
1x
2
2x
9
3x
4
4x
13
5 + x
3
1x
3
2x
9
3x
4
4x
12
5 + x
3
1x
3
2x
12
3 x4x
12
5
+x31x
3
2x
12
3 x
4
4x
9
5 + Sq
1(u1) + Sq2(u2) + Sq4(u4) + Sq8(u8) modulo(P
−
5 (ω
∗)), where
u1 = x31x2x
5
3x
8
4x
13
5 + x
3
1x2x
7
3x4x
18
5 + x
3
1x2x
9
3x
4
4x
13
5 + x
3
1x2x
11
3 x4x
14
5
+x31x
3
2x
9
3x
4
4x
11
5 + x
3
1x
3
2x
9
3x
8
4x
7
5 + x
3
1x
3
2x
12
3 x4x
11
5 + x
3
1x
3
2x
16
3 x4x
7
5
+x31x
4
2x
9
3x4x
13
5 + x
5
1x2x
5
3x
8
4x
11
5 + x
5
1x2x
7
3x
8
4x
9
5,
u2 = x21x2x
7
3x
8
4x
11
5 + x
2
1x2x
11
3 x4x
14
5 + x
2
1x2x
11
3 x
8
4x
7
5 + x
2
1x
3
2x
9
3x
4
4x
11
5
+x21x
3
2x
9
3x
8
4x
7
5 + x
2
1x
3
2x
12
3 x4x
11
5 + x
3
1x2x
6
3x
8
4x
11
5 + x
3
1x2x
7
3x
8
4x
10
5
+x31x2x
10
3 x
4
4x
11
5 + x
3
1x
2
2x
5
3x
8
4x
11
5 + x
3
1x
2
2x
7
3x
8
4x
9
5 + x
3
1x
2
2x
9
3x
4
4x
11
5
+x51x2x
7
3x
2
4x
14
5 + x
5
1x
2
2x
7
3x4x
14
5 + x
5
1x
2
2x
9
3x
2
4x
11
5 + x
5
1x
3
2x
10
3 x
2
4x
9
5
+x51x
3
2x
10
3 x
4
4x
7
5 + x
5
1x
3
2x
12
3 x
2
4x
7
5 + x
6
1x2x
7
3x
8
4x
7
5,
u4 = x31x2x
7
3x
2
4x
14
5 + x
3
1x
2
2x
7
3x4x
14
5 + x
3
1x
2
2x
9
3x
2
4x
11
5 + x
3
1x
2
2x
10
3 x4x
11
5
+x31x
3
2x
10
3 x
2
4x
9
5 + x
3
1x
3
2x
10
3 x
4
4x
7
5 + x
3
1x
3
2x
12
3 x
2
4x
7
5 + x
3
1x
8
2x
5
3x
4
4x
7
5
+x41x2x
7
3x
8
4x
7
5 + x
10
1 x2x
5
3x
4
4x
7
5,
u8 = x31x
4
2x
5
3x
4
4x
7
5 + x
6
1x2x
5
3x
4
4x
7
5.
By a similar computation, we have
Y2 = x21x
7
2x
8
3x
5
4x
9
5 + x
2
1x
11
2 x3x
5
4x
12
5 + x
2
1x
11
2 x
8
3x
5
4x
5
5 + x
2
1x
13
2 x3x
5
4x
10
5 + x
2
1x
13
2 x3x
9
4x
6
5
+x21x
13
2 x
8
3x
3
4x
5
5 + x
3
1x
3
2x3x
12
4 x
12
5 + x
3
1x
3
2x
4
3x
9
4x
12
5 + x
3
1x
3
2x
8
3x
5
4x
12
5 + x
3
1x
5
2x
4
3x
9
4x
10
5
+x31x
5
2x
4
3x
10
4 x
9
5 + x
3
1x
5
2x
8
3x
5
4x
10
5 + x
3
1x
5
2x
8
3x
6
4x
9
5 + x
3
1x
5
2x
8
3x
9
4x
6
5 + x
3
1x
5
2x
8
3x
10
4 x
5
5
+x31x
7
2x3x
8
4x
12
5 + x
3
1x
7
2x3x
12
4 x
8
5 + x
3
1x
7
2x
4
3x
9
4x
8
5 + x
3
1x
7
2x
8
3x
4
4x
9
5
+Sq1(v1) + Sq2(v2) + Sq4(v4) + Sq8(v8) modulo(P
−
5 (ω
∗)), where
v1 = x51x
3
2x3x
9
4x
12
5 + x
5
1x
3
2x
8
3x
5
4x
9
5 + x
5
1x
7
2x3x
5
4x
12
5
+x51x
7
2x3x
9
4x
8
5 + x
5
1x
7
2x
4
3x
5
4x
9
5 + x
5
1x
7
2x
8
3x
5
4x
5
5,
v2 = x21x
7
2x
8
3x
3
4x
9
5 + x
2
1x
11
2 x3x
5
4x
10
5 + x
2
1x
11
2 x3x
9
4x
6
5 + x
2
1x
11
2 x
8
3x
3
4x
5
5 + x
3
1x
3
2x3x
10
4 x
12
5
+x31x
3
2x
2
3x
9
4x
12
5 + x
3
1x
3
2x
8
3x
5
4x
10
5 + x
3
1x
3
2x
8
3x
6
4x
9
5 + x
3
1x
7
2x3x
6
4x
12
5 + x
3
1x
7
2x3x
10
4 x
8
5
+x31x
7
2x
2
3x
5
4x
12
5 + x
3
1x
7
2x
2
3x
9
4x
8
5 + x
3
1x
7
2x
4
3x
5
4x
10
5 + x
3
1x
7
2x
4
3x
6
4x
9
5 + x
3
1x
7
2x
8
3x
5
4x
6
5
+x31x
7
2x
8
3x
6
4x
5
5 + x
6
1x
3
2x3x
9
4x
10
5 + x
6
1x
3
2x
8
3x
3
4x
9
5 + x
6
1x
7
2x3x
5
4x
10
5 + x
6
1x
7
2x3x
9
4x
6
5
+x61x
7
2x
4
3x
3
4x
9
5 + x
6
1x
7
2x
8
3x
3
4x
5
5,
22
v4 = x31x
5
2x3x
6
4x
12
5 + x
3
1x
5
2x
2
3x
5
4x
12
5 + x
3
1x
5
2x
4
3x
5
4x
10
5 + x
3
1x
5
2x
4
3x
6
4x
9
5 + x
3
1x
5
2x
8
3x
5
4x
6
5
+x31x
5
2x
8
3x
6
4x
5
5 + x
3
1x
11
2 x
4
3x
4
4x
5
5 + x
4
1x
7
2x3x
5
4x
10
5 + x
4
1x
7
2x3x
9
4x
6
5 + x
4
1x
7
2x
8
3x
3
4x
5
5
+x101 x
5
2x3x
5
4x
6
5 + x
10
1 x
5
2x
4
3x
3
4x
5
5,
v8 = x31x
7
2x
4
3x
4
4x
5
5 + x
6
1x
5
2x
1
3x
5
4x
6
5 + x
6
1x
5
2x
4
3x
3
4x
5
5.
By Definition 2.2.4, we see that Y1 and Y2 are strictly inadmissible. The lemma is proved.
Lemma 3.4.19. We have QP+5 (ω(1)) = 〈[Φ
+
(B4(ω(1)))∪B
+(5, ω(1))∪F ]ω(1)〉, where Φ
+
(B4(ω(1)))∪
B+(5, ω(1)) ∪ F = {Y47, j : 1 ≤ j ≤ 370} with the monomials Y47, j : 1 ≤ j ≤ 370, are listed in
Sect.6.7.
The proof of the lemma is based on Lemmas 3.4.17, 3.4.18 and some below results. The follwing
lemma is an immediate consequence of a result in Sum [35].
Lemma 3.4.20. The following monomials are strictly inadmissible:
I) x15i x
2
jxkx
13
ℓ , x
3
ix
12
j xkx
15
ℓ , x
3
ix
14
j xkx
13
ℓ ,
x7ix
10
j xkx
13
ℓ , x
3
ix
1
j3x
8
kx
7
ℓ , x
3
ix
12
j x
9
kx
7
ℓ , 1 ≤ j < k ≤ 5, 1 ≤ i, ℓ ≤ 5, i , ℓ, i, ℓ , j, k;
II) x15i x
14
j xkxℓ, x
3
ix
2
jx
13
k x
13
ℓ , x
15
i x
2
jx
5
kx
9
ℓ , x
13
i x
2
jx
7
kx
9
ℓ , x
13
i x
7
jx
2
kx
9
ℓ , x
15
i x
3
jx
4
kx
9
ℓ , x
15
i x
3
jx
5
kx
8
ℓ ,
x14i x
3
jx
5
kx
9
ℓ , x
13
i x
3
jx
6
kx
9
ℓ , x
13
i x
6
jx
3
kx
9
ℓ , 1 ≤ j < k < ℓ ≤ 5, 1 ≤ i ≤ 5, i , j, k, ℓ;
III) ρ(1, 5)(x
2
1x
5
2x
11
3 x
13
4 ), ρ(1, 5)(x
6
1x
11
2 x
5
3x
9
4), ρ(1, 5)(x
6
1x2x
11
3 x
13
4 ),
ρ(1, 5)(x
6
1x
11
2 x3x
13
4 ), ρ(1, 5)(x
6
1x
11
2 x
13
3 x4);
Lemma 3.4.21. The following monomials are strictly inadmissible:
Z1 = x31x
3
2x
12
3 x
5
4x
24
5 , Z2 = x
7
1x2x
11
3 x
20
4 x
8
5, Z3 = x
7
1x2x
2
3x
28
4 x
9
5, Z4 = x1x
2
2x
7
3x
12
4 x
25
5 ,
Z5 = x1x72x
2
3x
12
4 x
25
5 , Z6 = x
7
1x2x
2
3x
12
4 x
25
5 , Z7 = x1x
6
2x
3
3x
8
4x
29
5 , Z8 = x1x
6
2x
3
3x
24
4 x
13
5 ,
Z9 = x31x
7
2x
8
3x4x
28
5 , Z10 = x
7
1x
3
2x
8
3x4x
28
5 , Z11 = x
3
1x
7
2x
24
3 x4x
12
5 , Z12 = x
7
1x
3
2x
24
3 x4x
12
5 ,
Z13 = x1x72x
26
3 x
4
4x
9
5, Z14 = x
7
1x2x
26
3 x
4
4x
9
5, Z15 = x1x
7
2x
10
3 x
4
4x
25
5 , Z16 = x
7
1x2x
10
3 x
4
4x
25
5 ,
Z17 = x1x72x
26
3 x
5
4x
8
5, Z18 = x
7
1x2x
26
3 x
5
4x
8
5, Z19 = x1x
7
2x
10
3 x
5
4x
24
5 , Z20 = x
7
1x2x
10
3 x
5
4x
24
5 ,
Z21 = x1x62x
11
3 x
13
4 x
16
5 , Z22 = x1x
7
2x
10
3 x
21
4 x
8
5, Z23 = x
7
1x2x
10
3 x
21
4 x
8
5, Z24 = x1x
7
2x
11
3 x
20
4 x
8
5,
Z25 = x1x22x
7
3x
28
4 x
9
5, Z26 = x
7
1x
11
2 x3x
20
4 x
8
5, Z27 = x1x
7
2x
10
3 x
20
4 x
9
5, Z28 = x
7
1x2x
10
3 x
20
4 x
9
5,
Z29 = x1x72x
10
3 x
13
4 x
16
5 , Z30 = x
7
1x2x
10
3 x
13
4 x
16
5 , Z31 = x1x
7
2x
11
3 x
12
4 x
16
5 , Z32 = x
7
1x2x
11
3 x
12
4 x
16
5 ,
Z33 = x71x
11
2 x3x
12
4 x
16
5 , Z34 = x
3
1x
3
2x
4
3x
28
4 x
9
5, Z35 = x
3
1x
3
2x
28
3 x
4
4x
9
5, Z36 = x
3
1x
3
2x
4
3x
12
4 x
25
5 ,
Z37 = x31x
3
2x
12
3 x
4
4x
25
5 , Z38 = x
3
1x
3
2x
28
3 x
5
4x
8
5, Z39 = x1x
7
2x
2
3x
28
4 x
9
5, Z40 = x
3
1x
3
2x
12
3 x
21
4 x
8
5.
Proof. We have ω(Zu) = ω(1), ∀u, 1 ≤ u ≤ 40. Consider the monomials Z1 = x
3
1x
3
2x
12
3 x
5
4x
24
5 and
Z2 = x71x2x
11
3 x
20
4 x
8
5. We prove that these monomials are strictly inadmissible. The others can be
proved by a similar technique. Computing the monomials Z1, Z2 is long and technical. Indeed, by
using Cartan’s formula, we get
Z1 =
∑
X + Sq1(
∑
σ1) + Sq
2(
∑
σ2) + Sq
4(
∑
σ4) + Sq
8(
∑
σ8) modulo(P
−
5 (ω(1))), where
23
∑
X = x21x2x
3
3x
12
4 x
29
5 + x
2
1x2x
3
3x
13
4 x
28
5 + x
2
1x2x
5
3x
12
4 x
27
5 + x
2
1x2x
5
3x
13
4 x
26
5 + x
2
1x2x
5
3x
24
4 x
15
5
+x21x2x
5
3x
25
4 x
14
5 + x
2
1x2x
7
3x
9
4x
28
5 + x
2
1x2x
7
3x
13
4 x
24
5 + x
2
1x2x
12
3 x
3
4x
29
5 + x
2
1x2x
12
3 x
5
4x
27
5
+x21x2x
13
3 x
7
4x
24
5 + x
2
1x2x
13
3 x
9
4x
22
5 + x
2
1x2x
13
3 x
16
4 x
15
5 + x
2
1x2x
13
3 x
17
4 x
14
5 + x
2
1x2x
16
3 x
13
4 x
15
5
+x21x2x
24
3 x
5
4x
15
5 + x
2
1x
3
2x
5
3x
9
4x
28
5 + x
2
1x
3
2x
5
3x
12
4 x
25
5 + x
2
1x
3
2x
9
3x
5
4x
28
5 + x
2
1x
3
2x
12
3 x
5
4x
25
5
+x21x
5
2x
3
3x
9
4x
28
5 + x
2
1x
5
2x
3
3x
12
4 x
25
5 + x
2
1x
5
2x
9
3x
5
4x
26
5 + x
2
1x
5
2x
12
3 x
3
4x
25
5 + x
3
1x2x
3
3x
12
4 x
28
5
+x31x2x
4
3x
12
4 x
27
5 + x
3
1x2x
4
3x
13
4 x
26
5 + x
3
1x2x
4
3x
24
4 x
15
5 + x
3
1x2x
4
3x
25
4 x
14
5 + x
3
1x2x
7
3x
12
4 x
24
5
+x31x2x
7
3x
12
4 x
24
5 + x
3
1x2x
9
3x
12
4 x
22
5 + x
3
1x2x
12
3 x
3
4x
28
5 + x
3
1x2x
12
3 x
4
4x
27
5 + x
3
1x2x
12
3 x
7
4x
24
5
+x31x2x
12
3 x
9
4x
22
5 + x
3
1x2x
12
3 x
16
4 x
15
5 + x
3
1x2x
12
3 x
17
4 x
14
5 + x
3
1x2x
16
3 x
12
4 x
15
5 + x
3
1x2x
24
3 x
4
4x
15
5
+x31x
2
2x
5
3x
9
4x
28
5 + x
3
1x
2
2x
5
3x
12
4 x
25
5 + x
3
1x
2
2x
9
3x
12
4 x
21
5 + x
3
1x
2
2x
12
3 x
5
4x
25
5 + x
3
1x
2
2x
12
3 x
9
4x
21
5
+x31x
3
2x
4
3x
9
4x
28
5 + x
3
1x
3
2x
4
3x
12
4 x
25
5 + x
3
1x
3
2x
5
3x
8
4x
28
5 + x
3
1x
3
2x
5
3x
12
4 x
24
5∑
σ1 = x31x2x
3
3x
12
4 x
27
5 + x
3
1x2x
3
3x
13
4 x
26
5 + x
3
1x2x
3
3x
16
4 x
23
5 + x
3
1x2x
3
3x
17
4 x
22
5 + x
3
1x2x
3
3x
20
4 x
19
5
+x31x2x
3
3x
21
4 x
18
5 + x
3
1x2x
3
3x
24
4 x
15
5 + x
3
1x2x
3
3x
25
4 x
14
5 + x
3
1x2x
7
3x
9
4x
26
5 + x
3
1x2x
7
3x
11
4 x
24
5
+x31x2x
7
3x
16
4 x
19
5 + x
3
1x2x
7
3x
17
4 x
18
5 + x
3
1x2x
9
3x
13
4 x
20
5 + x
3
1x2x
11
3 x
7
4x
24
5 + x
3
1x2x
11
3 x
9
4x
22
5
+x31x2x
11
3 x
16
4 x
15
5 + x
3
1x2x
11
3 x
17
4 x
14
5 + x
3
1x2x
12
3 x
3
4x
27
5 + x
3
1x2x
16
3 x
3
4x
23
5 + x
3
1x2x
16
3 x
7
4x
19
5
+x31x2x
16
3 x
11
4 x
15
5 + x
3
1x2x
20
3 x
3
4x
19
5 + x
3
1x2x
24
3 x
3
4x
15
5 + x
3
1x
3
2x
3
3x
5
4x
32
5 + x
3
1x
3
2x
3
3x
9
4x
28
5
+x31x
3
2x
3
3x
12
4 x
25
5 + x
3
1x
3
2x
3
3x
16
4 x
21
5 + x
3
1x
3
2x
9
3x
5
4x
26
5 + x
3
1x
3
2x
9
3x
9
4x
22
5 + x
3
1x
3
2x
12
3 x
3
4x
25
5
+x31x
3
2x
16
3 x
3
4x
21
5 + x
3
1x
4
2x
9
3x
9
4x
21
5 ,∑
σ2 = x21x2x
3
3x
12
4 x
27
5 + x
2
1x2x
3
3x
13
4 x
26
5 + x
2
1x2x
3
3x
24
4 x
15
5 + x
2
1x2x
3
3x
25
4 x
14
5 + x
2
1x2x
7
3x
9
4x
26
5
+x21x2x
7
3x
11
4 x
24
5 + x
2
1x2x
11
3 x
7
4x
24
5 + x
2
1x2x
11
3 x
9
4x
22
5 + x
2
1x2x
11
3 x
16
4 x
15
5 + x
2
1x2x
11
3 x
17
4 x
14
5
+x21x2x
12
3 x
3
4x
27
5 + x
2
1x2x
16
3 x
11
4 x
15
5 + x
2
1x2x
24
3 x
3
4x
15
5 + x
2
1x
3
2x
3
3x
9
4x
28
5 + x
2
1x
3
2x
3
3x
12
4 x
25
5
+x21x
3
2x
9
3x
5
4x
26
5 + x
2
1x
3
2x
9
3x
9
4x
22
5 + x
2
1x
3
2x
12
3 x
3
4x
25
5 + x
5
1x2x
3
3x
14
4 x
22
5 + x
5
1x2x
3
3x
22
4 x
14
5
+x51x2x
7
3x
10
4 x
22
5 + x
5
1x2x
7
3x
18
4 x
14
5 + x
5
1x
2
2x
3
3x
9
4x
26
5 + x
5
1x
2
2x
3
3x
11
4 x
24
5 + x
5
1x
2
2x
3
3x
12
4 x
23
5
+x51x
2
2x
3
3x
13
4 x
22
5 + x
5
1x
2
2x
3
3x
20
4 x
15
5 + x
5
1x
2
2x
3
3x
21
4 x
14
5 + x
5
1x
2
2x
7
3x
7
4x
24
5 + x
5
1x
2
2x
7
3x
9
4x
22
5
+x51x
2
2x
7
3x
16
4 x
15
5 + x
5
1x
2
2x
7
3x
17
4 x
14
5 + x
5
1x
2
2x
9
3x
10
4 x
19
5 + x
5
1x
2
2x
9
3x
11
4 x
18
5 + x
5
1x
2
2x
10
3 x
9
4x
19
5
+x51x
2
2x
12
3 x
3
4x
23
5 + x
5
1x
2
2x
16
3 x
7
4x
15
5 + x
5
1x
2
2x
20
3 x
3
4x
15
5 + x
5
1x
3
2x
3
3x
6
4x
28
5 + x
5
1x
3
2x
3
3x
8
4x
26
5
+x51x
3
2x
3
3x
10
4 x
24
5 + x
5
1x
3
2x
3
3x
12
4 x
22
5 + x
5
1x
3
2x
5
3x
6
4x
26
5 + x
5
1x
3
2x
5
3x
10
4 x
22
5 + x
5
1x
3
2x
10
3 x
3
4x
24
5
+x51x
3
2x
10
3 x
5
4x
22
5 + x
5
1x
3
2x
12
3 x
3
4x
22
5 ,∑
σ4 = x31x2x
3
3x
14
4 x
22
5 + x
3
1x2x
3
3x
22
4 x
14
5 + x
3
1x2x
5
3x
14
4 x
20
5 + x
3
1x2x
5
3x
20
4 x
14
5 + x
3
1x2x
6
3x
13
4 x
20
5
+x31x2x
7
3x
10
4 x
22
5 + x
3
1x2x
7
3x
18
4 x
14
5 + x
3
1x
2
2x
3
3x
9
4x
26
5 + x
3
1x
2
2x
3
3x
11
4 x
24
5 + x
3
1x
2
2x
3
3x
12
4 x
23
5
+x31x
2
2x
3
3x
13
4 x
22
5 + x
3
1x
2
2x
3
3x
20
4 x
15
5 + x
3
1x
2
2x
3
3x
21
4 x
14
5 + x
3
1x
2
2x
7
3x
7
4x
24
5 + x
3
1x
2
2x
7
3x
9
4x
22
5
+x31x
2
2x
7
3x
16
4 x
15
5 + x
3
1x
2
2x
7
3x
17
4 x
14
5 + x
3
1x
2
2x
9
3x
10
4 x
19
5 + x
3
1x
2
2x
9
3x
11
4 x
18
5 + x
3
1x
2
2x
10
3 x
9
4x
19
5
+x31x
2
2x
12
3 x
3
4x
23
5 + x
3
1x
2
2x
16
3 x
7
4x
15
5 + x
3
1x
2
2x
20
3 x
3
4x
15
5 + x
3
1x
3
2x
3
3x
6
4x
28
5 + x
3
1x
3
2x
3
3x
8
4x
26
5
+x31x
3
2x
3
3x
10
4 x
24
5 + x
3
1x
3
2x
3
3x
12
4 x
22
5 + x
3
1x
3
2x
5
3x
6
4x
26
5 + x
3
1x
3
2x
5
3x
10
4 x
22
5 + x
3
1x
3
2x
10
3 x
3
4x
24
5
+x31x
3
2x
10
3 x
5
4x
22
5 + x
3
1x
3
2x
12
3 x
3
4x
22
5 + x
3
1x
8
2x
5
3x
5
4x
22
5 + x
3
1x
8
2x
5
3x
7
4x
20
5 + x
3
1x
8
2x
5
3x
12
4 x
15
5
+x31x
8
2x
5
3x
13
4 x
14
5 + x
3
1x
8
2x
12
3 x
5
4x
15
5 ,∑
σ8 = x31x
4
2x
5
3x
5
4x
22
5 + x
3
1x
4
2x
5
3x
7
4x
20
5 + x
3
1x
4
2x
5
3x
12
4 x
15
5 + x
3
1x
4
2x
5
3x
13
4 x
14
5 + x
3
1x
4
2x
12
3 x
5
4x
15
5 ,
The above relations imply that Z1 is strictly inadmissible.
Next we prove that Z2 is also strictly inadmissible strictly inadmissible. A direct computation
shows that
Z2 =
∑
Y + Sq1(
∑
β1) + Sq
2(
∑
β2) + Sq
4(
∑
β4) + Sq
8(
∑
β8) modulo(P
−
5 (ω(1))), where
24
∑
Y = x31x2x
7
3x
12
4 x
24
5 + x
3
1x2x
7
3x
28
4 x
8
5 + x
3
1x2x
9
3x
20
4 x
14
5 + x
3
1x2x
9
3x
28
4 x
6
5 + x
3
1x2x
11
3 x
20
4 x
12
5
+x31x2x
12
3 x
17
4 x
14
5 + x
3
1x2x
12
3 x
19
4 x
12
5 + x
3
1x2x
12
3 x
21
4 x
10
5 + x
3
1x2x
14
3 x
17
4 x
12
5 + x
3
1x2x
17
3 x
12
4 x
14
5
+x31x2x
20
3 x
9
4x
14
5 + x
3
1x
2
2x
13
3 x
13
4 x
16
5 + x
3
1x
2
2x
13
3 x
21
4 x
8
5 + x
3
1x
4
2x
7
3x
25
4 x
8
5 + x
3
1x
4
2x
9
3x
11
4 x
20
5
+x31x
4
2x
9
3x
21
4 x
10
5 + x
3
1x
4
2x
9
3x
25
4 x
6
5 + x
3
1x
4
2x
11
3 x
12
4 x
17
5 + x
3
1x
4
2x
11
3 x
20
4 x
9
5 + x
3
1x
4
2x
12
3 x
11
4 x
17
5
+x31x
4
2x
12
3 x
19
4 x
9
5 + x
4
1x2x
7
3x
11
4 x
24
5 + x
4
1x2x
11
3 x
17
4 x
14
5 + x
4
1x2x
11
3 x
19
4 x
12
5 + x
4
1x2x
11
3 x
21
4 x
10
5
+x41x2x
17
3 x
11
4 x
14
5 + x
4
1x
2
2x
7
3x
25
4 x
9
5 + x
4
1x
2
2x
11
3 x
13
4 x
17
5 + x
4
1x
2
2x
11
3 x
21
4 x
9
5 + x
4
1x
4
2x
11
3 x
11
4 x
17
5
+x41x
4
2x
11
3 x
19
4 x
9
5 + x
5
1x2x
7
3x
24
4 x
10
5 + x
5
1x2x
11
3 x
12
4 x
18
5 + x
5
1x2x
11
3 x
14
4 x
16
5 + x
5
1x2x
11
3 x
20
4 x
10
5
+x51x2x
24
3 x
7
4x
10
5 + x
5
1x2x
24
3 x
11
4 x
6
5 + x
5
1x
2
2x
7
3x
24
4 x
9
5 + x
5
1x
2
2x
11
3 x
12
4 x
17
5 + x
5
1x
2
2x
11
3 x
20
4 x
9
5
+x51x
8
2x
7
3x
17
4 x
10
5 + x
5
1x
8
2x
11
3 x
17
4 x
6
5 + x
7
1x2x
8
3x
13
4 x
18
5 + x
7
1x2x
8
3x
14
4 x
17
5 + x
7
1x2x
8
3x
21
4 x
10
5
+x71x2x
8
3x
22
4 x
9
5 + x
7
1x2x
9
3x
12
4 x
18
5 + x
7
1x2x
9
3x
20
4 x
10
5 + x
7
1x2x
10
3 x
9
4x
20
5 + x
7
1x2x
10
3 x
12
4 x
17
5
+x71x2x
10
3 x
13
4 x
16
5 + x
7
1x2x
10
3 x
17
4 x
12
5 + x
7
1x2x
10
3 x
20
4 x
9
5 + x
7
1x2x
10
3 x
21
4 x
8
5 + x
7
1x2x
11
3 x
16
4 x
12
5 ,∑
β1 = x31x2x
7
3x
11
4 x
24
5 + x
3
1x2x
11
3 x
17
4 x
14
5 + x
3
1x2x
11
3 x
19
4 x
12
5 + x
3
1x2x
11
3 x
21
4 x
10
5 + x
3
1x2x
17
3 x
11
4 x
14
5
+x31x2x
17
3 x
19
4 x
6
5 + x
3
1x
4
2x
11
3 x
11
4 x
17
5 + x
3
1x
4
2x
11
3 x
19
4 x
9
5 + x
7
1x2x
9
3x
17
4 x
12
5 + x
7
1x2x
11
3 x
17
4 x
10
5
+x71x2x
13
3 x
17
4 x
8
5 + x
7
1x
2
2x
7
3x
13
4 x
17
5 + x
7
1x
2
2x
7
3x
21
4 x
9
5 + x
7
1x
2
2x
9
3x
11
4 x
17
5 + x
7
1x
2
2x
9
3x
19
4 x
9
5
+x81x2x
7
3x
13
4 x
17
5 + x
8
1x2x
7
3x
21
4 x
9
5 + x
10
1 x2x
7
3x
11
4 x
17
5 + x
10
1 x2x
7
3x
19
4 x
9
5,∑
β2 = x31x2x
14
3 x
17
4 x
10
5 + x
3
1x
2
2x
7
3x
13
4 x
20
5 + x
3
1x
2
2x
7
3x
21
4 x
12
5 + x
3
1x
2
2x
11
3 x
11
4 x
18
5 + x
3
1x
2
2x
11
3 x
19
4 x
10
5
+x51x2x
7
3x
18
4 x
14
5 + x
5
1x2x
7
3x
26
4 x
6
5 + x
5
1x2x
18
3 x
7
4x
14
5 + x
5
1x
2
2x
7
3x
11
4 x
20
5 + x
5
1x
2
2x
7
3x
21
4 x
10
5
+x51x
2
2x
7
3x
25
4 x
6
5 + x
5
1x
2
2x
11
3 x
11
4 x
16
5 + x
5
1x
2
2x
11
3 x
13
4 x
14
5 + x
5
1x
2
2x
11
3 x
19
4 x
8
5 + x
5
1x
2
2x
11
3 x
21
4 x
6
5
+x51x
2
2x
13
3 x
11
4 x
14
5 + x
5
1x
2
2x
13
3 x
19
4 x
6
5 + x
5
1x
4
2x
7
3x
11
4 x
18
5 + x
5
1x
4
2x
7
3x
19
4 x
10
5 + x
7
1x2x
7
3x
13
4 x
17
5
+x71x2x
7
3x
20
4 x
10
5 + x
7
1x2x
7
3x
21
4 x
9
5 + x
7
1x2x
9
3x
11
4 x
17
5 + x
7
1x2x
9
3x
19
4 x
9
5 + x
7
1x2x
10
3 x
9
4x
18
5
+x71x2x
10
3 x
11
4 x
16
5 + x
7
1x2x
10
3 x
19
4 x
8
5 + x
7
1x2x
11
3 x
18
4 x
8
5 + x
7
1x2x
13
3 x
14
4 x
10
5 + x
7
1x2x
14
3 x
17
4 x
6
5
+x71x2x
18
3 x
7
4x
12
5 + x
7
1x2x
18
3 x
13
4 x
6
5 + x
7
1x
2
2x
7
3x
17
4 x
12
5 + x
7
1x
2
2x
9
3x
17
4 x
10
5 + x
7
1x
2
2x
11
3 x
17
4 x
8
5
+x71x
2
2x
13
3 x
17
4 x
6
5 + x
9
1x2x
7
3x
11
4 x
17
5 + x
9
1x2x
7
3x
19
4 x
9
5,∑
β4 = x31x2x
7
3x
18
4 x
14
5 + x
3
1x2x
7
3x
22
4 x
10
5 + x
3
1x2x
10
3 x
11
4 x
18
5 + x
3
1x2x
10
3 x
19
4 x
10
5 + x
3
1x2x
11
3 x
10
4 x
18
5
+x31x2x
11
3 x
22
4 x
6
5 + x
3
1x2x
18
3 x
7
4x
14
5 + x
3
1x
2
2x
7
3x
11
4 x
20
5 + x
3
1x
2
2x
7
3x
21
4 x
10
5 + x
3
1x
2
2x
7
3x
25
4 x
6
5
+x31x
2
2x
11
3 x
11
4 x
16
5 + x
3
1x
2
2x
11
3 x
13
4 x
14
5 + x
3
1x
2
2x
11
3 x
19
4 x
8
5 + x
3
1x
2
2x
11
3 x
21
4 x
6
5 + x
3
1x
2
2x
13
3 x
11
4 x
14
5
+x31x
2
2x
13
3 x
19
4 x
6
5 + x
4
1x
2
2x
7
3x
13
4 x
17
5 + x
4
1x
2
2x
7
3x
21
4 x
9
5 + x
5
1x2x
7
3x
12
4 x
18
5 + x
5
1x2x
7
3x
18
4 x
12
5
+x51x2x
7
3x
20
4 x
10
5 + x
5
1x2x
11
3 x
14
4 x
12
5 + x
5
1x2x
14
3 x
17
4 x
6
5 + x
5
1x2x
20
3 x
7
4x
10
5 + x
5
1x2x
20
3 x
11
4 x
6
5
+x51x
2
2x
7
3x
11
4 x
18
5 + x
5
1x
2
2x
7
3x
12
4 x
17
5 + x
5
1x
2
2x
7
3x
19
4 x
10
5 + x
5
1x
2
2x
7
3x
20
4 x
9
5 + x
5
1x
4
2x
7
3x
17
4 x
10
5
+x51x
4
2x
11
3 x
17
4 x
6
5 + x
11
1 x2x
7
3x
14
4 x
10
5 + x
11
1 x2x
10
3 x
11
4 x
10
5 + x
11
1 x2x
18
3 x
7
4x
6
5 + x
11
1 x
2
2x
7
3x
17
4 x
6
5,∑
β8 = x31x2x
7
3x
10
4 x
18
5 + x
3
1x2x
7
3x
22
4 x
6
5 + x
3
1x2x
10
3 x
7
4x
18
5 + x
3
1x2x
10
3 x
19
4 x
6
5 + x
7
1x2x
7
3x
14
4 x
10
5
+x71x2x
10
3 x
11
4 x
10
5 + x
7
1x2x
12
3 x
9
4x
10
5 + x
7
1x2x
12
3 x
11
4 x
8
5 + x
7
1x2x
18
3 x
7
4x
6
5 + x
7
1x
2
2x
7
3x
17
4 x
6
5.
From the above equalities, we conclude that Z2 is also strictly inadmissible.
Lemma 3.4.22. The following monomials are strictly inadmissible:
d1 = x31x
3
2x
12
3 x
13
4 x
16
5 , d2 = x
3
1x
3
2x
13
3 x
12
4 x
16
5 , d3 = x
3
1x
3
2x
13
3 x
20
4 x
8
5, d4 = x
3
1x
3
2x
12
3 x
20
4 x
9
5,
d5 = x31x
7
2x
4
3x
8
4x
25
5 , d6 = x
3
1x
7
2x
4
3x
25
4 x
8
5, d7 = x
7
1x
3
2x
4
3x
8
4x
25
5 , d8 = x
7
1x
3
2x
4
3x
25
4 x
8
5,
d9 = x31x
7
2x
4
3x
24
4 x
9
5, d10 = x
3
1x
7
2x
4
3x
9
4x
24
5 , d11 = x
7
1x
3
2x
4
3x
24
4 x
9
5, d12 = x
7
1x
3
2x
4
3x
9
4x
24
5 ,
d13 = x31x
4
2x
11
3 x
17
4 x
12
5 , d14 = x
3
1x
4
2x
11
3 x
16
4 x
13
5 , d15 = x
3
1x
4
2x
11
3 x
13
4 x
16
5 , d16 = x
3
1x
5
2x
6
3x
8
4x
25
5 ,
d17 = x31x
5
2x
6
3x
25
4 x
8
5, d18 = x
3
1x
5
2x
6
3x
24
4 x
9
5, d19 = x
3
1x
5
2x
6
3x
9
4x
24
5 , d20 = x
3
1x
5
2x
7
3x
8
4x
24
5 ,
d21 = x31x
5
2x
7
3x
24
4 x
8
5, d22 = x
3
1x
7
2x
5
3x
8
4x
24
5 , d23 = x
3
1x
7
2x
5
3x
24
4 x
8
5, d24 = x
7
1x
3
2x
5
3x
8
4x
24
5 ,
d25 = x71x
3
2x
5
3x
24
4 x
8
5, d26 = x
3
1x
5
2x
10
3 x
17
4 x
12
5 , d27 = x
3
1x
5
2x
10
3 x
16
4 x
13
5 , d28 = x
3
1x
5
2x
11
3 x
16
4 x
12
5 ,
d29 = x31x
7
2x
8
3x
17
4 x
12
5 , d30 = x
7
1x
3
2x
8
3x
17
4 x
12
5 , d31 = x
3
1x
7
2x
8
3x
16
4 x
13
5 , d32 = x
3
1x
7
2x
8
3x
13
4 x
16
5 ,
d33 = x71x
3
2x
8
3x
16
4 x
13
5 , d34 = x
7
1x
3
2x
8
3x
13
4 x
16
5 , d35 = x
3
1x
7
2x
9
3x
16
4 x
12
5 , d36 = x
7
1x
3
2x
9
3x
16
4 x
12
5 ,
d37 = x71x
11
2 x
17
3 x
4
4x
8
5.
Proof. Note that the weight vector of di is ω(1) for i = 1, 2, . . . , 37. We prove the lemma for the
monomial d1 = x31x
3
2x
12
3 x
13
4 x
16
5 . The others can be proved by an argument similar to the proof of
25
Lemma 3.4.21. By a direct computation, we have
d1 = x21x2x
3
3x
13
4 x
28
5 + x
2
1x2x
3
3x
28
4 x
13
5 + x
2
1x2x
5
3x
13
4 x
26
5 + x
2
1x2x
5
3x
14
4 x
25
5 + x
2
1x2x
5
3x
25
4 x
14
5
+x21x2x
5
3x
26
4 x
13
5 + x
2
1x2x
10
3 x
13
4 x
21
5 + x
2
1x2x
12
3 x
7
4x
25
5 + x
2
1x2x
12
3 x
11
4 x
21
5 + x
2
1x2x
13
3 x
14
4 x
17
5
+x21x2x
13
3 x
17
4 x
14
5 + x
2
1x2x
18
3 x
13
4 x
13
5 + x
2
1x2x
20
3 x
11
4 x
13
5 + x
2
1x
3
2x
5
3x
13
4 x
24
5 + x
2
1x
3
2x
5
3x
24
4 x
13
5
+x21x
3
2x
9
3x
13
4 x
20
5 + x
2
1x
3
2x
12
3 x
13
4 x
17
5 + x
2
1x
3
2x
16
3 x
13
4 x
13
5 + x
2
1x
5
2x
3
3x
13
4 x
24
5 + x
2
1x
5
2x
3
3x
24
4 x
13
5
+x21x
5
2x
9
3x
13
4 x
18
5 + x
2
1x
5
2x
9
3x
17
4 x
14
5 + x
2
1x
5
2x
12
3 x
11
4 x
17
5 + x
2
1x
5
2x
16
3 x
11
4 x
13
5 + x
3
1x2x
4
3x
13
4 x
26
5
+x31x2x
4
3x
14
4 x
25
5 + x
3
1x2x
4
3x
25
4 x
14
5 + x
3
1x2x
4
3x
26
4 x
13
5 + x
3
1x2x
9
3x
14
4 x
20
5 + x
3
1x2x
9
3x
20
4 x
14
5
+x31x2x
10
3 x
12
4 x
21
5 + x
3
1x2x
12
3 x
7
4x
24
5 + x
3
1x2x
12
3 x
9
4x
22
5 + x
3
1x2x
12
3 x
14
4 x
17
5 + x
3
1x2x
12
3 x
17
4 x
14
5
+x31x2x
18
3 x
12
4 x
13
5 + x
3
1x2x
20
3 x
9
4x
14
5 + x
3
1x
2
2x
5
3x
13
4 x
24
5 + x
3
1x
2
2x
5
3x
24
4 x
13
5 + x
3
1x
2
2x
12
3 x
17
4 x
13
5
+x31x
3
2x
4
3x
13
4 x
24
5 + x
3
1x
3
2x
8
3x
12
4 x
21
5 + x
3
1x
3
2x
12
3 x
12
4 x
17
5
+Sq1(
∑
X) + Sq2(
∑
Y ) + Sq4(
∑
Z) + Sq8(
∑
T ) modulo(P−5 (ω(1))), where∑
X = x31x2x
3
3x
13
4 x
26
5 + x
3
1x2x
3
3x
14
4 x
25
5 + x
3
1x2x
3
3x
17
4 x
22
5 + x
3
1x2x
3
3x
18
4 x
21
5 + x
3
1x2x
3
3x
21
4 x
18
5
+x31x2x
3
3x
22
4 x
17
5 + x
3
1x2x
3
3x
25
4 x
14
5 + x
3
1x2x
3
3x
26
4 x
13
5 + x
3
1x2x
7
3x
17
4 x
18
5 + x
3
1x2x
7
3x
18
4 x
17
5
+x31x2x
10
3 x
7
4x
25
5 + x
3
1x2x
10
3 x
11
4 x
21
5 + x
3
1x2x
11
3 x
14
4 x
17
5 + x
3
1x2x
11
3 x
17
4 x
14
5 + x
3
1x2x
18
3 x
7
4x
17
5
+x31x2x
18
3 x
11
4 x
13
5 + x
3
1x
3
2x
3
3x
13
4 x
24
5 + x
3
1x
3
2x
3
3x
17
4 x
20
5 + x
3
1x
3
2x
3
3x
20
4 x
17
5 + x
3
1x
3
2x
3
3x
24
4 x
13
5
+x31x
3
2x
9
3x
13
4 x
18
5 + x
3
1x
3
2x
9
3x
17
4 x
14
5 + x
3
1x
3
2x
12
3 x
11
4 x
17
5 + x
3
1x
3
2x
16
3 x
11
4 x
13
5 + x
3
1x
4
2x
9
3x
17
4 x
13
5 ,∑
Y = x21x2x
3
3x
13
4 x
26
5 + x
2
1x2x
3
3x
14
4 x
25
5 + x
2
1x2x
3
3x
25
4 x
14
5 + x
2
1x2x
3
3x
26
4 x
13
5 + x
2
1x2x
10
3 x
7
4x
25
5
+x21x2x
10
3 x
11
4 x
21
5 + x
2
1x2x
11
3 x
14
4 x
17
5 + x
2
1x2x
11
3 x
17
4 x
14
5 + x
2
1x2x
18
3 x
11
4 x
13
5 + x
2
1x
3
2x
3
3x
13
4 x
24
5
+x21x
3
2x
3
3x
24
4 x
13
5 + x
2
1x
3
2x
9
3x
13
4 x
18
5 + x
2
1x
3
2x
9
3x
17
4 x
14
5 + x
2
1x
3
2x
12
3 x
11
4 x
17
5 + x
2
1x
3
2x
16
3 x
11
4 x
13
5
+x51x2x
7
3x
14
4 x
18
5 + x
5
1x2x
7
3x
18
4 x
14
5 + x
5
1x2x
10
3 x
7
4x
22
5 + x
5
1x2x
18
3 x
7
4x
14
5 + x
5
1x
2
2x
3
3x
13
4 x
22
5
+x51x
2
2x
3
3x
14
4 x
21
5 + x
5
1x
2
2x
3
3x
21
4 x
14
5 + x
5
1x
2
2x
3
3x
22
4 x
13
5 + x
5
1x
2
2x
7
3x
14
4 x
17
5 + x
5
1x
2
2x
7
3x
17
4 x
14
5
+x51x
2
2x
10
3 x
7
4x
21
5 + x
5
1x
2
2x
18
3 x
7
4x
13
5 + x
5
1x
3
2x
3
3x
14
4 x
20
5 + x
5
1x
3
2x
3
3x
20
4 x
14
5 + x
5
1x
3
2x
5
3x
14
4 x
18
5
+x51x
3
2x
5
3x
18
4 x
14
5 + x
5
1x
3
2x
10
3 x
11
4 x
16
5 + x
5
1x
3
2x
10
3 x
13
4 x
14
5 + x
5
1x
3
2x
12
3 x
11
4 x
14
5 ,∑
Z = x31x2x
7
3x
14
4 x
18
5 + x
3
1x2x
7
3x
18
4 x
14
5 + x
3
1x2x
18
3 x
7
4x
14
5 + x
3
1x
2
2x
3
3x
13
4 x
22
5 + x
3
1x
2
2x
3
3x
14
4 x
21
5
+x31x
2
2x
3
3x
21
4 x
14
5 + x
3
1x
2
2x
3
3x
22
4 x
13
5 + x
3
1x
2
2x
7
3x
14
4 x
17
5 + x
3
1x
2
2x
7
3x
17
4 x
14
5 + x
3
1x
2
2x
10
3 x
7
4x
21
5
+x31x
2
2x
18
3 x
7
4x
13
5 + x
3
1x
3
2x
3
3x
14
4 x
20
5 + x
3
1x
3
2x
3
3x
20
4 x
14
5 + x
3
1x
3
2x
4
3x
20
4 x
13
5 + x
3
1x
3
2x
5
3x
14
4 x
18
5
+x31x
3
2x
5
3x
18
4 x
14
5 + x
3
1x
3
2x
10
3 x
11
4 x
16
5 + x
3
1x
3
2x
10
3 x
13
4 x
14
5 + x
3
1x
3
2x
12
3 x
11
4 x
14
5 + x
3
1x
8
2x
5
3x
13
4 x
14
5
+x31x
8
2x
5
3x
14
4 x
13
5 + x
3
1x
8
2x
12
3 x
7
4x
13
5 ,∑
T = x31x
2
2x
12
3 x
9
4x
13
5 + x
3
1x
3
2x
8
3x
12
4 x
13
5 + x
3
1x
4
2x
5
3x
13
4 x
14
5 + x
3
1x
4
2x
5
3x
14
4 x
13
5 x
3
1x
4
2x
10
3 x
9
4x
13
5
+x31x
4
2x
12
3 x
7
4x
13
5 .
The above relations show that d1 is strictly inadmissible. The lemma follows.
Proof of Lemma 3.4.19. Let a be an admissible monomial in P+5 such that ω(a) = ω(1). Then
a = xtxkxmu2 with 1 ≤ t < k < m ≤ 5 and u ∈ (P
+
5 )22. Since a is admissible, by Theorem 2.2.5,
u is also admissible. Further, u ∈ B+5 (ω(1)).
Let X ∈ B+5 (ω(1)) such that xtxkxmX
2 ∈ (P+5 )47. By a direct computation using Proposition
3.4.10, we see that if xtxkxmX2 , Y47, j , 1 ≤ j ≤ 370, then there is a monomial b which is given in
one of Lemmas 3.4.17 - 3.4.22 such that xtxkxmX2 = bY 2
r
with suitable monomia Y ∈ P5, and
r = max{s ∈ Z : ωs(b) > 0}. By Theorem 2.2.5, xtxkxmX2 is inadmissible. On the other hand, we
have a = xtxkxmu2 and a is admissible, hence a = Yj for some j = 1, 2, . . . , 370. This completes
the proof of the lemma.
Remark 3.4.23. For 1 ≤ j ≤ 370, we have [Yj := Y47, j]ω(1) , [0]. Indeed, suppose that there is a
linear relation
S =
∑
1≤j≤170
γjYj ≡ω(1) 0,
where γj ∈ Z/2, for all j. Based on Theorem 3.3.5 and Proposition 3.1.1, for (k;K ) ∈ N5, we explic-
itly compute π(k;K )(S) in terms of a given minimal set of A2-generators in P4 (modulo(A
+
2 P4)).
By computing from the relations π(k;K )(S) ≡ω(1) 0, ℓ(K ) = 1, one gets γj = 0, ∀j, 1 ≤ j ≤ 370.
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Note that these computations are similar to the proof of Propositions 3.4.1 and 3.4.10. Combining
this and Lemma 3.4.19, we obtain
Proposition 3.4.24. The set [Φ
+
(B4(ω(1))) ∪B+(5, ω(1)) ∪ F ]ω(1) is a basis of Z/2-vector space
QP+5 (ω(1)). Consequently, dim(QP
+
5 (ω(1))) = 370.
Remark 3.4.25. Consider the weight vector ω∗∗ = (3, 2, 4) with degω∗∗ = 23. By using a result
in [42], we see that the following monomials are strictly inadmissible:
e1 = x71x
2
2x
4
3x
5
4x
5
5, e2 = x
7
1x
2
2x
5
3x
4
4x
5
5, e3 = x
7
1x
2
2x
5
3x
5
4x
4
5, e4 = x
3
1x
7
2x
4
3x
4
4x
5
5,
e5 = x31x
7
2x
4
3x
5
4x
4
5, e6 = x
3
1x
7
2x
5
3x
4
4x
4
5, e7 = x
7
1x
3
2x
4
3x
4
4x
5
5, e8 = x
7
1x
3
2x
4
3x
5
4x
4
5,
e9 = x71x
3
2x
5
3x
4
4x
4
5, e10 = x
3
1x
4
2x
4
3x
5
4x
7
5, e11 = x
3
1x
4
2x
4
3x
7
4x
5
5, e12 = x
3
1x
4
2x
5
3x
4
4x
7
5,
e13 = x31x
4
2x
7
3x
4
4x
5
5, e14 = x
3
1x
4
2x
5
3x
7
4x
4
5, e15 = x
3
1x
4
2x
7
3x
5
4x
4
5, e16 = x
3
1x
5
2x
4
3x
4
4x
7
5,
e17 = x31x
5
2x
4
3x
7
4x
4
5, e18 = x
3
1x
5
2x
7
3x
4
4x
4
5, e19 = x
3
1x
6
2x
4
3x
5
4x
5
5, e20 = x
3
1x
6
2x
5
3x
4
4x
5
5,
e21 = x31x
6
2x
5
3x
5
4x
4
5, e22 = x
3
1x
4
2x
6
3x
5
4x
5
5, e23 = x
3
1x
4
2x
5
3x
6
4x
5
5, e24 = x
3
1x
4
2x
5
3x
5
4x
6
5,
e25 = x31x
5
2x
4
3x
6
4x
5
5, e26 = x
3
1x
5
2x
6
3x
4
4x
5
5, e27 = x
3
1x
5
2x
4
3x
5
4x
6
5, e28 = x
3
1x
5
2x
6
3x
5
4x
4
5,
e29 = x31x
5
2x
5
3x
4
4x
6
5, e30 = x
3
1x
5
2x
5
3x
6
4x
4
5,
Note that ω(ek) = ω∗∗, k = 1, 2, . . . , 30. Let X ∈ B
+
5 (47) such that either ω(X) = ω(2)
or ω(X) = ω(3). Then X = X({ℓ,m},5)y
2 with 1 ≤ ℓ < m ≤ 5, and y ∈ (P+5 )22. By a direct
computation using Theorem 2.2.5, and Proposition 3.4.14(I), (II), we see that either y ∈ B+5 (ω(2))
or y ∈ B+5 (ω(3)) and there is a monomial Z = ei for some i, 1 ≤ i ≤ 30 such thatX = X({ℓ,m},5)y
2 =
Zu2
t
, 1 ≤ ℓ < m ≤ 5, with suitable monomia u ∈ P5, and t = max{a ∈ Z : ωa(Z) > 0}. By
Theorem 2.2.5, we get either [X ] = [0]ω(2) or [X ] = [0]ω(3) . As a consequence, we get the following
proposition.
Proposition 3.4.26. QP+5 (ω(2)) = QB
+
5 (ω(3)) = 0.
Lemma 3.4.27. The set [{Y47, j : 371 ≤ j ≤ 482}]ω(4) is a Z/2-generator of QP
+
5 (ω(4))), where
the monomials Y47, j : 371 ≤ j ≤ 482, are determined in Sect.6.7.
In order to prove the lemma, we need to use some results. As an immediate consequence of a
result in [35], we obtain the following.
Lemma 3.4.28. The following monomials are strictly inadmissible:
I) x7ax
2
bx
15
c x
7
d, x
7
ax
15
b x
2
cx
7
d, x
7
ax
6
bx
3
cx
15
d , x
7
ax
3
bx
6
cx
15
d , x
7
ax
3
bx
14
c x
7
d,
x7ax
14
b x
3
cx
7
d, x
7
ax
6
bx
11
c x
7
d, x
7
ax
11
b x
6
cx
7
d, 1 ≤ b < c ≤ 5, 1 ≤ a, d ≤ 5, a , d, a, d , b, c;
II) ρ(k, 5)(v), 1 ≤ k ≤ 5, where v is one of the following monomials:
x71x
7
2x
7
3x
10
4 , x
7
1x
7
2x
10
3 x
7
4, x
7
1x
10
2 x
7
3x
7
4.
We now consider the weight vector ω∗∗∗ = (3, 4, 3, 1) with degω∗∗∗ = 31. The following lemma
can be easily proved by a direct computation.
Lemma 3.4.29. All permutations of the following monomials are strictly inadmissible:
x1x
2
2x
6
3x
7
4x
15
5 , x1x
2
2x
1
34x
7
4x
7
5, x1x
6
2x
7
3x
7
4x
10
5 , x
7
1x
2
2x
2
3x
5
4x
15
5 , x
7
1x
2
2x
2
3x
7
4x
13
5 , x
3
1x
2
2x
4
3x
7
4x
15
5 ,
x31x
2
2x
7
3x
7
4x
12
5 , x
7
1x
2
2x
4
3x
7
4x
11
5 , x
7
1x
2
2x
5
3x
7
4x
10
5 , x
7
1x
2
2x
6
3x
7
4x
9
5, x
7
1x
2
2x
7
3x
7
4x
8
5, x
3
1x
3
2x
4
3x
6
4x
15
5 ,
x31x
3
2x
4
3x
7
4x
14
5 , x
3
1x
3
2x
6
3x
7
4x
12
5 , x
3
1x
4
2x
6
3x
7
4x
11
5 , x
3
1x
4
2x
7
3x
7
4x
10
5 , x
3
1x
6
2x
7
3x
7
4x
8
5.
Lemma 3.4.30. If (m,n, p, q, r) is a permutation of (1, 2, 3, 4, 5), then the following monomials are
strictly inadmissible:
x3mx
13
n x
6
px
3
qx
6
r , X = x
3
1x
3
2x
13
3 x
6
4x
6
5, x
3
1x
13
2 x
3
3x
6
4x
6
5,
x7mx
2
nx
5
px
6
qx
11
r , Y = x
7
1x
11
2 x
5
3x
2
4x
6
5, x
7
1x
11
2 x
5
3x
6
4x
2
5,
x3mx
5
nx
6
px
6
qx
11
r , Z = x
3
1x
5
2x
6
3x
6
4x
11
5 , x
3
1x
5
2x
11
3 x
6
4x
6
5,
27
x3mx
7
nx
9
px
6
qx
6
r , G = x
3
1x
7
2x
9
3x
6
4x
6
5, x
7
1x
3
2x
9
3x
6
4x
6
5, x
7
1x
9
2x
3
3x
6
4x
6
5,
x3mx
2
nx
6
px
7
qx
13
r , H = x
3
1x
7
2x
13
3 x
2
4x
6
5, x
3
1x
7
2x
13
3 x
6
4x
2
5, x
7
1x
3
2x
13
3 x
2
4x
6
5, x
7
1x
3
2x
13
3 x
6
4x
2
5,
x3mx
5
nx
6
px
7
qx
10
r , F = x
3
1x
5
2x
6
3x
7
4x
10
5 , x
3
1x
5
2x
7
3x
6
4x
10
5 , x
3
1x
5
2x
7
3x
10
4 x
6
5, x
3
1x
7
2x
5
3x
6
4x
10
5 ,
x31x
7
2x
5
3x
10
4 x
6
5, x
7
1x
3
2x
5
3x
6
4x
10
5 , x
7
1x
3
2x
5
3x
10
4 x
6
5,
x3mx
5
nx
14
p x
3
qx
6
r , T = x
3
1x
3
2x
5
3x
6
4x
14
5 , x
3
1x
3
2x
5
3x
14
4 x
6
5, x
3
1x
5
2x
3
3x
6
4x
14
5 ,
x31x
5
2x
3
3x
14
4 x
6
5, x
3
1x
5
2x
6
3x
3
4x
14
5 , x
3
1x
5
2x
6
3x
14
4 x
3
5.
Proof. It is easy to see that the weight vector of these monomials is ω∗∗∗. Note that the monomials
X, Y, Z, G, H, F, T are admissible. We now prove the lemma for the monomials f = x3mx
13
n x
6
px
3
qx
6
r
and g = x3mx
5
nx
14
p x
3
qx
6
r . The others can be proved by an argument similar to the proofs of Lemmas
3.4.17 and 3.4.18. Applying the Cartan formula, we get
f = x3mx
13
n x
3
px
6
qx
6
r + Sq
1(
∑
A1) + Sq
2(
∑
B1) + Sq
4(
∑
C1) modulo(P
−
5 (ω
∗∗∗)), where∑
A1 = x3mx
7
nx
5
px
5
qx
10
r + x
3
mx
7
nx
5
px
6
qx
9
r + x
3
mx
7
nx
6
px
5
qx
9
r + x
3
mx
7
nx
6
px
9
qx
5
r + x
3
mx
7
nx
9
px
6
qx
5
r
+x3mx
11
n x
5
px
6
qx
5
r + x
3
mx
14
n x
3
px
5
qx
5
r + x
6
mx
11
n x
5
px
3
qx
5
r,∑
B1 = x3mx
11
n x
5
px
5
qx
5
r + x
3
mx
11
n x
6
px
3
qx
6
r + x
3
mx
13
n x
5
px
3
qx
5
r + x
5
mx
7
nx
3
px
5
qx
9
r + x
5
mx
7
nx
3
px
9
qx
5
r
+x5mx
7
nx
5
px
3
qx
9
r + x
5
mx
7
nx
9
px
3
qx
5
r + x
5
mx
9
nx
3
px
3
qx
9
r + x
5
mx
11
n x
3
px
5
qx
5
r ,∑
C1 = x3mx
7
nx
3
px
5
qx
9
r + x
3
mx
7
nx
3
px
9
qx
5
r + x
3
mx
7
nx
5
px
3
qx
9
r + x
3
mx
7
nx
9
px
3
qx
5
r + x
3
mx
9
nx
3
px
3
qx
9
r
+x3mx
9
nx
5
px
5
qx
5
r + x
3
mx
11
n x
3
px
5
qx
5
r + x
3
mx
11
n x
5
px
3
qx
5
r,
Since x3mx
13
n x
3
px
6
qx
6
r < f, the monomial f is strictly inadmissible. Next, by a direct computation,
we have
g =
∑
L+ Sq1(
∑
A2) + Sq
2(
∑
B2) + Sq
4(
∑
C2) modulo(P
−
5 (ω
∗∗∗)), where∑
L = x3mx
3
nx
14
p x
5
qx
6
r + x
3
mx
5
nx
7
px
6
qx
10
r + x
3
mx
5
nx
11
p x
6
qx
6
r ,∑
A2 = x3mx
3
nx
13
p x
5
qx
6
r + x
3
mx
3
nx
14
p x
5
qx
5
r + x
3
mx
5
nx
11
p x
5
qx
6
r + x
3
mx
5
nx
13
p x
3
qx
6
r + x
3
mx
6
nx
7
px
9
qx
5
r
+x3mx
6
nx
11
p x
5
qx
5
r + x
3
mx
10
n x
7
px
5
qx
5
r + x
6
mx
5
nx
11
p x
3
qx
5
r,∑
B2 = x3mx
5
nx
11
p x
5
qx
5
r + x
3
mx
5
nx
13
p x
3
qx
5
r + x
3
mx
6
nx
11
p x
3
qx
6
r + x
5
mx
3
nx
7
px
5
qx
9
r + x
5
mx
3
nx
7
px
9
qx
5
r
+x5mx
3
nx
9
px
3
qx
9
r + x
5
mx
3
nx
11
p x
5
qx
5
r + x
5
mx
5
nx
7
px
3
qx
9
r + x
5
mx
9
nx
7
px
3
qx
5
r,∑
C2 = x3mx
3
nx
7
px
5
qx
9
r + x
3
mx
3
nx
7
px
9
qx
5
r + x
3
mx
3
nx
9
px
3
qx
9
r + x
3
mx
3
nx
11
p x
5
qx
5
r + x
3
mx
5
nx
7
px
3
qx
9
r
+x3mx
5
nx
7
px
6
qx
6
r + x
3
mx
5
nx
9
px
5
qx
5
r + x
3
mx
5
nx
11
p x
3
qx
5
r + x
3
mx
9
nx
7
px
3
qx
5
r.
These relations show that g is strictly inadmissible. The lemmas follows.
The proof of the following lemmas is analogous to the proofs of Lemmas 3.4.17, 3.4.18, 3.4.29
and 3.4.30.
Lemma 3.4.31. If (p, q, r) is a permutation of (3, 4, 5), then the following monomials are strictly
inadmissible:
u1 = x1x62x
6
px
3
qx
15
r , u2 = x
3
1x
6
2x
6
pxqx
15
r , u3 = x
16
1 x
6
2x
6
pxqx
3
r , u4 = x1x
6
2x
3
px
7
qx
14
r ,
u5 = x1x142 x
3
px
6
qx
7
r , u6 = x
3
1x
6
2xpx
7
qx
14
r , u7 = x
3
1x
14
2 xpx
6
qx
7
r , u8 = x
7
1x
6
2xpx
3
qx
14
r ,
u9 = x71x
14
2 xpx
3
qx
6
r , u10 = x1x
6
2x
6
px
7
qx
11
r , u11 = x
7
1x
6
2xpx
6
qx
11
r , u12 = x
3
1x
2
2x
5
px
6
qx
15
r ,
u13 = x31x
6
2x
2
px
5
qx
15
r , u14 = x
15
1 x
2
2x
3
px
5
qx
6
r , u15 = x
15
1 x
6
2x
2
px
3
qx
5
r, u16 = x
3
1x
2
2x
5
px
7
qx
14
r ,
u17 = x31x
14
2 x
2
px
5
qx
7
r , u18 = x
7
1x
2
2x
14
p x
3
qx
5
r , u19 = x
7
1x
14
2 x
2
px
3
qx
5
r .
Lemma 3.4.32. The following monomials are strictly inadmissible:
I) u20 = x1x152 x
6
3x
3
qx
6
r , u21 = x
3
1x
15
2 x
6
3xqx
6
r , u22 = x
15
1 x2x
6
3x
3
qx
6
r , u23 = x
15
1 x
3
2x
6
3xqx
6
r ,
u24 = x71x2x
6
3x
3
qx
14
r , u25 = x
7
1x2x
14
3 x
3
qx
6
r, u26 = x
7
1x
3
2x
6
3xqx
14
r , u27 = x
7
1x
3
2x
14
3 xqx
6
r ,
u28 = x1x32x
14
3 x
6
qx
7
r , u29 = x1x
7
2x
6
3x
3
qx
14
r , u30 = x1x
7
2x
14
3 x
3
qx
6
r , u31 = x
3
1x2x
14
3 x
6
qx
7
r ,
28
u32 = x31x
7
2x
6
3xqx
14
r , u33 = x
3
1x
7
2x
14
3 xqx
6
r , u34 = x1x
7
2x
6
3x
6
qx
11
r , u35 = x
7
1x2x
6
3x
6
qx
11
r ,
u36 = x71x
11
2 x
6
3xqx
6
r , u37 = x
3
1x
15
2 x
2
3x
5
qx
6
r , u38 = x
3
1x
15
2 x
6
3x
2
qx
5
r , u39 = x
15
1 x
3
2x
2
3x
5
qx
6
r ,
u40 = x151 x
3
2x
6
3x
2
qx
5
r , u41 = x
3
1x
5
2x
14
3 x
2
qx
7
r, u42 = x
3
1x
5
2x
14
3 x
2
qx
7
r , u43 = x
3
1x
7
2x
2
3x
5
qx
14
r ,
u44 = x31x
7
2x
14
3 x
2
qx
5
r , u45 = x
7
1x
3
2x
2
3x
5
qx
14
r , u46 = x
7
1x
3
2x
14
3 x
2
qx
5
r , where q, r = 4, 5,
q , r;
II) u47 = x1x32x
6
3x
14
4 x
7
5, u48 = x
3
1x2x
6
3x
14
4 x
7
5, u49 = x
3
1x
5
2x
2
3x
14
4 x
7
5.
Note that ω(ut) = ω∗∗∗ for t = 1, 2, . . . , 49. Next we consider the following lemma.
Lemma 3.4.33. The following monomials are strictly inadmissible:
A1 = x1x32x
6
3x
15
4 x
22
5 , A2 = x1x
3
2x
15
3 x
6
4x
22
5 , A3 = x1x
3
2x
15
3 x
22
4 x
6
5, A4 = x1x
15
2 x
3
3x
6
4x
22
5 ,
A5 = x1x152 x
3
3x
22
4 x
6
5, A6 = x1x
15
2 x
19
3 x
6
4x
6
5, A7 = x
3
1x2x
6
3x
15
4 x
22
5 , A8 = x
3
1x
5
2x
2
3x
15
4 x
22
5 ,
A9 = x31x
5
2x
6
3x
15
4 x
18
5 , A10 = x
3
1x2x
15
3 x
6
4x
22
5 , A11 = x
3
1x2x
15
3 x
22
4 x
6
5, A12 = x
3
1x
5
2x
15
3 x
2
4x
22
5 ,
A13 = x31x
5
2x
15
3 x
6
4x
18
5 , A14 = x
3
1x
5
2x
15
3 x
18
4 x
6
5, A15 = x
3
1x
5
2x
15
3 x
22
4 x
2
5, A16 = x
3
1x
13
2 x
3
3x
6
4x
22
5 ,
A17 = x31x
13
2 x
3
3x
22
4 x
6
5, A18 = x
3
1x
13
2 x
19
3 x
6
4x
6
5, A19 = x
3
1x
15
2 x3x
6
4x
22
5 , A20 = x
3
1x
15
2 x3x
22
4 x
6
5,
A21 = x31x
15
2 x
5
3x
2
4x
22
5 , A22 = x
3
1x
15
2 x
5
3x
6
4x
18
5 , A23 = x
3
1x
15
2 x
5
3x
18
4 x
6
5, A24 = x
3
1x
15
2 x
5
3x
22
4 x
2
5,
A25 = x31x
15
2 x
17
3 x
6
4x
6
5, A26 = x
3
1x
15
2 x
21
3 x
2
4x
6
5, A27 = x
3
1x
15
2 x
21
3 x
6
4x
2
5, A28 = x
7
1x
9
2x
3
3x
6
4x
22
5 ,
A29 = x71x
9
2x
3
3x
22
4 x
6
5, A30 = x
7
1x
9
2x
19
3 x
6
4x
6
5, A31 = x
7
1x
11
2 x
17
3 x
6
4x
6
5, A32 = x
7
1x
25
2 x
3
3x
6
4x
6
5,
A33 = x151 x2x
3
3x
6
4x
22
5 , A34 = x
15
1 x2x
3
3x
22
4 x
6
5, A35 = x
15
1 x2x
19
3 x
6
4x
6
5, A36 = x
15
1 x
3
2x3x
6
4x
22
5 ,
A37 = x151 x
3
2x3x
22
4 x
6
5, A38 = x
15
1 x
3
2x
5
3x
2
4x
22
5 , A39 = x
15
1 x
3
2x
5
3x
6
4x
18
5 , A40 = x
15
1 x
3
2x
5
3x
18
4 x
6
5,
A41 = x151 x
3
2x
5
3x
22
4 x
2
5, A42 = x
15
1 x
3
2x
17
3 x
6
4x
6
5, A43 = x
15
1 x
3
2x
21
3 x
2
4x
6
5, A44 = x
15
1 x
3
2x
21
3 x
6
4x
2
5,
A45 = x151 x
17
2 x
3
3x
6
4x
6
5, A46 = x
15
1 x
19
2 x3x
6
4x
6
5, A47 = x
15
1 x
19
2 x
5
3x
2
4x
6
5, A48 = x
15
1 x
19
2 x
5
3x
6
4x
2
5.
Proof. We have ω(Ai) = ω(4), 1 ≤ i ≤ 48. We prove the lemma for the monomials A23 =
x31x
15
2 x
5
3x
18
4 x
6
5 and A29 = x
7
1x
9
2x
3
3x
22
4 x
6
5. The others can be proved by using a similar technique
as in Lemmas 3.4.21 and 3.4.22. Direct computing form Cartan’s formula, we get
A23 =
∑
1≤i≤3 bi + Sq
1(
∑
f) + Sq2(
∑
g) + Sq4(
∑
h) + Sq8(
∑
p) modulo(P−5 (ω(4)), where
b1 = x31x
11
2 x
5
3x
22
4 x
6
5, b2 = x
3
1x
13
2 x
3
3x
22
4 x
6
5, b3 = x
3
1x
13
2 x
6
3x
19
4 x
6
5,∑
f = x31x
7
2x
6
3x
21
4 x
9
5 + x
3
1x
7
2x
6
3x
25
4 x
5
5 + x
3
1x
11
2 x
6
3x
21
4 x
5
5 + x
3
1x
14
2 x
3
3x
21
4 x
5
5 + x
3
1x
15
2 x
5
3x
14
4 x
9
5
+x31x
15
2 x
5
3x
17
4 x
6
5 + x
3
1x
15
2 x
9
3x
14
4 x
5
5 + x
3
1x
19
2 x
5
3x
14
4 x
5
5 + x
3
1x
22
2 x
5
3x
11
4 x
5
5,∑
g = x51x
7
2x
3
3x
21
4 x
9
5 + x
5
1x
7
2x
3
3x
25
4 x
5
5 + x
5
1x
9
2x
9
3x
19
4 x
3
5 + x
5
1x
11
2 x
3
3x
17
4 x
9
5 + x
5
1x
15
2 x
5
3x
11
4 x
9
5
+x51x
15
2 x
9
3x
11
4 x
5
5 + x
5
1x
17
2 x
3
3x
17
4 x
3
5 + x
5
1x
17
2 x
9
3x
11
4 x
3
5 + x
5
1x
19
2 x
5
3x
11
4 x
5
5,∑
h = x31x
7
2x
3
3x
21
4 x
9
5 + x
3
1x
7
2x
3
3x
25
4 x
5
5 + x
3
1x
9
2x
5
3x
21
4 x
5
5 + x
3
1x
9
2x
9
3x
19
4 x
3
5 + x
3
1x
11
2 x
3
3x
17
4 x
9
5
+x31x
11
2 x
3
3x
21
4 x
5
5 + x
3
1x
13
2 x
9
3x
13
4 x
5
5 + x
3
1x
15
2 x
5
3x
11
4 x
9
5 + x
3
1x
15
2 x
6
3x
13
4 x
6
5 + x
3
1x
15
2 x
9
3x
11
4 x
5
5
+x31x
17
2 x
3
3x
17
4 x
3
5 + x
3
1x
17
2 x
9
3x
11
4 x
3
5 + x
3
1x
19
2 x
5
3x
11
4 x
5
5,∑
p = x31x
13
2 x
5
3x
13
4 x
5
5 + x
3
1x
13
2 x
6
3x
11
4 x
6
5.
Since bi < A1, 1 ≤ i ≤ 3, by Definition 2.2.4, A1 is strictly inadmissible. By a similar computation,
we obtain
A29 =
∑
Z + Sq1(
∑
f) + Sq2(
∑
g) + Sq4(
∑
h) + Sq8(x71x
5
2x
6
3x
15
4 x
6
5) modulo(P
−
5 (ω(4)), where,
29
∑
Z = x51x
3
2x
6
3x
23
4 x
10
5 + x
5
1x
3
2x
6
3x
27
4 x
6
5 + x
5
1x
3
2x
10
3 x
23
4 x
6
5 + x
5
1x
7
2x
3
3x
22
4 x
10
5 + x
5
1x
7
2x
3
3x
26
4 x
6
5
+x51x
7
2x
6
3x
19
4 x
10
5 + x
5
1x
7
2x
10
3 x
19
4 x
6
5 + x
5
1x
11
2 x
3
3x
22
4 x
6
5 + x
5
1x
11
2 x
6
3x
19
4 x
6
5 + x
7
1x
3
2x
5
3x
22
4 x
10
5
+x71x
3
2x
6
3x
23
4 x
8
5 + x
7
1x
3
2x
6
3x
25
4 x
6
5 + x
7
1x
3
2x
8
3x
23
4 x
6
5 + x
7
1x
3
2x
9
3x
22
4 x
6
5 + x
7
1x
7
2x
3
3x
22
4 x
8
5
+x71x
7
2x
3
3x
24
4 x
6
5,∑
f = x71x
3
2x
5
3x
19
4 x
12
5 + x
7
1x
3
2x
5
3x
21
4 x
10
5 + x
7
1x
3
2x
9
3x
21
4 x
6
5 + x
7
1x
3
2x
12
3 x
19
4 x
5
5 + x
7
1x
6
2x
9
3x
15
4 x
9
5
+x71x
7
2x
5
3x
19
4 x
8
5 + x
7
1x
7
2x
5
3x
21
4 x
6
5 + x
7
1x
7
2x
8
3x
19
4 x
5
5 + x
7
1x
10
2 x
5
3x
15
4 x
9
5
+x71x
10
2 x
9
3x
15
4 x
5
5,∑
g = x71x
3
2x
6
3x
19
4 x
10
5 + x
7
1x
3
2x
6
3x
23
4 x
6
5 + x
7
1x
3
2x
9
3x
17
4 x
9
5 + x
7
1x
3
2x
10
3 x
19
4 x
6
5 + x
7
1x
5
2x
9
3x
15
4 x
9
5
+x71x
7
2x
3
3x
22
4 x
6
5 + x
7
1x
7
2x
6
3x
19
4 x
6
5 + x
7
1x
9
2x
3
3x
17
4 x
9
5 + x
7
1x
9
2x
5
3x
15
4 x
9
5 + x
7
1x
9
2x
9
3x
15
4 x
5
5
+x71x
9
2x
9
3x
17
4 x
3
5 + x
9
1x
3
2x
9
3x
15
4 x
9
5 + x
9
1x
9
2x
3
3x
15
4 x
9
5 + x
9
1x
9
2x
9
3x
15
4 x
3
5,∑
h = x51x
3
2x
6
3x
23
4 x
6
5 + x
5
1x
7
2x
3
3x
22
4 x
6
5 + x
5
1x
7
2x
6
3x
19
4 x
6
5.
The above equalities imply that A2 is strictly inadmissible. The lemma is proved.
Proof of Lemma 3.4.27. Let b be an admissible monomial in (P+5 )47 such that ω(b) = ω(4). Then
ω1(b) = 3 and b = X({t, k}, 5)Y
2 with 1 ≤ t < k ≤ 5 and Y a monomial of degree 22 in P5. Since b
is admissible, according to Theorem 2.2.5, Y ∈ B5(ω(4)).
Using Proposition 3.4.14(III) and a simple computation shows that if Z ∈ B5(ω(4)), 1 ≤ t <
k ≤ 5, and X({t, k}, 5)Z
2
, Yj := Y47, j , ∀j, 371 ≤ j ≤ 482, then there is a monomial u which is
given in one of Lemmas 3.4.28 - 3.4.33 such that X({t, k},5)Z
2 = ug2
s
with a monomial g ∈ P5, and
s = max{ℓ ∈ Z : ωℓ(u) > 0}. Then, By Theorem 2.2.5, X({t, k}, 5)Z2 is inadmissible. Finally, we
see that b = X({t, k}, 5)Y
2 is admissible with Y ∈ B5(ω(4)); hence b = Yj for some j = 371, . . . , 482.
This implies B+5 (ω(4)) ⊆ {Y47, j : 371 ≤ j ≤ 482}.
Proposition 3.4.34. QP+5 (ω(4)) is the Z/2-vector space of dimension 112 with a basis consisting
of all the classes represented by the monomials Y47, j , 371 ≤ j ≤ 482.
Proof. First, we show that the set [V := {Y47, j : 371 ≤ j ≤ 482}]ω(4) is linearly independent
in the space QP+5 (ω(4)). Indeed, suppose there is a linear relation S =
∑
371≤j≤482 γjYj ≡ω(4) 0
with γj ∈ Z/2 and Yj ∈ V. By using Theorem 3.3.5 and Proposition 3.1.1, we determine explicitly
π(k;K )(S) in terms of the admissible monomials in (P
+
4 )47. From the relations π(k;K )(S) ≡ω(4) 0
with ℓ(K ) > 0, one gets γj = 0 for all 371 ≤ j ≤ 482.
Now, by Lemma 3.4.27, to prove [V ]ω(4) is a basis of QP
+
5 (ω(4)) we need to show that [Yj]ω(4) ,
[0] for all Yj ∈ V. By a similar argument as given in the proof of Propositions 3.4.1 and 3.4.10, we
can prove that the set [B+5 (ω(1)) ∪ V ] is linearly independent in (QP
+
5 )47. This fact shows that
[Yj]ω(4) , [0] for all Yj . The proposition is proved.
Proposition 3.4.35. There exist exactly 15 admissible monomials in (P+5 )47 such that their weight
vectors are ω(5). Consequently dim(QP
+
5 (ω(5))) = 15.
We prove the proposition by showing that
B
+
5 (ω(5)) = {Y47,m : 483 ≤ m ≤ 497},
where the monomials Y47,m : 283 ≤ m ≤ 297, are described in Sect.6.7. We need some lemmas.
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The following result is proved by using a result in [42].
Lemma 3.4.36. The following monomials are strictly inadmissible:
a) xux
2
vx
6
mx
7
nx
7
p, x
7
ux
2
vx
2
mx
5
nx
7
p, x
3
ux
2
vx
4
mx
7
nx
7
p, x
3
ux
4
vx
6
mx
3
nx
7
p, x
3
ux
6
vx
6
mx
3
nx
5
p,
where (u, v,m, n, p) is a permutation of (1, 2, 3, 4, 5);
b) x1x
6
2x
6
qx
3
rx
7
t , x
3
1x
6
2x
6
qxrx
7
t , x
7
1x
6
2x
6
qxrx
3
t , x
3
1x
2
2x
6
qx
5
rx
7
t , x
3
1x
6
2x
2
qx
5
rx
7
t , x
7
1x
2
2x
6
qx
3
rx
5
t ,
x71x
6
2x
2
qx
3
rx
5
t , where (q, r, t) is a permutation of (3, 4, 5);
c) x1x
7
2x
6
3x
6
4x
3
5, x1x
7
2x
6
3x
3
4x
6
5, x
3
1x
7
2x
6
3x
6
4x5, x
3
1x
7
2x
6
3x4x
6
5,
x71x2x
6
3x
6
4x
3
5, x
7
1x
3
2x
6
3x
6
4x5, x
7
1x2x
6
3x
3
4x
6
5, x
7
1x
3
2x
6
3x4x
6
5,
x31x
7
2x
2
3x
6
4x
5
5, x
3
1x
7
2x
6
3x
2
4x
5
5, x
3
1x
7
2x
2
3x
5
4x
6
5, x
3
1x
7
2x
6
3x
5
4x
2
5,
x71x
3
2x
2
3x
6
4x
5
5, x
7
1x
3
2x
6
3x
2
4x
5
5, x
7
1x
3
2x
2
3x
5
4x
6
5, x
7
1x
3
2x
6
3x
5
4x
2
5;
d) ρ(k, 5)(Z), 1 ≤ k ≤ 5, where Z is one of the following monomials:
x21x
7
2x
7
3x
7
4, x
7
1x
2
2x
7
3x
7
4, x
7
1x
7
2x
2
3x
7
4, x
7
1x
7
2x
7
3x
2
4, x
6
1x
3
2x
7
3x
7
4, x
6
1x
7
2x
3
3x
7
4,
x61x
7
2x
7
3x
3
4, x
3
1x
6
2x
7
3x
7
4, x
7
1x
6
2x
3
3x
7
4, x
7
1x
6
2x
7
3x
3
4, x
3
1x
7
2x
6
3x
7
4, x
7
1x
3
2x
6
3x
7
4,
x71x
7
2x
6
3x
3
4, x
3
1x
7
2x
7
3x
6
4, x
7
1x
3
2x
7
3x
6
4, x
7
1x
7
2x
3
3x
6
4.
Lemma 3.4.37. The following monomials are strictly inadmissible:
T1 = x1x32x
14
3 x
14
4 x
15
5 , T2 = x1x
3
2x
14
3 x
15
4 x
14
5 , T3 = x1x
3
2x
15
3 x
14
4 x
14
5 , T4 = x1x
15
2 x
3
3x
14
4 x
14
5 ,
T5 = x31x2x
14
3 x
14
4 x
15
5 , T6 = x
3
1x2x
14
3 x
15
4 x
14
5 , T7 = x
3
1x2x
15
3 x
14
4 x
14
5 , T8 = x
3
1x
15
2 x3x
14
4 x
14
5 ,
T9 = x151 x2x
3
3x
14
4 x
14
5 , T10 = x
15
1 x
3
2x3x
14
4 x
14
5 , T11 = x
3
1x
13
2 x
2
3x
14
4 x
15
5 , T12 = x
3
1x
13
2 x
2
3x
15
4 x
14
5 ,
T13 = x31x
13
2 x
14
3 x
2
4x
15
5 , T14 = x
3
1x
13
2 x
14
3 x
15
4 x
2
5, T15 = x
3
1x
13
2 x
15
3 x
2
4x
14
5 , T16 = x
3
1x
13
2 x
15
3 x
14
4 x
2
5,
T17 = x31x
15
2 x
13
3 x
2
4x
14
5 , T18 = x
3
1x
15
2 x
13
3 x
14
4 x
2
5, T19 = x
15
1 x
3
2x
13
3 x
2
4x
14
5 , T20 = x
15
1 x
3
2x
13
3 x
14
4 x
2
5,
T21 = x31x
3
2x
13
3 x
14
4 x
14
5 , T22 = x
3
1x
13
2 x
3
3x
14
4 x
14
5 , T23 = x
3
1x
13
2 x
14
3 x
3
4x
14
5 , T24 = x
3
1x
13
2 x
14
3 x
14
4 x
3
5,
T25 = x31x
5
2x
10
3 x
14
4 x
15
5 , T26 = x
3
1x
5
2x
10
3 x
15
4 x
14
5 , T27 = x
3
1x
5
2x
14
3 x
10
4 x
15
5 , T28 = x
3
1x
5
2x
14
3 x
15
4 x
10
5 ,
T29 = x31x
5
2x
15
3 x
10
4 x
14
5 , T30 = x
3
1x
5
2x
15
3 x
14
4 x
10
5 , T31 = x
3
1x
15
2 x
5
3x
10
4 x
14
5 , T32 = x
3
1x
15
2 x
5
3x
14
4 x
10
5 ,
T33 = x151 x
3
2x
5
3x
10
4 x
14
5 , T34 = x
15
1 x
3
2x
5
3x
14
4 x
10
5 , T35 = x
3
1x
5
2x
14
3 x
11
4 x
14
5 , T36 = x
3
1x
5
2x
14
3 x
14
4 x
11
5 ,
T37 = x31x
13
2 x
6
3x
10
4 x
15
5 , T38 = x
3
1x
13
2 x
6
3x
15
4 x
10
5 , T39 = x
3
1x
13
2 x
15
3 x
6
4x
10
5 , T40 = x
3
1x
15
2 x
13
3 x
6
4x
10
5 ,
T41 = x151 x
3
2x
13
3 x
6
4x
10
5 , T42 = x
3
1x
13
2 x
6
3x
11
4 x
14
5 , T43 = x
3
1x
13
2 x
6
3x
14
4 x
11
5 , T44 = x
3
1x
13
2 x
14
3 x
6
4x
11
5 ,
T45 = x71x
9
2x
3
3x
14
4 x
14
5 , T46 = x
3
1x
13
2 x
7
3x
10
4 x
14
5 , T47 = x
3
1x
13
2 x
7
3x
14
4 x
10
5 , T48 = x
3
1x
13
2 x
14
3 x
7
4x
10
5 .
Proof. It is easy to see that ω(Ts) = ω(5) for s = 1, 2, . . . , 48. We prove the lemma for the mono-
mials T35 = x31x
5
2x
14
3 x
11
4 x
14
5 and T42 = x
3
1x
13
2 x
6
3x
11
4 x
14
5 . The others can be proved by using a similar
technique as in Lemmas 3.4.21, 3.4.22 and 3.4.33. Computing form the Cartan formula, we get
T35 = Sq1
(
x31x
6
2x
11
3 x
13
4 x
13
5 + x
3
1x
6
2x
13
3 x
11
4 x
13
5
)
+ Sq2
(
x51x
3
2x
7
3x
13
4 x
17
5 + x
5
1x
3
2x
7
3x
17
4 x
13
5
+x51x
3
2x
9
3x
11
4 x
17
5 ++x
5
1x
3
2x
9
3x
17
4 x
11
5 + x
5
1x
3
2x
11
3 x
9
4x
17
5 + x
5
1x
3
2x
11
3 x
13
4 x
13
5
+x51x
3
2x
13
3 x
7
4x
17
5 ++x
5
1x
3
2x
13
3 x
11
4 x
13
5 + x
5
1x
3
2x
17
3 x
7
4x
13
5 + x
5
1x
3
2x
17
3 x
9
4x
11
5
)
+Sq4
(
x31x
3
2x
7
3x
13
4 x
17
5 + x
3
1x
3
2x
7
3x
17
4 x
13
5 + x
3
1x
3
2x
9
3x
11
4 x
17
5 + x
3
1x
3
2x
9
3x
17
4 x
11
5
+x31x
3
2x
11
3 x
9
4x
17
5 x
3
1x
3
2x
11
3 x
13
4 x
13
5 + x
3
1x
3
2x
13
3 x
7
4x
17
5 + x
3
1x
3
2x
13
3 x
11
4 x
13
5
)
+x31x
3
2x
17
3 x
7
4x
13
5 + x
3
1x
3
2x
17
3 x
9
4x
11
5 + x
3
1x
5
2x
11
3 x
14
4 x
14
5 modulo(P
−
5 (ω(5))).
We have x31x
5
2x
11
3 x
14
4 x
14
5 < T35. This implies that T35 is strictly inadmissible. By a similar compu-
tation, we obtain
T42 = (p1 + p2) modulo(A
+
2 P5 + P
−
5 (ω(5))),
where p1 = x31x
7
2x
10
3 x
13
4 x
14
5 , p2 = x
3
1x
13
2 x
3
3x
14
4 x
14
5 . Since pi < T42, i = 1, 2, the monomial T42 is
strictly inadmissible. The lemma follows.
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Proof of Proposition 3.4.35. Suppose that X is a admissible monomial in P+5 and ω(X) = ω(5).
Then ω1(X) = 3 and X = xaxbxcu2 with 1 ≤ a < b < c ≤ 5 and u ∈ (P
+
5 )22. Then, by Theorem
2.2.5, u is admissible and u ∈ B+5 (ω(5)).
Let Z ∈ B+5 (ω(5)) such that xaxbxcZ
2 ∈ (P+5 )47 with 1 ≤ a < b < c ≤ 5. Denote by V the
set of all the monomials as given in Proposition 3.4.35. By a direct computation using Proposition
3.4.14(IV), we see that if xaxbxcZ2 < V then there is a monomial X1 which is given in Lemmas
3.4.36 and 3.4.37 such that xaxbxcZ2 = X1Z2
t
1 with suitable monomial Z1 ∈ P5 and t = max{q ∈
Z : ωq(X1) > 0}. Based on Theorem 2.2.5, we conclude that xaxbxcZ2 is inadmissible. Combining
this with the above data, one gets X ∈ V . This means B+5 (ω(5)) ⊆ V .
Next, we show that the set [V ]ω(5) is linearly independent in the space QP
+
5 (ω(5)). Indeed,
suppose there is a linear relation S =
∑
483≤m≤497 γmY47,m ≡ω(5) 0, where with γm ∈ Z/2, m =
483, . . . , 497 and Y47,m ∈ V . By combining Theorem 3.3.5 and Proposition 3.1.1, we explicitly
calculate π(k;K )(S) in terms of a given minimal set of A2-generators in P4 (modulo(A
+
2 P4)).
From the relations π(k;K )(S) ≡ω(5) 0 with ℓ(K ) ≤ 2, we get γm = 0 for all m.
To prove [V ]ω(5) is a basis of QP
+
5 (ω(5)) we need to show that [Y47,m]ω(5) , [0] for all Ym ∈ V .
Denote by V the set of all the monomials as given in Proposition 3.4.35. By a similar argument as
given in the proof of Propositions 3.4.1 and 3.4.10, we can prove that the set [B+5 (ω(1)) ∪ V ∪ V ]
is linearly independent in (QP+5 )47, where V the set of all the admissible monomials as given in
Proposition 3.4.34. This implies [Y47,m]ω(5) , [0] for all Y47,m. The proposition is proved.
Now, since dim(QP5)47 = 560 and dim(QP05 )21 = 460, by Corollary 3.4.15 and Propositions
3.4.24, 3.4.26, 3.4.34, 3.4.35, we obtain dim(QP5)47 = 1897. The proof of Theorem 1.1 is completed.
Final remarks. Since the homomorphism (S˜q0∗)(5,13.2t) : (QP5)13.2t−5 −→ (QP5)13.2t−1−5 is
an epimorphism of Z/2GL5-modules, (QP5)13.2t−5  Ker(S˜q0∗)(5,13.2t−5)
⊕
(QP5)13.2t−1−5.
According to Lemma 3.4.2, we have
Ker(S˜q0∗)(5,13.21−5=21) = QP5(3, 3, 1, 1)
⊕
QP5(3, 3, 3).
By a simple computation, we conclude B05(21) = Φ(B4(21)) = B
0
5(3, 3, 1, 1) ∪ B
0
5(3, 3, 3). Com-
bining this with Propositions 3.4.6 and 3.4.7, we get
Φ(B4(3, 3, 1, 1)) ⊂ B5(3, 3, 1, 1), Φ(B4(3, 3, 3)) ⊂ B5(3, 3, 3).
On the other hand, (QP5)13.2t−5  (QP5)13.22−5=47 for any t > 2. By Lemma 3.4.16, Ker(S˜q0∗)(5,47) =⊕
1≤j≤5QP5(ω(j)). From the above computations, we get B
0
5(ω(1)) = B
0
5(47) = Φ(B4(47)) =
Φ(B4(ω(1))). Then, by Propositions 3.4.24, 3.4.26, 3.4.34 and 3.4.35, one gets
Φ(B4(ω(1))) ⊂ B5(ω(1)).
If ω is a weight vector of degree 47 and ω , ω(1), then B4(ω) = ∅. Furthermore, if t > 2, then
B4(13.2t − 5) = ∅.
From these remarks, we see that Conjecture 3.3.1 is true in case of five variables and the generic
degree n = 13.2t − 5 with t an arbitrary positive integer.
4. An application of Theorem 1.1
The goal of this section is to prove Theorem 1.2. More precisely, by using our results in Sect.3 and
a result in [40], we describe the Z/2GLd-modules structure of (QPd)n for d = 5 and n = 8, 21.
Then, we explicitly determine all GL5-invariants of these spaces.
Before coming to the proof of the theorem, we introduce some notations and homomorphisms.
We note that (Z/2)×d regarded as a Z/2-vector space of dimension d and
(Z/2)×d  〈x1, . . . , xd〉 ⊂ Pd.
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For 1 ≤ t ≤ d, define the Z/2-linear map τt : (Z/2)×d → (Z/2)×d, which is determined by τt(xt) =
xt+1, τt(xt+1) = xt, τt(xm) = xm for m , t, t+1, 1 ≤ t ≤ d−1 and τd(x1) = x1+x2, τd(xm) = xm
for m > 1.
Denote by Sd the symmetric group of degree d. Then, Sd is generated by τt, 1 ≤ t ≤ d − 1.
For each permutation in Sd, consider corresponding permutation matrix; these form a group of
matrices isomorphic to Sd. So, the general linear group GLd = GL(d,Z/2)  GL((Z/2)×d) is
generated by Sd and τd. Let X = x
a1
1 x
a2
2 . . . x
ad
d be an monomial in Pd. Then, the weight vector
ω(X) is invariant under the permutation of the generators xj , j = 1, 2, . . . , d; hence QPd(ω) also
has a Sd-module structure. The homomorphism τt induces a homomorphism of A2-algebras which
is also denoted by τt : Pd → Pd. Hence, a class [u]ω ∈ QPd(ω) is an GLd-invariant if and only if
τt(u)+u = 0 modulo(A
+
2 P5+P
−
5 (ω)) for 1 ≤ t ≤ d. If τt(u)+u = 0 modulo(A
+
2 P5+P
−
5 (ω)) for
1 ≤ t ≤ d−1, then [u]ω is an Sd-invariant. Note that dim((QPd)GLdn ) ≤
∑
deg(ω)=n dim(QPd(ω)
GLd)
(see [25]).
Let ω be a weight vector of degree n and the monomials Y1,Y2, . . . ,Ys ∈ Pd(ω), with s ≥ 1.
For a subgroup L ⊆ GLd, we denote
L(Y1,Y2, . . . ,Ys) = {σ(Yj) : σ ∈ L, 1 ≤ j ≤ s} ⊂ Pd(ω),
[B(Y1,Y2, . . . ,Ys)]ω = [Bd(ω)]ω ∩ 〈[L(Y1,Y2, . . . ,Ys)]ω〉,
θ(Yj) =
∑
x∈Bd(n)∩L(Yj) x,
We note that 〈[L(Y1,Y2, . . . ,Ys)]ω〉 is the L-submodule of QPd(ω) generated by the set
{[Y1]ω, [Y2]ω, . . . , [Ys]ω}.
Now, recall that the squaring operation (S˜q0∗)(5,21) : (QP5)21 → (QP5)8 is an epimorphism of
GL5-modules. So, to prove Theorem 1.2, we need to compute all GL5-invariants of (QP5)8.
4.1. Computation of (QP5)
GL5
8
According to Tín [40], dim(QP5)8 = 174 with the basis [{Y8, i : 1 ≤ i ≤ 174}],where the monomials
Yi := Y8, i, 1 ≤ i ≤ 174, as given in Sect.6.1.
Proposition 4.1.1. (QP5)
GL5
8 = 0.
We prepare some lemmas for the proof of the proposition. We have
(QP5)8 = QP
0
5 (ω˜(1))
⊕
QP5(ω˜(2))
⊕
QP5(ω˜(3)),
where ω˜(1) = (2, 1, 1), ω˜(2) = (2, 3), ω˜(3) = (4, 2). We see that dimQP
0
5 (ω˜(1)) = 105 with the basis⋃
1≤i≤6[B(Yi)]ω˜(1) , where
Y1 = x4x
7
5, Y2 = x
3
4x
5
5, Y3 = x3x4x
6
5,
Y4 = x3x
2
4x
5
5, Y5 = x3x
3
4x
4
5, Y6 = x2x3x
2
4x
4
5.
Observe that ω˜(1) is the weight vector of the mimimal spike x
7
1x2, so [X ]ω˜(1) = [X ] for all X ∈ P5.
A direct computation shows that
[S5(Y1)] = 〈[Yi] : 1 ≤ i ≤ 20〉,
[S5(Y2)] = 〈[Yi] : 21 ≤ i ≤ 30〉,
[S5(Y3,Y4,Y5)] = 〈[Yi] : 31 ≤ i ≤ 90〉,
[S5(Y6)] = 〈[Yi] : 91 ≤ i ≤ 105〉
are S5-submodules of QP05 (ω˜(1)). Hence, we have a direct summand decomposition of S5-modules:
QP 05 (ω˜(1)) = [S5(Y1)]
⊕
[S5(Y2)]
⊕
[S5(Y3,Y4,Y5)]
⊕
[S5(Y6)].
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Lemma 4.1.2. dim(QP05 (ω˜(1)))
S5 = 4.
Proof. We prove the following:
[S5(Yj)]S5 = 〈[θ(Yj)]〉, j = 1, 2, 6
[S5(Y3,Y4,Y5)]S5 = 〈[q := Y31 + Y32 + · · ·+ Y70]〉.
Indeed, we compute [S5(Yj)]S5 for j = 2 and [S5(Y3,Y4,Y5)]S5 . The others can be proved by a similar
technique. Note that dim[S5(Y2)] = 10 with a basis consisting of all the classes represented by the
monomials Yi] : 21 ≤ i ≤ 30. Suppose that a =
∑
21≤i≤30 γiYi with γi ∈ Z/2 and [a] ∈ [S5(Y2)]
S5 .
By a direct computation using Theorem 3.3.5, we have
τ1(a) + a =
∑
X modulo(A+2 P5) = 0 modulo(A
+
2 P5),
τ2(a) + a =
∑
Y modulo(A+2 P5) = 0 modulo(A
+
2 P5),
τ3(a) + a =
∑
Z modulo(A+2 P5) = 0 modulo(A
+
2 P5),
τ4(a) + a =
∑
W modulo(A+2 P5) = 0 modulo(A
+
2 P5),
where ∑
X = (γ24 + γ27)(Y24 + Y27) + (γ25 + γ28)(Y25 + Y28) + (γ26 + γ29)(Y26 + Y29),∑
Y = (γ22 + γ24)(Y22 + Y24) + (γ23 + γ25)(Y23 + Y25) + (γ29 + γ30)(Y29 + Y30),∑
Z = (γ21 + γ22)(Y21 + Y22) + (γ25 + γ26)(Y25 + Y26) + (γ28 + γ29)(Y28 + Y29),∑
W = (γ22 + γ23)(Y22 + Y23) + (γ24 + γ25)(Y24 + Y25) + (γ27 + γ28)(Y27 + Y28).
These relations imply that γi = γ21 for i = 22, . . . , 30. Hence, we get a = θ(Y2) modulo(A
+
2 P5)
with θ(Y2) =
∑
21≤j≤30Yj.
Now, we have the set {[Yi] : 31 ≤ i ≤ 90]} is a basis of [S5(Y3,Y4,Y5)]. Suppose that b =∑
31≤i≤90 γiYi with γi ∈ Z/2 and [b] ∈ [S5(Y3,Y4,Y5)]
S5 . By a similar computation from the
relations τt(b) + b = 0 modulo(A
+
2 P5), t = 1, 2, 3, 4, one gets γi = 0 for 71 ≤ i ≤ 90 and
γi = γ31, i = 32, 33, . . . , 70. This means b = q modulo(A
+
2 P5) with q =
∑
31≤i≤70 . The lemma is
proved.
Lemma 4.1.3. (QP5(ω˜(3)))
GL5 = 0.
Proof. Using a result in [40], we see that QP5(ω˜(3)) is a Z/2-vector space of dimension 45 with the
basis
[B(Y130 = x2x3x
3
4x
3
5)]ω˜(3)
⋃
[B(Y160 = x1x2x3x
2
4x
3
5)]ω˜(3) .
Futhermore, [S5(Y130)] and [S5(Y160)] are S5-submodules of QP05 (ω˜(3)), where [S5(Y130)]ω˜(3) =
〈[Yi : 130 ≤ i ≤ 159](ω˜(3))〉 and [S5(Y160)]ω˜(3) = 〈[Yi : 160 ≤ i ≤ 174](ω˜(3))〉. So, we have a direct
summand decomposition of S5-modules:
QP5(ω˜(3)) = [S5(Y130)]ω˜(3)
⊕
[S5(Y160)]ω˜(3) .
The set [B(Y130]ω˜(3) is a basis of [S5(Y130)]ω˜(3) . The action of S5 on QP5 induces the one of it on
[B(Y130]ω˜(3) . On the other hand, this action is transitive, hence if a =
∑
130≤i≤159 γiYi with γi ∈ Z/2
and [a] ∈ [S5(Y130)]S5 , then from the relations τt(a)+a = 0 modulo(A
+
2 P5+P
−
5 (ω˜(3))), 1 ≤ t ≤ 4,
we get γi = γ130, ∀i, 131 ≤ i ≤ 159. In other words, [S5(Yj)]
S5
ω˜(3)
= 〈[θ(Y130)]ω˜(3)〉 with θ(Y130) =∑
130≤i≤159Yi.
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Next, we have dim[S5(Y160)]ω˜(3) = 15 with the basis [B(Y160]ω˜(3) . Suppose b =
∑
160≤i≤174 γjYj
with γj ∈ Z/2 and [b] ∈ [S5(Y160)]S5 . A direct computation shows:
τ1(b) + b ≡ω˜(3) γ169(Y160 + Y162) + γ170(Y161 + Y163) + γ171(Y164 + Y165)
+(γ166 + γ172)(Y166 + Y172) + (γ167 + γ173)(Y167 + Y173)
+(γ168 + γ174)(Y168 + Y174)
τ2(b) + b ≡ω˜(3) (γ162 + γ169)(Y162 + Y169) + (γ163 + γ170)(Y163 + Y170)
+(γ164 + γ166)(Y164 + Y166) + (γ165 + γ167)(Y165 + Y167)
+(γ168 + γ171)(Y168 + Y171) + (γ165 + γ167)(Y165 + Y167)
+γ174(Y172 + Y173),
τ3(b) + b ≡ω˜(3) (γ160 + γ162)(Y160 + Y162) + (γ161 + γ164)(Y161 + Y164)
+(γ163 + γ165)(Y163 + Y165) + (γ167 + γ168)(Y167 + Y168)
+(γ170 + γ171)(Y170 + Y171) + (γ173 + γ174)(Y173 + Y174),
τ4(b) + b ≡ω˜(3) (γ160 + γ161)(Y160 + Y161) + (γ162 + γ163)(Y162 + Y163)
+(γ164 + γ165)(Y164 + Y165) + (γ166 + γ167)(Y166 + Y167)
+(γ169 + γ170)(Y169 + Y170) + (γ172 + γ173)(Y172 + Y173).
Then, from the relations τt(b) + b = 0 modulo(A
+
2 P5 + P
−
5 (ω˜(3))), we obtain γj = 0, ∀j.
Now, let [X ]ω˜(3) ∈ (QP5(ω˜(3)))
GL5 with X ∈ P5(ω˜(3)), then [X ]ω˜(3) ∈ (QP5(ω˜(3)))
S5 . So, we
have X = γθ(Y130) modulo(A
+
2 P5 + P
−
5 (ω˜(3)) with γ ∈ Z/2. By a direct computation, we have
τ5(X) +X = γY130 + other terms modulo(A
+
2 P5 + P
−
5 (ω˜(3)) = 0 modulo(A
+
2 P5 + P
−
5 (ω˜(3)).
This implies γ = 0. The proposition follows.
By a simple computation using technique as given in the proof of Lemmas 4.1.2 and 4.1.3, we
get the following.
Lemma 4.1.4.
i) We have a direct summand decomposition of the S5-modules:
QP5(ω˜(2)) = [S5(Y106)]ω˜(2)
⊕
[S5(Y126)]ω˜(2) .
ii) (QP5(ω˜(2)))
GL5 = 0.
Proof of Proposition 4.1.1. Let [X ] ∈ (QP5)
GL5
8 . Then, from Lemmas 4.1.2 - 4.1.4, we have
X = β1θ(Y1) + β2θ(Y2) + β3q + β4θ(Y3) modulo(A
+
2 P5),
with βt ∈ Z/2, 1 ≤ t ≤ 4. By using Theorem 3.3.5 and computing τ5(X) + X in terms of the
admissible monomials (modulo(A+2 P5)), we conclude
τ5(X) +X ≡ β1Y7 + (β1 + β2)Y16 + β3Y33 + β4(Y91 + Y92 + Y93) + other terms ≡ 0.
This relation shows β1 = β2 = β3 = β4 = 0. The proposition is proved.
4.2. Computation of (Ker(S˜q0∗)(5,21))
S5
From the results in Sect.3.4.1, we see that dimKer(S˜q0∗)(5,21) = 666 with the basis {[Y21, t] : 1 ≤
t ≤ 666}. Here, the admissible monomials Yt := Y21, t, 1 ≤ t ≤ 666, as given in Sect.6.6 and
Sect.6.7. Recall that (S˜q0∗)(5,21) is an epimorphism of GL5-modules. Combining this and the results
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in Subsection 4.1, we get (QP5)
GL5
21 ⊆ (Ker(S˜q0∗)(5,21))
GL5 . By Lemma 3.4.2, we have a direct
summand decomposition of the S5-modules:
Ker(S˜q0∗)(5,21) = QP5(3, 3, 1, 1)
⊕
QP5(3, 3, 3).
For ω = (3, 3, 1, 1), according to the results in Sect.3.4.1, we get QP5(ω) = QP05 (ω)
⊕
QP+5 (ω)
with dimQP05 (ω) = 340 and dimQP
+
5 (ω) = 196. Note that Z = x
15
1 x
3
2x
3
3 is the minimal spike
monomial in (P5)21 and ω(Z ) = ω. So, [x]ω = [x] for any x ∈ (P5)21. By using the results in
Sect.3.4.1, we see that there is a direct summand decomposition of the S5-modules:
QP05 (ω) = 〈[S5(Y1)]〉
⊕
〈[S5(Y31)]〉
⊕
〈[S5(Y61)]〉
⊕
〈[S5(Y121)]〉
⊕
〈V1〉,
where
B(Y1) = {Yt : 1 ≤ t ≤ 30}, B(Y31) = {Yt : 31 ≤ t ≤ 60},
B(Y61) = {Yt : 61 ≤ t ≤ 120}, B(Y121) = {Yt : 121 ≤ t ≤ 150},
V1 = B(Y151,Y181,Y201,Y241,Y256,Y266,Y286,Y296,Y301,Y316)
= {Yt : 151 ≤ t ≤ 340},
Lemma 4.2.1.
a) 〈[S5(Yj)]〉S5 = 〈[θ(Yj)]〉 for j = 1, 31, 61, 121.
b) 〈[S5(V1)]〉S5 = 0.
Outline of the proof. For j = 1, let [f1] ∈ 〈[S5(Y1)]〉S5 . Then, we have
τm(f1) =
∑
X∈B(Y1)
βX .X modulo(A
+
2 P5), 0 < m < 5
with f1 =
∑
X∈B(Y1) βX .X and βX ∈ Z/2. By a direct computation, we can see that the action of
the symmetric group S5 onQP5 induces the one of it on the set [B(Yj)] and this action is transitive.
So, we get βX = βX′ = β ∈ Z/2 for all X,X ′ ∈ B(Yj). This means f1 = θ(Y1) modulo(A
+
2 P5).
For j = 31, 61, 121, we determine τm(fj) + fj in terms of Yj . Then, by a simple computation using
the relations τm(fj) = fj modulo(A
+
2 P5), we conclude fj = θ(Yj) modulo(A
+
2 P5).
Next, we have dim〈V1〉 = 190 with the basis {[Yt] : 151 ≤ t ≤ 340}.Assume that g =
∑
u∈V1 γu.u
with γu ∈ Z/2 and [g] ∈ 〈[V1]〉S5 . By using Theorem 3.3.5 and a similar computation as given in
the proof of Lemmas 4.1.2 and 4.1.3, we obtain γu = 0 for all u ∈ V1. This implies that g is
A2-decomposable. The lemma follows.
Lemma 4.2.2. QP+5 (ω)
S5 = 〈[p := Y411 + Y412 + · · ·+ Y419]〉.
Proof. From Proposition 3.4.6, we see that the sets [S5(Y401)] = 〈[Yt] : 401 ≤ t ≤ 410〉 and
V2 = 〈[Yt] : 411 ≤ t ≤ 596〉, are S5-submodules of QP
+
5 (ω). Hence, we have a direct summand
decomposition of the S5-modules:
QP+5 (ω) = [S5(Y401)]
⊕
V2.
The set [B(Y401)] is a basis of [S5(Y401)]. Assume that Z is a polynomial such that [Z] ∈ [S5(Y401)]S5
and Z =
∑
401≤t≤410 ℓtYt with ℓt ∈ Z/2. For 1 ≤ j ≤ 4, we explicitly compute τj(Z) + Z in the
terms of the admissible monomials Yt, 401 ≤ t ≤ 410.
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By a direct computation using Theorem 3.3.5, we get
τ1(Z) + Z ≡ ℓ401Y404 + ℓ402Y405 + ℓ403Y407 + (ℓ406 + ℓ409)(Y406 + Y409)
+(ℓ408 + ℓ410)(Y408 + Y410),
τ2(Z) + Z ≡ (ℓ401 + ℓ404)(Y401 + Y404) + (ℓ402 + ℓ405)(Y402 + Y405)
+(ℓ403 + ℓ406)(Y403 + Y406) + (ℓ407 + ℓ408)(Y407 + Y408) + ℓ409Y410,
τ3(Z) + Z ≡ ℓ401Y404 + (ℓ402 + ℓ403)(Y402 + Y403) + (ℓ405 + ℓ407)(Y405 + Y407),
+(ℓ406 + ℓ408)(Y406 + Y408) + (ℓ409 + ℓ410)(Y409 + Y410),
τ4(Z) + Z ≡ (ℓ401 + ℓ402)(Y401 + Y402) + ℓ403Y407 + (ℓ404 + ℓ405)(Y404 + Y405)
+ℓ406Y408 + ℓ409Y410.
Then, by the relations τj(Z) = Z modulo(A
+
2 P5), j = 1, 2, 3, 4, one gets ℓt = 0, ∀t. This implies
that Z is A2-decomposable.
Note that dimV2 = 186 with the basis {[Yj] : 411 ≤ j ≤ 596}. Then if the polynomial
g =
∑
u∈V2 σu.u, σu ∈ Z/2 such that [g] ∈ V
S5
2 , then by a similar argument as given above, we
obtain g = p modulo(A+2 P5). This completes the proof of the lemma.
Proposition 4.2.3. For ω = (3, 3, 3), we have QP5(ω)GL5 = 〈[q2]ω〉, where
q2 = Y652 + Y653 + Y654 + Y656 + Y657 + Y658 +
∑
661≤t≤666Yt
= x1x62x
3
3x
5
4x
6
5 + x1x
3
2x
6
3x
5
4x
6
5 + x1x
3
2x
5
3x
6
4x
6
5 + x
3
1x2x
5
3x
6
4x
6
5
+x31x
5
2x3x
6
4x
6
5 + x
3
1x
5
2x
6
3x4x
6
5 + x
3
1x
3
2x
5
3x
4
4x
6
5 + x
3
1x
3
2x
4
3x
5
4x
6
5
+x31x
3
2x
5
3x
6
4x
4
5 + x
3
1x
4
2x
3
3x
5
4x
6
5 + x
3
1x
5
2x
3
3x
6
4x
4
5 + x
3
1x
5
2x
6
3x
3
4x
4
5.
Based on the results in Subsection 3.4, we have
dimQP5(ω) = dimQP
0
5 (ω) + dimQP
+
5 (ω) = 60 + 70 = 130.
Consider the following monomials:
Y341 = x73x
7
4x
7
5, Y351 = x2x
6
3x
7
4x
7
5, Y381 = x
3
2x
5
3x
6
4x
7
5,
Y597 = x1x22x
4
3x
7
4x
7
5, Y607 = x1x
6
2x3x
6
4x
7
5, Y617 = x1x
2
2x
5
3x
6
4x
7
5,
Y622 = x1x32x
4
3x
6
4x
7
5, Y642 = x
3
1x
5
2x
2
3x
4
4x
7
5, Y647 = x
3
1x
3
2x
4
3x
4
4x
7
5,
Y652 = x1x62x
3
3x
5
4x
6
5, Y659 = x
3
1x
5
2x
2
3x
5
4x
6
5, Y660 = x
3
1x
5
2x
3
3x
4
4x
6
5.
The following lemma can be easily proved by a direct computation.
Lemma 4.2.4.
i) The following subspaces are S5-submodules of QP5(ω):
〈[S5(Ya)]ω〉, a = 341, 351, 381, 597,V3 := 〈[S5(Y607,Y617,Y622,Y642,Y647)]ω〉,
V4 := 〈[S5(Y652,Y659,Y660)]ω〉.
ii) We have a direct summand decomposition of the S5-modules:
QP5(ω) = 〈[S5(Y341)]ω〉
⊕
〈[S5(Y351)]ω〉
⊕
〈[S5(Y381)]ω〉⊕
〈[S5(Y597)]ω〉
⊕
V3
⊕
V4.
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Lemma 4.2.5.
i) 〈[S5(Ya)]ω〉S5 = 〈[θ(Ya)]ω〉, for a = 341, 351, 381, 597.
ii) 〈[S5(V3)]ω〉S5 = 〈[q1 := Y610 + Y611 + Y613 + Y614 + Y616 +
∑
647≤t≤651Yt]ω〉.
iii) 〈[S5(V4)]ω〉S5 = .〈[q2 := Y652 + Y653 + Y654 + Y656 + Y657 + Y658 +
∑
661≤t≤666Yt]ω〉,
The proof of the lemma is straightforward.
Proof of Proposition 4.2.3. By Lemmas 4.2.4 and 4.2.5, we get
QP5(ω)
S5 = 〈[θ(Y341)]ω, [θ(Y351)]ω, [θ(Y381)]ω, [θ(Y597)]ω, [q1]ω, [q2]ω〉.
Let X be a polynomial in P5(ω) such that [X ]ω ∈ QP5(ω)GL5 . Then, we have
X = v1θ(Y341) + v2θ(Y351) + v3θ(Y381) + v4θ(Y597) + v5q1 + v6q2 modulo(A
+
2 P5 + P
−
5 (ω)),
with vj ∈ Z/2 for 1 ≤ j ≤ 6. We explicitly compute τ5(X) in terms of the admissible monomials
Yt with t = 341, 342, . . . , 400, 597, 598, . . . , 666. By a direct computation, one gets
τ5(X) +X = (v1 + v2)Y342 + (v2 + v4)Y351 + v2Y354 + v3Y383
+v5Y650 + other terms modulo(A
+
2 P5 + P
−
5 (ω)).
Since [X ]ω ∈ QP5(ω)GL5 , vj = 0, 1 ≤ j ≤ 5. The proposition is proved.
Combining Lemmas 4.2.1, 4.2.2 and 4.2.5, one gets the following.
Corollary 4.2.6. dim(Ker(S˜q0∗)(5,21))
S5 = 11.
4.3. Proof of Theorem 1.2
Suppose that [T ] ∈ (QP5)
GL5
21 with T is a polynomial in (P5)21. From Proposition 4.2.3, we have
T = T ∗ + ζ6q2 modulo(A
+
2 P5) with T
∗ ∈ P−5 (ω) and ζ6 ∈ Z/2. By a simple computation, we
see that [q2] ∈ (QP5)
S5
21 . This implies that [T
∗] is an S5-invariant. On the other hand, [P
−
5 (ω)] =
QP5(ω). Hence, by Lemmas 4.2.1 and 4.2.2, we obtain
T ∗ = ζ1θ(Y1) + ζ2θ(Y31) + ζ3θ(Y61) + ζ4θ(Y121) + ζ5p modulo(A
+
2 P5),
where ζi ∈ Z/2. Using Theorem 1.1, we computing τ5(T )+T in terms of the admissible monomials
Yt, 1 ≤ t ≤ 666, we conclude
τ5(T ) + T ≡ (ζ1 + ζ3)Y4 + (ζ2 + ζ4)Y35 + ζ3Y61 + (ζ3 + ζ4)Y107 + ζ5Y153 + other terms .
By the relation τ5(T ) = T modulo(A
+
2 P5), one gets ζi = 0, 1 ≤ i ≤ 5. This shows T =
ζ6q2 modulo(A
+
2 P5). The proof of the theorem is completed.
5. Proof of Theorem 1.3
First of all, we recall the definition of the Singer transfer. Let P˜1 be the submdule of Z/2[x1, x
−1
1 ]
spanned by all powers xii with i ≥ −1. The usual A2-action on P1 = Z/2[x1] is canonically
extended to an A2-action on Z/2[x1, x
−1
1 ]. Then, P˜1 is an A2-submodule of Z/2[x1, x
−1
1 ]. The
inclusion P1 ⊂ P˜1 gives rise to a short exact sequence of A2-module:
0 −→ P1 −→ P˜1 −→
∑−1
Z/2 −→ 0.
Let e1 be the corresponding element in Ext
1
A2(
∑−1
Z/2,P1). Singer set
ed := e1 ⊗ . . .⊗ e1 ∈ Ext
d
A2(
−1∑
Z/2,Pd).
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Then, he defined
Tr∗d : Tor
A2
d (Z/2,
∑−d
Z/2) −→ TorA20 (Z/2,Pd) = QPd
by Tr∗d(z) = ed ∩ z. Its image is a submodule of (QPd)
GLd . The d-th Singer transfer is defined to
be the dual of Tr∗d.
The algebra Ext∗,∗A2(Z/2,Z/2) is described in term of the mod 2 lambda algebra Λ (see Lin [11]).
Recall that Λ is a bigraded differential algebra over Z/2 generated by λj ∈ Λ1,j, j > 0, with the
Adem relations
λjλ2j+1+m =
∑
v≥0
(
m− ν − 1
ν
)
λj+m−νλ2j+1+ν,
for m ≥ 0 and the differential
∂(λs) =
∑
v≥0
(
s− ν − 1
ν + 1
)
λs−ν−1λν, for s > 0
Further, Hs,t(Λ, ∂)  Exts,tA2(Z/2,Z/2). So, the algebra Λ is regarded as the E1-page of the Adams
spectral sequence.
As well known, the dual of Pd = Z/2[x1, . . . , xd] is isomorphic to Γ(a1, . . . , ad), the divided
power algebra generated by a1, . . . , ad, where at is dual to xt ∈ Pd with respect to the basis
of Pd consisting of all monomials in x1, . . . , xd. So, H∗(B(Z/2)×d)  Γ(a1, . . . , ad). The algebra
H∗(B(Z/2)×d) has a rightA2-module structure. The right action ofA2 onH∗(B(Z/2)×d) is given by
(a(s)t )Sq
n =
(s−n
n
)
a
(s−n)
t and Cartan’s formula. In [6], Chơn and Hà have constructed the Z/2-linear
map ψd : H∗(B(Z/2)×d) −→ Λd, which is determined by the following inductive formula:
ψd(a
(I,s)) =
{
λs if d− 1 = ℓ(I) = 0,∑
t≥1 ψd−1(a
ISqt−s)λt if d− 1 = ℓ(I) > 0,
for any a(I,s) = a(n1)1 . . . a
(nd−1)
d−1 a
(s)
d ∈ H∗(B(Z/2)
×d) and I = (n1, n2, . . . , nd−1). This map is a
presentation in the Z/2-lambda algebra of the transfer homomorphism Trd. Note that ψd is not an
A2-homomorphism. Then, we have the homomorphism of algebras
ψ = ⊕d≥1ψd : ⊕d≥1H∗(B(Z/2)
×d) −→ ⊕d≥1Λd = Λ,
which induces the Singer transfer.
Proposition 5.1 (Chơn and Hà [6]). If Z ∈ PA2H∗(B(Z/2)
×d), then ψd(Z) is a cycle in Λ and
Trd([Z]) = [ψd(Z)].
We now are ready to prove Theorem 1.3.
We see that λ3 ∈ Λ1,3, and f0 = λ3λ5λ6λ4 + λ
2
3λ7λ5 + λ7λ5λ2λ
2
3 + λ7λ5λ4λ2 ∈ Λ
4,18 are the
cycles in the lambda algebra Λ. By Lin [11], we have Ext5,26A2 (Z/2,Z/2) = 〈h2f0〉, with h2 =
[λ3] ∈ Ext
1,4
A2(Z/2,Z/2) and f0 = [f0] ∈ Ext
4,22
A2 (Z/2,Z/2). Note that h2f0 = h1g1 with h1 ∈
Ext1,2A2(Z/2,Z/2) and g1 ∈ Ext
4,24
A2
(Z/2,Z/2).
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Consider the element Z ∈ H21(B(Z/2)×5), where
Z = a(3)1 a
(3)
2 a
(5)
3 a
(1)
4 a
(9)
5 + a
(3)
1 a
(3)
2 a
(5)
3 a
(2)
4 a
(8)
5 + a
(3)
1 a
(3)
2 a
(6)
3 a
(1)
4 a
(8)
5 + a
(3)
1 a
(3)
2 a
(6)
3 a
(2)
4 a
(7)
5
+a(3)1 a
(3)
2 a
(5)
3 a
(4)
4 a
(6)
5 + a
(3)
1 a
(3)
2 a
(6)
3 a
(3)
4 a
(6)
5 + a
(3)
1 a
(5)
2 a
(6)
3 a
(1)
4 a
(6)
5 + a
(3)
1 a
(3)
2 a
(5)
3 a
(5)
4 a
(5)
5
+a(3)1 a
(3)
2 a
(6)
3 a
(4)
4 a
(5)
5 + a
(3)
1 a
(5)
2 a
(6)
3 a
(2)
4 a
(5)
5 + a
(3)
1 a
(3)
2 a
(9)
3 a
(1)
4 a
(5)
5 + a
(3)
1 a
(5)
2 a
(7)
3 a
(1)
4 a
(5)
5
+a(3)1 a
(3)
2 a
(9)
3 a
(2)
4 a
(4)
5 + a
(3)
1 a
(5)
2 a
(7)
3 a
(2)
4 a
(4)
5 + a
(3)
1 a
(3)
2 a
(10)
3 a
(1)
4 a
(4)
5 + a
(3)
1 a
(6)
2 a
(7)
3 a
(1)
4 a
(4)
5
+a(3)1 a
(5)
2 a
(6)
3 a
(4)
4 a
(3)
5 + a
(3)
1 a
(6)
2 a
(7)
3 a
(2)
4 a
(3)
5 + a
(3)
1 a
(3)
2 a
(10)
3 a
(2)
4 a
(3)
5 + a
(3)
1 a
(3)
2 a
(11)
3 a
(2)
4 a
(2)
5
+a(3)1 a
(5)
2 a
(9)
3 a
(2)
4 a
(2)
5 + a
(3)
1 a
(6)
2 a
(10)
3 a
(1)
4 a
(1)
5 + a
(3)
1 a
(3)
2 a
(5)
3 a
(9)
4 a
(1)
5 + a
(3)
1 a
(3)
2 a
(5)
3 a
(8)
4 a
(2)
5
+a(3)1 a
(3)
2 a
(6)
3 a
(8)
4 a
(1)
5 + a
(3)
1 a
(3)
2 a
(6)
3 a
(7)
4 a
(2)
5 + a
(3)
1 a
(3)
2 a
(5)
3 a
(6)
4 a
(4)
5 + a
(3)
1 a
(3)
2 a
(6)
3 a
(6)
4 a
(3)
5
+a(3)1 a
(5)
2 a
(6)
3 a
(6)
4 a
(1)
5 + a
(3)
1 a
(3)
2 a
(5)
3 a
(5)
4 a
(5)
5 + a
(3)
1 a
(3)
2 a
(6)
3 a
(5)
4 a
(4)
5 + a
(3)
1 a
(5)
2 a
(6)
3 a
(5)
4 a
(2)
5
+a(3)1 a
(3)
2 a
(9)
3 a
(5)
4 a
(1)
5 + a
(3)
1 a
(5)
2 a
(7)
3 a
(5)
4 a
(1)
5 + a
(3)
1 a
(3)
2 a
(9)
3 a
(4)
4 a
(2)
5 + a
(3)
1 a
(5)
2 a
(7)
3 a
(4)
4 a
(2)
5
+a(3)1 a
(3)
2 a
(10)
3 a
(4)
4 a
(1)
5 + a
(3)
1 a
(6)
2 a
(7)
3 a
(4)
4 a
(1)
5 + a
(3)
1 a
(5)
2 a
(6)
3 a
(3)
4 a
(4)
5 + a
(3)
1 a
(6)
2 a
(7)
3 a
(3)
4 a
(2)
5
+a(3)1 a
(3)
2 a
(10)
3 a
(3)
4 a
(2)
5 + a
(3)
1 a
(3)
2 a
(11)
3 a
(2)
4 a
(2)
5 + a
(3)
1 a
(5)
2 a
(9)
3 a
(2)
4 a
(2)
5 + a
(3)
1 a
(6)
2 a
(10)
3 a
(1)
4 a
(1)
5
+a(3)1 a
(3)
2 a
(12)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(7)
2 a
(8)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(11)
2 a
(4)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(13)
2 a
(2)
3 a
(1)
4 a
(2)
5
+a(3)1 a
(14)
2 a
(1)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(12)
2 a
(3)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(8)
2 a
(7)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(4)
2 a
(11)
3 a
(1)
4 a
(2)
5
+a(3)1 a
(2)
2 a
(13)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(1)
2 a
(14)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(6)
2 a
(6)
3 a
(3)
4 a
(3)
5 + a
(3)
1 a
(5)
2 a
(5)
3 a
(5)
4 a
(3)
5
+a(3)1 a
(3)
2 a
(3)
3 a
(9)
4 a
(3)
5 + a
(3)
1 a
(5)
2 a
(3)
3 a
(7)
4 a
(3)
5 + a
(3)
1 a
(7)
2 a
(7)
3 a
(2)
4 a
(2)
5 + a
(3)
1 a
(6)
2 a
(9)
3 a
(1)
4 a
(2)
5
+a(3)1 a
(9)
2 a
(6)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(10)
2 a
(5)
3 a
(1)
4 a
(2)
5 + a
(3)
1 a
(5)
2 a
(10)
3 a
(2)
4 a
(1)
5 + a
(3)
1 a
(13)
2 a
(3)
3 a
(1)
4 a
(1)
5
+a(3)1 a
(5)
2 a
(11)
3 a
(1)
4 a
(1)
5 + a
(3)
1 a
(9)
2 a
(7)
3 a
(1)
4 a
(1)
5 .
From the proof of Theorem 1.2 (see Sect.4.3), {[q2]} is a basis of (QP5)
GL5
21 . Obviously, 〈Z, q2〉 = 1.
Then, it is easily verified that Z ∈ PA2H21(B(Z/2)
×5). This implies [Z] = ([q2])∗. By a direct
computation, we have the representation in the Z/2-lambda algebra of Tr5:
a(n1,...,n5) 7−→
∑
i, j, h,m, k1+k2+k3+k4=i−n1, ℓ1+ℓ2+ℓ3=j−n2+k4, u1+u2=h−n3+k3+ℓ3
b1.b2.b3.b4.b5,
where
b1 =
(n5−k1
k1
)(n4−k2
k2
)(n3−k3
k3
)(n2−k4
k4
)
;
b2 =
(n5−k1−ℓ1
ℓ1
)(n4−k2−ℓ2
ℓ2
)(n3−k3−ℓ3
ℓ3
)
;
b3 =
(n5−k1−ℓ1−u1
u1
)(n4−k2−ℓ2−u2
u2
)
;
b4 =
(n1+n2+n3+n4+n5−i−j−h−m
m−n4+k2+ℓ2+u2
)
b5 = λi, j, h,m, n1+n2+n3+n4+n5−i−j−h−m,
with the binomial factors (modulo 2).
Using the above presentation, we obtain
Z 7−→ λ3f0 + λ
2
3λ5λ3λ7 = λ3f 0 + ∂(λ
2
3λ5λ11).
Combining this and Proposition 5.1, we see that h2f0 = h1g1 is in the image of Tr5. Now, the
theorem follows from Theorem 1.2.
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6. Appendix
In this section, we describe all the admissible monomials in B5(n) for n = 8, 21, 22, 47. These
monomials are mentioned in Sect.3 and Sect.4. .
6.1. A2-generators for P5 in degree 8
Based on a result in [40], we have B5(8) =
⋃
1≤j≤3 B5(ω˜(j)) and |B5(8)| = 174. Here ω˜(1) =
(2, 1, 1), ω˜(2) = (2, 3), ω˜(3) = (4, 2). By a simple computation, we get
|Φ(B4(ω˜(1))) ∪B(5, ω˜(1))| = 105, |Φ(B4(ω˜(2))) ∪B(5, ω˜(2))| = 24,
|Φ(B4(ω˜(3))) ∪B(5, ω˜(3))| = 45,
where the set B(5, ω˜(j)) is given in Sect.3.4.2. Furthermore,
B5(ω˜(j)) = Φ(B4(ω˜(j))) ∪B(5, ω˜(j)), j = 1, 2, 3.
This implies that Conjecture 3.3.1 is true for d = 5 and in degree 8.
Now, we have B5(8) = {Y8, t : 1 ≤ t ≤ 174}, where the monomials Y8, t : 1 ≤ t ≤ 174, are
determined as follows:
Y8, 1 = x4x75, Y8, 2 = x
7
4x5, Y8, 3 = x3x
7
5, Y8, 4 = x3x
7
4,
Y8, 5 = x73x5, Y8, 6 = x
7
3x4, Y8, 7 = x2x
7
5, Y8, 8 = x2x
7
4,
Y8, 9 = x2x73, Y8, 10 = x
7
2x5, Y8, 11 = x
7
2x4, Y8, 12 = x
7
2x3,
Y8, 13 = x1x75, Y8, 14 = x1x
7
4, Y8, 15 = x1x
7
3, Y8, 16 = x1x
7
2,
Y8, 17 = x71x2, Y8, 18 = x
7
1x3, Y8, 19 = x
7
1x4, Y8, 20 = x
7
1x5,
Y8, 21 = x34x
5
5, Y8, 22 = x
3
3x
5
5, Y8, 23 = x
3
3x
5
4, Y8, 24 = x
3
2x
5
5,
Y8, 25 = x32x
5
4, Y8, 26 = x
3
2x
5
3, Y8, 27 = x
3
1x
5
5, Y8, 28 = x
3
1x
5
4,
Y8, 29 = x31x
5
3, Y8, 30 = x
3
1x
5
2, Y8, 31 = x3x4x
6
5, Y8, 32 = x3x
6
4x5,
Y8, 33 = x2x4x65, Y8, 34 = x2x
6
4x5, Y8, 35 = x2x3x
6
5, Y8, 36 = x2x3x
6
4,
Y8, 37 = x2x63x5, Y8, 38 = x2x
6
3x4, Y8, 39 = x1x4x
6
5, Y8, 40 = x1x3x
6
5,
Y8, 41 = x1x3x64, Y8, 42 = x1x2x
6
5, Y8, 43 = x1x2x
6
4, Y8, 44 = x1x2x
6
3,
Y8, 45 = x1x64x5, Y8, 46 = x1x
6
3x5, Y8, 47 = x1x
6
3x4, Y8, 48 = x1x
6
2x5,
Y8, 49 = x1x62x4, Y8, 50 = x1x
6
2x3, Y8, 51 = x
3
3x4x
4
5, Y8, 52 = x
3
3x
4
4x5,
Y8, 53 = x32x4x
4
5, Y8, 54 = x
3
2x3x
4
5, Y8, 55 = x
3
2x3x
4
4, Y8, 56 = x
3
2x
4
4x5,
Y8, 57 = x32x
4
3x5, Y8, 58 = x
3
2x
4
3x4, Y8, 59 = x
3
1x4x
4
5, Y8, 60 = x
3
1x3x
4
5,
Y8, 61 = x31x3x
4
4, Y8, 62 = x
3
1x
4
4x5, Y8, 63 = x
3
1x
4
3x5, Y8, 64 = x
3
1x
4
3x4,
Y8, 65 = x31x2x
4
5, Y8, 66 = x
3
1x2x
4
4, Y8, 67 = x
3
1x
4
2x5, Y8, 68 = x
3
1x
4
2x4,
Y8, 69 = x31x2x
4
3, Y8, 70 = x
3
1x
4
2x3, Y8, 71 = x3x
2
4x
5
5, Y8, 72 = x2x
2
4x
5
5,
Y8, 73 = x2x23x
5
5, Y8, 74 = x2x
2
3x
5
4, Y8, 75 = x1x
2
4x
5
5, Y8, 76 = x1x
2
3x
5
5,
Y8, 77 = x1x23x
5
4, Y8, 78 = x1x
2
2x
5
5, Y8, 79 = x1x
2
2x
5
4, Y8, 80 = x1x
2
2x
5
3,
Y8, 81 = x3x34x
4
5, Y8, 82 = x2x
3
4x
4
5, Y8, 83 = x2x
3
3x
4
5, Y8, 84 = x2x
3
3x
4
4,
Y8, 85 = x1x34x
4
5, Y8, 86 = x1x
3
3x
4
5, Y8, 87 = x1x
3
3x
4
4, Y8, 88 = x1x
3
2x
4
5,
Y8, 89 = x1x32x
4
4, Y8, 90 = x1x
3
2x
4
3, Y8, 91 = x2x3x
2
4x
4
5, Y8, 92 = x2x
2
3x4x
4
5,
Y8, 93 = x2x23x
4
4x5, Y8, 94 = x1x3x
2
4x
4
5, Y8, 95 = x1x2x
2
4x
4
5, Y8, 96 = x1x2x
2
3x
4
5,
Y8, 97 = x1x2x23x
4
4, Y8, 98 = x1x
2
3x4x
4
5, Y8, 99 = x1x
2
3x
4
4x5, Y8, 100 = x1x
2
2x4x
4
5,
Y8, 101 = x1x22x
4
4x5, Y8, 102 = x1x
2
2x3x
4
5, Y8, 103 = x1x
2
2x3x
4
4, Y8, 104 = x1x
2
2x
4
3x5,
Y8, 105 = x1x22x
4
3x4, Y8, 106 = x2x
2
3x
2
4x
3
5, Y8, 107 = x2x
2
3x
3
4x
2
5, Y8, 108 = x2x
3
3x
2
4x
2
5,
Y8, 109 = x32x3x
2
4x
2
5, Y8, 110 = x1x
2
3x
2
4x
3
5, Y8, 111 = x1x
2
3x
3
4x
2
5, Y8, 112 = x1x
3
3x
2
4x
2
5,
Y8, 113 = x1x22x
2
4x
3
5, Y8, 114 = x1x
2
2x
3
4x
2
5, Y8, 115 = x1x
3
2x
2
4x
2
5, Y8, 116 = x1x
2
2x
2
3x
3
5,
Y8, 117 = x1x22x
3
3x
2
5, Y8, 118 = x1x
3
2x
2
3x
2
5, Y8, 119 = x1x
2
2x
2
3x
3
4, Y8, 120 = x1x
2
2x
3
3x
2
4,
41
Y8,121 = x1x32x
2
3x
2
4, Y8, 122 = x
3
1x3x
2
4x
2
5, Y8, 123 = x
3
1x2x
2
4x
2
5, Y8, 124 = x
3
1x2x
2
3x
2
5,
Y8,125 = x31x2x
2
3x
2
4, Y8, 126 = x1x2x
2
3x
2
4x
2
5, Y8, 127 = x1x
2
2x3x
2
4x
2
5, Y8, 128 = x1x
2
2x
2
3x4x
2
5,
Y8,129 = x1x22x
2
3x
2
4x5, Y8, 130 = x2x3x
3
4x
3
5, Y8, 131 = x2x
3
3x4x
3
5, Y8, 132 = x2x
3
3x
3
4x5,
Y8,133 = x32x3x
3
4x5, Y8, 134 = x
3
2x3x4x
3
5, Y8, 135 = x
3
2x
3
3x4x5, Y8, 136 = x1x3x
3
4x
3
5,
Y8,137 = x1x33x4x
3
5, Y8, 138 = x1x
3
3x
3
4x5, Y8, 139 = x1x2x
3
4x
3
5, Y8, 140 = x1x2x
3
3x
3
5,
Y8,141 = x1x2x33x
3
4, Y8, 142 = x1x
3
2x4x
3
5, Y8, 143 = x1x
3
2x
3
4x5, Y8, 144 = x1x
3
2x3x
3
5,
Y8,145 = x1x32x3x
3
4, Y8, 146 = x1x
3
2x
3
3x5, Y8, 147 = x1x
3
2x
3
3x4, Y8, 148 = x
3
1x3x4x
3
5,
Y8,149 = x31x3x
3
4x5, Y8, 150 = x
3
1x
3
3x4x5, Y8, 151 = x
3
1x2x4x
3
5, Y8, 152 = x
3
1x2x
3
4x5,
Y8,153 = x31x2x3x
3
5, Y8, 154 = x
3
1x2x3x
3
4, Y8, 155 = x
3
1x2x
3
3x5, Y8, 156 = x
3
1x2x
3
3x4,
Y8,157 = x31x
3
2x4x5, Y8, 158 = x
3
1x
3
2x3x5, Y8, 159 = x
3
1x
3
2x3x4, Y8, 160 = x1x2x3x
2
4x
3
5,
Y8,161 = x1x2x3x34x
2
5, Y8, 162 = x1x2x
2
3x4x
3
5, Y8, 163 = x1x2x
2
3x
3
4x5, Y8, 164 = x1x2x
3
3x4x
2
5,
Y8,165 = x1x2x33x
2
4x5, Y8, 166 = x1x
3
2x3x4x
2
5, Y8, 167 = x1x
3
2x3x
2
4x5, Y8, 168 = x1x
3
2x
2
3x4x5,
Y8,169 = x1x22x3x4x
3
5, Y8, 170 = x1x
2
2x3x
3
4x5, Y8, 171 = x1x
2
2x
3
3x4x5, Y8, 172 = x
3
1x2x3x4x
2
5,
Y8,173 = x31x2x3x
2
4x5, Y8, 174 = x
3
1x2x
2
3x4x5.
6.2. A2-generators for P
0
5 in degree 21
Using the results in Sect.3.4.1, we have B05(21) = B
0
5(3, 3, 1, 1)
⋃
B05(3, 3, 3), where B
0
5(3, 3, 1, 1) is
the set of 340 admissible monomials: Y21, t, 1 ≤ t ≤ 340
Y21,1 = x33x
3
4x
15
5 , Y21,2 = x
3
3x
15
4 x
3
5, Y21, 3 = x
15
3 x
3
4x
3
5, Y21, 4 = x
3
2x
3
4x
15
5 ,
Y21,5 = x32x
15
4 x
3
5, Y21,6 = x
3
2x
3
3x
15
5 , Y21, 7 = x
3
2x
3
3x
15
4 , Y21, 8 = x
3
2x
15
3 x
3
5,
Y21,9 = x32x
15
3 x
3
4, Y21,10 = x
15
2 x
3
4x
3
5, Y21, 11 = x
15
2 x
3
3x
3
5, Y21, 12 = x
15
2 x
3
3x
3
4,
Y21,13 = x31x
3
4x
15
5 , Y21,14 = x
3
1x
15
4 x
3
5, Y21, 15 = x
3
1x
3
3x
15
5 , Y21, 16 = x
3
1x
3
3x
15
4 ,
Y21,17 = x31x
15
3 x
3
5, Y21,18 = x
3
1x
15
3 x
3
4, Y21, 19 = x
3
1x
3
2x
15
5 , Y21, 20 = x
3
1x
3
2x
15
4 ,
Y21,21 = x31x
3
2x
15
3 , Y21,22 = x
3
1x
15
2 x
3
5, Y21, 23 = x
3
1x
15
2 x
3
4, Y21, 24 = x
3
1x
15
2 x
3
3,
Y21,25 = x151 x
3
4x
3
5, Y21,26 = x
15
1 x
3
3x
3
5, Y21, 27 = x
15
1 x
3
3x
3
4, Y21, 28 = x
15
1 x
3
2x
3
5,
Y21,29 = x151 x
3
2x
3
4, Y21,30 = x
15
1 x
3
2x
3
3, Y21, 31 = x
3
3x
7
4x
11
5 , Y21, 32 = x
7
3x
3
4x
11
5 ,
Y21,33 = x73x
11
4 x
3
5, Y21,34 = x
3
2x
7
4x
11
5 , Y21, 35 = x
3
2x
7
3x
11
5 , Y21, 36 = x
3
2x
7
3x
11
4 ,
Y21,37 = x72x
3
4x
11
5 , Y21,38 = x
7
2x
11
4 x
3
5, Y21, 39 = x
7
2x
3
3x
11
5 , Y21, 40 = x
7
2x
3
3x
11
4 ,
Y21,41 = x72x
11
3 x
3
5, Y21,42 = x
7
2x
11
3 x
3
4, Y21, 43 = x
3
1x
7
4x
11
5 , Y21, 44 = x
3
1x
7
3x
11
5 ,
Y21,45 = x31x
7
3x
11
4 , Y21,46 = x
3
1x
7
2x
11
5 , Y21, 47 = x
3
1x
7
2x
11
4 , Y21, 48 = x
3
1x
7
2x
11
3 ,
Y21,49 = x71x
3
4x
11
5 , Y21,50 = x
7
1x
11
4 x
3
5, Y21, 51 = x
7
1x
3
3x
11
5 , Y21, 52 = x
7
1x
3
3x
11
4 ,
Y21,53 = x71x
11
3 x
3
5, Y21,54 = x
7
1x
11
3 x
3
4, Y21, 55 = x
7
1x
3
2x
11
5 , Y21, 56 = x
7
1x
3
2x
11
4 ,
Y21,57 = x71x
3
2x
11
3 , Y21,58 = x
7
1x
11
2 x
3
5, Y21, 59 = x
7
1x
11
2 x
3
4, Y21, 60 = x
7
1x
11
2 x
3
3,
Y21,61 = x2x23x
3
4x
15
5 , Y21,62 = x2x
2
3x
15
4 x
3
5, Y21, 63 = x2x
3
3x
2
4x
15
5 , Y21, 64 = x2x
3
3x
15
4 x
2
5,
Y21,65 = x2x153 x
2
4x
3
5, Y21,66 = x2x
15
3 x
3
4x
2
5, Y21, 67 = x
3
2x3x
2
4x
15
5 , Y21, 68 = x
3
2x3x
15
4 x
2
5,
Y21,69 = x32x
15
3 x4x
2
5, Y21,70 = x
15
2 x3x
2
4x
3
5, Y21, 71 = x
15
2 x3x
3
4x
2
5, Y21, 72 = x
15
2 x
3
3x4x
2
5,
Y21,73 = x1x23x
3
4x
15
5 , Y21,74 = x1x
2
3x
15
4 x
3
5, Y21, 75 = x1x
3
3x
2
4x
15
5 , Y21, 76 = x1x
3
3x
15
4 x
2
5,
Y21,77 = x1x153 x
2
4x
3
5, Y21,78 = x1x
15
3 x
3
4x
2
5, Y21, 79 = x1x
2
2x
3
4x
15
5 , Y21, 80 = x1x
2
2x
15
4 x
3
5,
Y21,81 = x1x22x
3
3x
15
5 , Y21,82 = x1x
2
2x
3
3x
15
4 , Y21, 83 = x1x
2
2x
15
3 x
3
5, Y21, 84 = x1x
2
2x
15
3 x
3
4,
Y21,85 = x1x32x
2
4x
15
5 , Y21,86 = x1x
3
2x
15
4 x
2
5, Y21, 87 = x1x
3
2x
2
3x
15
5 , Y21, 88 = x1x
3
2x
2
3x
15
4 ,
Y21,89 = x1x32x
15
3 x
2
5, Y21,90 = x1x
3
2x
15
3 x
2
4, Y21, 91 = x1x
15
2 x
2
4x
3
5, Y21, 92 = x1x
15
2 x
3
4x
2
5,
Y21,93 = x1x152 x
2
3x
3
5, Y21,94 = x1x
15
2 x
2
3x
3
4, Y21, 95 = x1x
15
2 x
3
3x
2
5, Y21, 96 = x1x
15
2 x
3
3x
2
4,
Y21,97 = x31x3x
2
4x
15
5 , Y21,98 = x
3
1x3x
15
4 x
2
5, Y21, 99 = x
3
1x
15
3 x4x
2
5, Y21, 100 = x
3
1x2x
2
4x
15
5 ,
Y21,101 = x31x2x
15
4 x
2
5, Y21,102 = x
3
1x2x
2
3x
15
5 , Y21, 103 = x
3
1x2x
2
3x
15
4 , Y21, 104 = x
3
1x2x
15
3 x
2
5,
Y21,105 = x31x2x
15
3 x
2
4, Y21,106 = x
3
1x
15
2 x4x
2
5, Y21, 107 = x
3
1x
15
2 x3x
2
5, Y21, 108 = x
3
1x
15
2 x3x
2
4,
Y21,109 = x151 x3x
2
4x
3
5, Y21,110 = x
15
1 x3x
3
4x
2
5, Y21, 111 = x
15
1 x
3
3x4x
2
5, Y21, 112 = x
15
1 x2x
2
4x
3
5,
Y21,113 = x151 x2x
3
4x
2
5, Y21,114 = x
15
1 x2x
2
3x
3
5, Y21, 115 = x
15
1 x2x
2
3x
3
4, Y21, 116 = x
15
1 x2x
3
3x
2
5,
Y21,117 = x151 x2x
3
3x
2
4, Y21,118 = x
15
1 x
3
2x4x
2
5, Y21, 119 = x
15
1 x
3
2x3x
2
5, Y21, 120 = x
15
1 x
3
2x3x
2
4,
42
Y21,121 = x2x23x
7
4x
11
5 , Y21,122 = x2x
7
3x
2
4x
11
5 , Y21, 123 = x2x
7
3x
11
4 x
2
5, Y21, 124 = x
7
2x3x
2
4x
11
5 ,
Y21,125 = x72x3x
11
4 x
2
5, Y21,126 = x
7
2x
11
3 x4x
2
5, Y21, 127 = x1x
2
3x
7
4x
11
5 , Y21, 128 = x1x
7
3x
2
4x
11
5 ,
Y21,129 = x1x73x
11
4 x
2
5, Y21,130 = x1x
2
2x
7
4x
11
5 , Y21, 131 = x1x
2
2x
7
3x
11
5 , Y21, 132 = x1x
2
2x
7
3x
11
4 ,
Y21,133 = x1x72x
2
4x
11
5 , Y21,134 = x1x
7
2x
11
4 x
2
5, Y21, 135 = x1x
7
2x
2
3x
11
5 , Y21, 136 = x1x
7
2x
2
3x
11
4 ,
Y21,137 = x1x72x
11
3 x
2
5, Y21,138 = x1x
7
2x
11
3 x
2
4, Y21, 139 = x
7
1x3x
2
4x
11
5 , Y21, 140 = x
7
1x3x
11
4 x
2
5,
Y21,141 = x71x
11
3 x4x
2
5, Y21,142 = x
7
1x2x
2
4x
11
5 , Y21, 143 = x
7
1x2x
11
4 x
2
5, Y21, 144 = x
7
1x2x
2
3x
11
5 ,
Y21,145 = x71x2x
2
3x
11
4 , Y21,146 = x
7
1x2x
11
3 x
2
5, Y21, 147 = x
7
1x2x
11
3 x
2
4, Y21, 148 = x
7
1x
11
2 x4x
2
5,
Y21,149 = x71x
11
2 x3x
2
5, Y21,150 = x
7
1x
11
2 x3x
2
4, Y21, 151 = x2x
3
3x
3
4x
14
5 , Y21, 152 = x2x
3
3x
14
4 x
3
5,
Y21,153 = x2x143 x
3
4x
3
5, Y21,154 = x
3
2x3x
3
4x
14
5 , Y21, 155 = x
3
2x3x
14
4 x
3
5, Y21, 156 = x
3
2x
3
3x4x
14
5 ,
Y21,157 = x1x33x
3
4x
14
5 , Y21,158 = x1x
3
3x
14
4 x
3
5, Y21, 159 = x1x
14
3 x
3
4x
3
5, Y21, 160 = x1x
3
2x
3
4x
14
5 ,
Y21,161 = x1x32x
14
4 x
3
5, Y21,162 = x1x
3
2x
3
3x
14
5 , Y21, 163 = x1x
3
2x
3
3x
14
4 , Y21, 164 = x1x
3
2x
14
3 x
3
5,
Y21,165 = x1x32x
14
3 x
3
4, Y21,166 = x1x
14
2 x
3
4x
3
5, Y21, 167 = x1x
14
2 x
3
3x
3
5, Y21, 168 = x1x
14
2 x
3
3x
3
4,
Y21,169 = x31x3x
3
4x
14
5 , Y21,170 = x
3
1x3x
14
4 x
3
5, Y21, 171 = x
3
1x
3
3x4x
14
5 , Y21, 172 = x
3
1x2x
3
4x
14
5 ,
Y21,173 = x31x2x
14
4 x
3
5, Y21,174 = x
3
1x2x
3
3x
14
5 , Y21, 175 = x
3
1x2x
3
3x
14
4 , Y21, 176 = x
3
1x2x
14
3 x
3
5,
Y21,177 = x31x2x
14
3 x
3
4, Y21,178 = x
3
1x
3
2x4x
14
5 , Y21, 179 = x
3
1x
3
2x3x
14
5 , Y21, 180 = x
3
1x
3
2x3x
14
4 ,
Y21,181 = x2x33x
6
4x
11
5 , Y21,182 = x2x
6
3x
3
4x
11
5 , Y21, 183 = x2x
6
3x
11
4 x
3
5, Y21, 184 = x
3
2x3x
6
4x
11
5 ,
Y21,185 = x1x33x
6
4x
11
5 , Y21,186 = x1x
6
3x
3
4x
11
5 , Y21, 187 = x1x
6
3x
11
4 x
3
5, Y21, 188 = x1x
3
2x
6
4x
11
5 ,
Y21,189 = x1x32x
6
3x
11
5 , Y21,190 = x1x
3
2x
6
3x
11
4 , Y21, 191 = x1x
6
2x
3
4x
11
5 , Y21, 192 = x1x
6
2x
11
4 x
3
5,
Y21,193 = x1x62x
3
3x
11
5 , Y21,194 = x1x
6
2x
3
3x
11
4 , Y21, 195 = x1x
6
2x
11
3 x
3
5, Y21, 196 = x1x
6
2x
11
3 x
3
4,
Y21,197 = x31x3x
6
4x
11
5 , Y21,198 = x
3
1x2x
6
4x
11
5 , Y21, 199 = x
3
1x2x
6
3x
11
5 , Y21, 200 = x
3
1x2x
6
3x
11
4 ,
Y21,201 = x2x33x
7
4x
10
5 , Y21,202 = x2x
7
3x
3
4x
10
5 , Y21, 203 = x2x
7
3x
10
4 x
3
5, Y21, 204 = x
3
2x3x
7
4x
10
5 ,
Y21,205 = x32x
7
3x4x
10
5 , Y21,206 = x
7
2x3x
3
4x
10
5 , Y21, 207 = x
7
2x3x
10
4 x
3
5, Y21, 208 = x
7
2x
3
3x4x
10
5 ,
Y21,209 = x1x33x
7
4x
10
5 , Y21,210 = x1x
7
3x
3
4x
10
5 , Y21, 211 = x1x
7
3x
10
4 x
3
5, Y21, 212 = x1x
3
2x
7
4x
10
5 ,
Y21,213 = x1x32x
7
3x
10
5 , Y21,214 = x1x
3
2x
7
3x
10
4 , Y21, 215 = x1x
7
2x
3
4x
10
5 , Y21, 216 = x1x
7
2x
10
4 x
3
5,
Y21,217 = x1x72x
3
3x
10
5 , Y21,218 = x1x
7
2x
3
3x
10
4 , Y21, 219 = x1x
7
2x
10
3 x
3
5, Y21, 220 = x1x
7
2x
10
3 x
3
4,
Y21,221 = x31x3x
7
4x
10
5 , Y21,222 = x
3
1x
7
3x4x
10
5 , Y21, 223 = x
3
1x2x
7
4x
10
5 , Y21, 224 = x
3
1x2x
7
3x
10
5 ,
Y21,225 = x31x2x
7
3x
10
4 , Y21,226 = x
3
1x
7
2x4x
10
5 , Y21, 227 = x
3
1x
7
2x3x
10
5 , Y21, 228 = x
3
1x
7
2x3x
10
4 ,
Y21,229 = x71x3x
3
4x
10
5 , Y21,230 = x
7
1x3x
10
4 x
3
5, Y21, 231 = x
7
1x
3
3x4x
10
5 , Y21, 232 = x
7
1x2x
3
4x
10
5 ,
Y21,233 = x71x2x
10
4 x
3
5, Y21,234 = x
7
1x2x
3
3x
10
5 , Y21, 235 = x
7
1x2x
3
3x
10
4 , Y21, 236 = x
7
1x2x
10
3 x
3
5,
Y21,237 = x71x2x
10
3 x
3
4, Y21,238 = x
7
1x
3
2x4x
10
5 , Y21, 239 = x
7
1x
3
2x3x
10
5 , Y21, 240 = x
7
1x
3
2x3x
10
4 ,
Y21,241 = x32x
3
3x
13
4 x
2
5, Y21,242 = x
3
2x
13
3 x
2
4x
3
5, Y21, 243 = x
3
2x
13
3 x
3
4x
2
5, Y21, 244 = x
3
1x
3
3x
13
4 x
2
5,
Y21,245 = x31x
13
3 x
2
4x
3
5, Y21,246 = x
3
1x
13
3 x
3
4x
2
5, Y21, 247 = x
3
1x
3
2x
13
4 x
2
5, Y21, 248 = x
3
1x
3
2x
13
3 x
2
5,
Y21,249 = x31x
3
2x
13
3 x
2
4, Y21,250 = x
3
1x
13
2 x
2
4x
3
5, Y21, 251 = x
3
1x
13
2 x
3
4x
2
5, Y21, 252 = x
3
1x
13
2 x
2
3x
3
5,
Y21,253 = x31x
13
2 x
2
3x
3
4, Y21,254 = x
3
1x
13
2 x
3
3x
2
5, Y21, 255 = x
3
1x
13
2 x
3
3x
2
4, Y21, 256 = x
3
2x
5
3x
2
4x
11
5 ,
Y21,257 = x32x
5
3x
11
4 x
2
5, Y21,258 = x
3
1x
5
3x
2
4x
11
5 , Y21, 259 = x
3
1x
5
3x
11
4 x
2
5, Y21, 260 = x
3
1x
5
2x
2
4x
11
5 ,
Y21,261 = x31x
5
2x
11
4 x
2
5, Y21,262 = x
3
1x
5
2x
2
3x
11
5 , Y21, 263 = x
3
1x
5
2x
2
3x
11
4 , Y21, 264 = x
3
1x
5
2x
11
3 x
2
5,
Y21,265 = x31x
5
2x
11
3 x
2
4, Y21,266 = x
3
2x
7
3x
9
4x
2
5, Y21, 267 = x
7
2x
3
3x
9
4x
2
5, Y21, 268 = x
7
2x
9
3x
2
4x
3
5,
Y21,269 = x72x
9
3x
3
4x
2
5, Y21,270 = x
3
1x
7
3x
9
4x
2
5, Y21, 271 = x
3
1x
7
2x
9
4x
2
5, Y21, 272 = x
3
1x
7
2x
9
3x
2
5,
Y21,273 = x31x
7
2x
9
3x
2
4, Y21,274 = x
7
1x
3
3x
9
4x
2
5, Y21, 275 = x
7
1x
9
3x
2
4x
3
5, Y21, 276 = x
7
1x
9
3x
3
4x
2
5,
Y21,277 = x71x
3
2x
9
4x
2
5, Y21,278 = x
7
1x
3
2x
9
3x
2
5, Y21, 279 = x
7
1x
3
2x
9
3x
2
4, Y21, 280 = x
7
1x
9
2x
2
4x
3
5,
Y21,281 = x71x
9
2x
3
4x
2
5, Y21,282 = x
7
1x
9
2x
2
3x
3
5, Y21, 283 = x
7
1x
9
2x
2
3x
3
4, Y21, 284 = x
7
1x
9
2x
3
3x
2
5,
Y21,285 = x71x
9
2x
3
3x
2
4, Y21,286 = x
3
2x
3
3x
3
4x
12
5 , Y21, 287 = x
3
2x
3
3x
12
4 x
3
5, Y21, 288 = x
3
1x
3
3x
3
4x
12
5 ,
Y21,289 = x31x
3
3x
12
4 x
3
5, Y21,290 = x
3
1x
3
2x
3
4x
12
5 , Y21, 291 = x
3
1x
3
2x
12
4 x
3
5, Y21, 292 = x
3
1x
3
2x
3
3x
12
5 ,
Y21,293 = x31x
3
2x
3
3x
12
4 , Y21,294 = x
3
1x
3
2x
12
3 x
3
5, Y21, 295 = x
3
1x
3
2x
12
3 x
3
4, Y21, 296 = x
3
2x
3
3x
4
4x
11
5 ,
Y21,297 = x31x
3
3x
4
4x
11
5 , Y21,298 = x
3
1x
3
2x
4
4x
11
5 , Y21, 299 = x
3
1x
3
2x
4
3x
11
5 , Y21, 300 = x
3
1x
3
2x
4
3x
11
4 ,
Y21,301 = x32x
3
3x
5
4x
10
5 , Y21,302 = x
3
2x
5
3x
3
4x
10
5 , Y21, 303 = x
3
2x
5
3x
10
4 x
3
5, Y21, 304 = x
3
1x
3
3x
5
4x
10
5 ,
Y21,305 = x31x
5
3x
3
4x
10
5 , Y21,306 = x
3
1x
5
3x
10
4 x
3
5, Y21, 307 = x
3
1x
3
2x
5
4x
10
5 , Y21, 308 = x
3
1x
3
2x
5
3x
10
5 ,
Y21,309 = x31x
3
2x
5
3x
10
4 , Y21,310 = x
3
1x
5
2x
3
4x
10
5 , Y21, 311 = x
3
1x
5
2x
10
4 x
3
5, Y21, 312 = x
3
1x
5
2x
3
3x
10
5 ,
Y21,313 = x31x
5
2x
3
3x
10
4 , Y21,314 = x
3
1x
5
2x
10
3 x
3
5, Y21, 315 = x
3
1x
5
2x
10
3 x
3
4, Y21, 316 = x
3
2x
3
3x
7
4x
8
5,
Y21,317 = x32x
7
3x
3
4x
8
5, Y21,318 = x
3
2x
7
3x
8
4x
3
5, Y21, 319 = x
7
2x
3
3x
3
4x
8
5, Y21, 320 = x
7
2x
3
3x
8
4x
3
5,
43
Y21,321 = x31x
3
3x
7
4x
8
5, Y21,322 = x
3
1x
7
3x
3
4x
8
5, Y21, 323 = x
3
1x
7
3x
8
4x
3
5, Y21,324 = x
3
1x
3
2x
7
4x
8
5,
Y21,325 = x31x
3
2x
7
3x
8
5, Y21,326 = x
3
1x
3
2x
7
3x
8
4, Y21, 327 = x
3
1x
7
2x
3
4x
8
5, Y21,328 = x
3
1x
7
2x
8
4x
3
5,
Y21,329 = x31x
7
2x
3
3x
8
5, Y21,330 = x
3
1x
7
2x
3
3x
8
4, Y21, 331 = x
3
1x
7
2x
8
3x
3
5, Y21,332 = x
3
1x
7
2x
8
3x
3
4,
Y21,333 = x71x
3
3x
3
4x
8
5, Y21,334 = x
7
1x
3
3x
8
4x
3
5, Y21, 335 = x
7
1x
3
2x
3
4x
8
5, Y21,336 = x
7
1x
3
2x
8
4x
3
5,
Y21,337 = x71x
3
2x
3
3x
8
5, Y21,338 = x
7
1x
3
2x
3
3x
8
4, Y21, 339 = x
7
1x
3
2x
8
3x
3
5, Y21,340 = x
7
1x
3
2x
8
3x
3
4,
B05(3, 3, 3) is the set of 60 admissible monomials: Y21, t, 341 ≤ t ≤ 400
Y21,341 = x73x
7
4x
7
5, Y21,342 = x
7
2x
7
4x
7
5, Y21, 343 = x
7
2x
7
3x
7
5, Y21,344 = x
7
2x
7
3x
7
4,
Y21,345 = x71x
7
4x
7
5, Y21,346 = x
7
1x
7
3x
7
5, Y21, 347 = x
7
1x
7
3x
7
4, Y21,348 = x
7
1x
7
2x
7
5,
Y21,349 = x71x
7
2x
7
4, Y21,350 = x
7
1x
7
2x
7
3, Y21, 351 = x2x
6
3x
7
4x
7
5, Y21,352 = x2x
7
3x
6
4x
7
5,
Y21,353 = x2x73x
7
4x
6
5, Y21,354 = x
7
2x3x
6
4x
7
5, Y21, 355 = x
7
2x3x
7
4x
6
5, Y21,356 = x
7
2x
7
3x4x
6
5,
Y21,357 = x1x63x
7
4x
7
5, Y21,358 = x1x
7
3x
6
4x
7
5, Y21, 359 = x1x
7
3x
7
4x
6
5, Y21,360 = x1x
6
2x
7
4x
7
5,
Y21,361 = x1x62x
7
3x
7
5, Y21,362 = x1x
6
2x
7
3x
7
4, Y21, 363 = x1x
7
2x
6
4x
7
5, Y21,364 = x1x
7
2x
7
4x
6
5,
Y21,365 = x1x72x
6
3x
7
5, Y21,366 = x1x
7
2x
6
3x
7
4, Y21, 367 = x1x
7
2x
7
3x
6
5, Y21,368 = x1x
7
2x
7
3x
6
4,
Y21,369 = x71x3x
6
4x
7
5, Y21,370 = x
7
1x3x
7
4x
6
5, Y21, 371 = x
7
1x
7
3x4x
6
5, Y21,372 = x
7
1x2x
6
4x
7
5,
Y21,373 = x71x2x
7
4x
6
5, Y21,374 = x
7
1x2x
6
3x
7
5, Y21, 375 = x
7
1x2x
6
3x
7
4, Y21,376 = x
7
1x2x
7
3x
6
5,
Y21,377 = x71x2x
7
3x
6
4, Y21,378 = x
7
1x
7
2x4x
6
5, Y21, 379 = x
7
1x
7
2x3x
6
5, Y21,380 = x
7
1x
7
2x3x
6
4,
Y21,381 = x32x
5
3x
6
4x
7
5, Y21,382 = x
3
2x
5
3x
7
4x
6
5, Y21, 383 = x
3
2x
7
3x
5
4x
6
5, Y21,384 = x
7
2x
3
3x
5
4x
6
5,
Y21,385 = x31x
5
3x
6
4x
7
5, Y21,386 = x
3
1x
5
3x
7
4x
6
5, Y21, 387 = x
3
1x
7
3x
5
4x
6
5, Y21,388 = x
3
1x
5
2x
6
4x
7
5,
Y21,389 = x31x
5
2x
7
4x
6
5, Y21,390 = x
3
1x
5
2x
6
3x
7
5, Y21, 391 = x
3
1x
5
2x
6
3x
7
4, Y21,392 = x
3
1x
5
2x
7
3x
6
5,
Y21,393 = x31x
5
2x
7
3x
6
4, Y21,394 = x
3
1x
7
2x
5
4x
6
5, Y21, 395 = x
3
1x
7
2x
5
3x
6
5, Y21,396 = x
3
1x
7
2x
5
3x
6
4,
Y21,397 = x71x
3
3x
5
4x
6
5, Y21,398 = x
7
1x
3
2x
5
4x
6
5, Y21, 399 = x
7
1x
3
2x
5
3x
6
5, Y21,400 = x
7
1x
3
2x
5
3x
6
4.
6.3. A2-generators for P
+
5 in degree 21
Note that Kameko’s squaring operation S˜q0∗)(5,21) : (QP5)21 → (QP5)8 is an epimorphism of
Z/2GL5-modules. Hence, we have
B5(21) = B
0
5(21)
⋃
ϕ(B5(8))
⋃(
B
+
5 (21)
⋂
Ker((S˜q0∗)(5,21))
)
,
where B05(21) = Φ
0
(B4(21)), |B05(21)| = 400, |ϕ(B5(8))| = 174 with
ϕ : P5 → P5, ϕ(Z) = X(∅,5)Z
2, ∀Z ∈ P5.
Based on the results in Sect.3.4.1, we see that
B
+
5 (21)
⋂
Ker((S˜q0∗)(5,21)) = B
+
5 (3, 3, 1, 1) ∪ B
+
5 (3, 3, 3),
where B+5 (3, 3, 1, 1) is the set of 196 admissible monomials: Y21, t, 401 ≤ t ≤ 596
Y21, 401 = x1x22x3x
2
4x
15
5 , Y21,402 = x1x
2
2x3x
15
4 x
2
5, Y21,403 = x1x
2
2x
15
3 x4x
2
5, Y21,404 = x1x2x
2
3x
2
4x
15
5 ,
Y21, 405 = x1x2x23x
15
4 x
2
5, Y21,406 = x1x
15
2 x
2
3x4x
2
5, Y21,407 = x1x2x
15
3 x
2
4x
2
5, Y21,408 = x1x
15
2 x3x
2
4x
2
5,
Y21, 409 = x151 x2x
2
3x4x
2
5, Y21,410 = x
15
1 x2x3x
2
4x
2
5, Y21,411 = x1x2x
6
3x
3
4x
10
5 , Y21,412 = x1x2x
6
3x
10
4 x
3
5,
Y21, 413 = x1x2x33x
6
4x
10
5 , Y21,414 = x1x
2
2x
3
3x
3
4x
12
5 , Y21,415 = x1x
2
2x
3
3x
12
4 x
3
5, Y21,416 = x1x
2
2x
12
3 x
3
4x
3
5,
Y21, 417 = x31x
3
2x
4
3x
3
4x
8
5, Y21,418 = x
3
1x
3
2x
4
3x
8
4x
3
5, Y21,419 = x
3
1x
3
2x
3
3x
4
4x
8
5, Y21,420 = x1x
2
2x3x
3
4x
14
5 ,
Y21, 421 = x1x22x3x
14
4 x
3
5, Y21,422 = x1x
2
2x
3
3x4x
14
5 , Y21,423 = x1x
14
2 x3x
2
4x
3
5, Y21,424 = x1x
14
2 x3x
3
4x
2
5,
Y21, 425 = x1x142 x
3
3x4x
2
5, Y21,426 = x1x2x
2
3x
3
4x
14
5 , Y21,427 = x1x2x
2
3x
14
4 x
3
5, Y21,428 = x1x2x
14
3 x
2
4x
3
5,
Y21, 429 = x1x2x143 x
3
4x
2
5, Y21,430 = x1x
3
2x
2
3x4x
14
5 , Y21,431 = x1x
3
2x
14
3 x4x
2
5, Y21,432 = x1x2x
3
3x
2
4x
14
5 ,
Y21, 433 = x1x2x33x
14
4 x
2
5, Y21,434 = x1x
3
2x3x
2
4x
14
5 , Y21,435 = x1x
3
2x3x
14
4 x
2
5, Y21,436 = x1x
2
2x3x
6
4x
11
5 ,
Y21, 437 = x1x62x3x
2
4x
11
5 , Y21,438 = x1x
6
2x3x
11
4 x
2
5, Y21,439 = x1x
6
2x
11
3 x4x
2
5, Y21,440 = x1x2x
2
3x
6
4x
11
5 ,
Y21, 441 = x1x2x63x
2
4x
11
5 , Y21,442 = x1x2x
6
3x
11
4 x
2
5, Y21,443 = x1x
2
2x3x
7
4x
10
5 , Y21,444 = x1x
2
2x
7
3x4x
10
5 ,
Y21, 445 = x1x2x23x
7
4x
10
5 , Y21,446 = x1x
7
2x
10
3 x4x
2
5, Y21,447 = x1x
7
2x
2
3x4x
10
5 , Y21,448 = x1x2x
7
3x
10
4 x
2
5,
Y21, 449 = x1x2x73x
2
4x
10
5 , Y21,450 = x1x
7
2x3x
10
4 x
2
5, Y21,451 = x1x
7
2x3x
2
4x
10
5 , Y21,452 = x1x
2
2x
3
3x
13
4 x
2
5,
Y21, 453 = x1x22x
13
3 x
2
4x
3
5, Y21,454 = x1x
2
2x
13
3 x
3
4x
2
5, Y21,455 = x1x
3
2x
2
3x
13
4 x
2
5, Y21,456 = x1x
3
2x
13
3 x
2
4x
2
5,
44
Y21, 457 = x1x22x
5
3x
2
4x
11
5 , Y21,458 = x1x
2
2x
5
3x
11
4 x
2
5, Y21,459 = x1x
2
2x
7
3x
9
4x
2
5, Y21,460 = x1x
7
2x
2
3x
9
4x
2
5,
Y21, 461 = x1x72x
9
3x
2
4x
2
5, Y21,462 = x1x
6
2x3x
3
4x
10
5 , Y21,463 = x1x
6
2x3x
10
4 x
3
5, Y21,464 = x1x
6
2x
3
3x4x
10
5 ,
Y21, 465 = x1x32x
6
3x4x
10
5 , Y21,466 = x1x
3
2x3x
6
4x
10
5 , Y21,467 = x1x
3
2x
12
3 x
2
4x
3
5, Y21,468 = x1x
3
2x
12
3 x
3
4x
2
5,
Y21, 469 = x1x32x
2
3x
3
4x
12
5 , Y21,470 = x1x
3
2x
2
3x
12
4 x
3
5, Y21,471 = x1x
3
2x
3
3x
12
4 x
2
5, Y21,472 = x1x
3
2x
3
3x
2
4x
12
5 ,
Y21, 473 = x1x22x
3
3x
4
4x
11
5 , Y21,474 = x1x
3
2x
4
3x
2
4x
11
5 , Y21,475 = x1x
3
2x
4
3x
11
4 x
2
5, Y21,476 = x1x
3
2x
2
3x
4
4x
11
5 ,
Y21, 477 = x1x22x
4
3x
3
4x
11
5 , Y21,478 = x1x
2
2x
4
3x
11
4 x
3
5, Y21,479 = x1x
2
2x
3
3x
5
4x
10
5 , Y21,480 = x1x
2
2x
5
3x
3
4x
10
5 ,
Y21, 481 = x1x22x
5
3x
10
4 x
3
5, Y21,482 = x1x
3
2x
2
3x
5
4x
10
5 , Y21,483 = x1x
3
2x
5
3x
10
4 x
2
5, Y21,484 = x1x
3
2x
5
3x
2
4x
10
5 ,
Y21, 485 = x1x62x
3
3x
9
4x
2
5, Y21,486 = x1x
6
2x
9
3x
2
4x
3
5, Y21,487 = x1x
6
2x
9
3x
3
4x
2
5, Y21,488 = x1x
3
2x
6
3x
9
4x
2
5,
Y21, 489 = x1x22x
3
3x
7
4x
8
5, Y21,490 = x1x
2
2x
7
3x
3
4x
8
5, Y21,491 = x1x
2
2x
7
3x
8
4x
3
5, Y21,492 = x1x
3
2x
2
3x
7
4x
8
5,
Y21, 493 = x1x72x
8
3x
2
4x
3
5, Y21,494 = x1x
7
2x
8
3x
3
4x
2
5, Y21,495 = x1x
7
2x
2
3x
3
4x
8
5, Y21,496 = x1x
7
2x
2
3x
8
4x
3
5,
Y21, 497 = x1x32x
7
3x
8
4x
2
5, Y21,498 = x1x
3
2x
7
3x
2
4x
8
5, Y21,499 = x1x
7
2x
3
3x
8
4x
2
5, Y21,500 = x1x
7
2x
3
3x
2
4x
8
5,
Y21, 501 = x1x32x
4
3x
3
4x
10
5 , Y21,502 = x1x
3
2x
4
3x
10
4 x
3
5, Y21,503 = x1x
3
2x
3
3x
4
4x
10
5 , Y21,504 = x1x
6
2x
3
3x
3
4x
8
5,
Y21, 505 = x1x62x
3
3x
8
4x
3
5, Y21,506 = x1x
3
2x
6
3x
3
4x
8
5, Y21,507 = x1x
3
2x
6
3x
8
4x
3
5, Y21,508 = x1x
3
2x
3
3x
6
4x
8
5,
Y21, 509 = x31x2x
2
3x4x
14
5 , Y21,510 = x
3
1x2x
14
3 x4x
2
5, Y21,511 = x
3
1x2x3x
2
4x
14
5 , Y21,512 = x
3
1x2x3x
14
4 x
2
5,
Y21, 513 = x31x2x
2
3x
13
4 x
2
5, Y21,514 = x
3
1x2x
13
3 x
2
4x
2
5, Y21,515 = x
3
1x
13
2 x3x
2
4x
2
5, Y21,516 = x
3
1x
13
2 x
2
3x4x
2
5,
Y21, 517 = x31x2x
6
3x4x
10
5 , Y21,518 = x
3
1x2x3x
6
4x
10
5 , Y21,519 = x
3
1x2x
12
3 x
2
4x
3
5, Y21,520 = x
3
1x2x
12
3 x
3
4x
2
5,
Y21, 521 = x31x2x
2
3x
3
4x
12
5 , Y21,522 = x
3
1x2x
2
3x
12
4 x
3
5, Y21,523 = x
3
1x2x
3
3x
12
4 x
2
5, Y21,524 = x
3
1x2x
3
3x
2
4x
12
5 ,
Y21, 525 = x31x
3
2x3x
12
4 x
2
5, Y21,526 = x
3
1x
3
2x3x
2
4x
12
5 , Y21,527 = x
3
1x
3
2x
12
3 x4x
2
5, Y21,528 = x
3
1x
12
2 x3x
2
4x
3
5,
Y21, 529 = x31x
12
2 x3x
3
4x
2
5, Y21,530 = x
3
1x
12
2 x
3
3x4x
2
5, Y21,531 = x
3
1x2x
4
3x
2
4x
11
5 , Y21,532 = x
3
1x2x
4
3x
11
4 x
2
5,
Y21, 533 = x31x2x
2
3x
4
4x
11
5 , Y21,534 = x
3
1x
4
2x3x
2
4x
11
5 , Y21,535 = x
3
1x
4
2x3x
11
4 x
2
5, Y21,536 = x
3
1x
4
2x
11
3 x4x
2
5,
Y21, 537 = x31x2x
2
3x
5
4x
10
5 , Y21,538 = x
3
1x2x
5
3x
10
4 x
2
5, Y21,539 = x
3
1x2x
5
3x
2
4x
10
5 , Y21,540 = x
3
1x
5
2x3x
10
4 x
2
5,
Y21, 541 = x31x
5
2x3x
2
4x
10
5 , Y21,542 = x
3
1x
5
2x
2
3x4x
10
5 , Y21,543 = x
3
1x
5
2x
10
3 x4x
2
5, Y21,544 = x
3
1x2x
6
3x
9
4x
2
5,
Y21, 545 = x31x2x
2
3x
7
4x
8
5, Y21,546 = x
3
1x2x
7
3x
8
4x
2
5, Y21,547 = x
3
1x2x
7
3x
2
4x
8
5, Y21,548 = x
3
1x
7
2x3x
8
4x
2
5,
Y21, 549 = x31x
7
2x3x
2
4x
8
5, Y21,550 = x
3
1x
7
2x
8
3x4x
2
5, Y21,551 = x
3
1x2x
4
3x
3
4x
10
5 , Y21,552 = x
3
1x2x
4
3x
10
4 x
3
5,
Y21, 553 = x31x2x
3
3x
4
4x
10
5 , Y21,554 = x
3
1x
3
2x3x
4
4x
10
5 , Y21,555 = x
3
1x
3
2x
4
3x4x
10
5 , Y21,556 = x
3
1x
4
2x3x
3
4x
10
5 ,
Y21, 557 = x31x
4
2x3x
10
4 x
3
5, Y21,558 = x
3
1x
4
2x
3
3x4x
10
5 , Y21,559 = x
3
1x2x
6
3x
3
4x
8
5, Y21,560 = x
3
1x2x
6
3x
8
4x
3
5,
Y21, 561 = x31x2x
3
3x
6
4x
8
5, Y21,562 = x
3
1x
3
2x3x
6
4x
8
5, Y21,563 = x
3
1x
5
2x
2
3x
9
4x
2
5, Y21,564 = x
3
1x
5
2x
9
3x
2
4x
2
5,
Y21, 565 = x31x
3
2x
4
3x
9
4x
2
5, Y21,566 = x
3
1x
4
2x
3
3x
9
4x
2
5, Y21,567 = x
3
1x
4
2x
9
3x
2
4x
3
5, Y21,568 = x
3
1x
4
2x
9
3x
3
4x
2
5,
Y21, 569 = x31x
5
2x
8
3x
2
4x
3
5, Y21,570 = x
3
1x
5
2x
8
3x
3
4x
2
5, Y21,571 = x
3
1x
5
2x
2
3x
3
4x
8
5, Y21,572 = x
3
1x
5
2x
2
3x
8
4x
3
5,
Y21, 573 = x31x
5
2x
3
3x
8
4x
2
5, Y21,574 = x
3
1x
5
2x
3
3x
2
4x
8
5, Y21,575 = x
3
1x
3
2x
5
3x
8
4x
2
5, Y21,576 = x
3
1x
3
2x
5
3x
2
4x
8
5,
Y21, 577 = x71x2x
10
3 x4x
2
5, Y21,578 = x
7
1x2x
2
3x4x
10
5 , Y21,579 = x
7
1x2x3x
10
4 x
2
5, Y21,580 = x
7
1x2x3x
2
4x
10
5 ,
Y21, 581 = x71x2x
2
3x
9
4x
2
5, Y21,582 = x
7
1x2x
9
3x
2
4x
2
5, Y21,583 = x
7
1x
9
2x3x
2
4x
2
5, Y21,584 = x
7
1x
9
2x
2
3x4x
2
5,
Y21, 585 = x71x2x
8
3x
2
4x
3
5, Y21,586 = x
7
1x2x
8
3x
3
4x
2
5, Y21,587 = x
7
1x2x
2
3x
3
4x
8
5, Y21,588 = x
7
1x2x
2
3x
8
4x
3
5,
Y21, 589 = x71x2x
3
3x
8
4x
2
5, Y21,590 = x
7
1x2x
3
3x
2
4x
8
5, Y21,591 = x
7
1x
3
2x3x
8
4x
2
5, Y21,592 = x
7
1x
3
2x3x
2
4x
8
5,
Y21, 593 = x71x
3
2x
8
3x4x
2
5, Y21,594 = x
7
1x
8
2x3x
2
4x
3
5, Y21,595 = x
7
1x
8
2x3x
3
4x
2
5, Y21,596 = x
7
1x
8
2x
3
3x4x
2
5,
B
+
5 (3, 3, 3) is the set of 70 admissible monomials: Y21, t, 597 ≤ t ≤ 666
Y21,597 = x1x22x
4
3x
7
4x
7
5, Y21,598 = x1x
2
2x
7
3x
4
4x
7
5, Y21, 599 = x1x
2
2x
7
3x
7
4x
4
5, Y21, 600 = x1x
7
2x
2
3x
4
4x
7
5,
Y21,601 = x1x72x
2
3x
7
4x
4
5, Y21,602 = x1x
7
2x
7
3x
2
4x
4
5, Y21, 603 = x
7
1x2x
2
3x
4
4x
7
5, Y21, 604 = x
7
1x2x
2
3x
7
4x
4
5,
Y21,605 = x71x2x
7
3x
2
4x
4
5, Y21,606 = x
7
1x
7
2x3x
2
4x
4
5, Y21, 607 = x1x
6
2x3x
6
4x
7
5, Y21, 608 = x1x
6
2x3x
7
4x
6
5,
Y21,609 = x1x62x
7
3x4x
6
5, Y21,610 = x1x2x
6
3x
6
4x
7
5, Y21, 611 = x1x2x
6
3x
7
4x
6
5, Y21, 612 = x1x
7
2x
6
3x4x
6
5,
Y21,613 = x1x2x73x
6
4x
6
5, Y21,614 = x1x
7
2x3x
6
4x
6
5, Y21, 615 = x
7
1x2x
6
3x4x
6
5, Y21, 616 = x
7
1x2x3x
6
4x
6
5,
Y21,617 = x1x22x
5
3x
6
4x
7
5, Y21,618 = x1x
2
2x
5
3x
7
4x
6
5, Y21, 619 = x1x
2
2x
7
3x
5
4x
6
5, Y21, 620 = x1x
7
2x
2
3x
5
4x
6
5,
Y21,621 = x71x2x
2
3x
5
4x
6
5, Y21,622 = x1x
3
2x
4
3x
6
4x
7
5, Y21, 623 = x1x
3
2x
4
3x
7
4x
6
5, Y21, 624 = x1x
3
2x
7
3x
4
4x
6
5,
Y21,625 = x1x72x
3
3x
4
4x
6
5, Y21,626 = x
3
1x2x
4
3x
6
4x
7
5, Y21, 627 = x
3
1x2x
4
3x
7
4x
6
5, Y21, 628 = x
3
1x2x
7
3x
4
4x
6
5,
Y21,629 = x31x
7
2x3x
4
4x
6
5, Y21,630 = x
7
1x2x
3
3x
4
4x
6
5, Y21, 631 = x
7
1x
3
2x3x
4
4x
6
5, Y21, 632 = x1x
3
2x
6
3x
4
4x
7
5,
Y21,633 = x1x32x
6
3x
7
4x
4
5, Y21,634 = x1x
3
2x
7
3x
6
4x
4
5, Y21, 635 = x1x
7
2x
3
3x
6
4x
4
5, Y21, 636 = x
3
1x2x
6
3x
4
4x
7
5,
Y21,637 = x31x2x
6
3x
7
4x
4
5, Y21,638 = x
3
1x2x
7
3x
6
4x
4
5, Y21, 639 = x
3
1x
7
2x3x
6
4x
4
5, Y21, 640 = x
7
1x2x
3
3x
6
4x
4
5,
Y21,641 = x71x
3
2x3x
6
4x
4
5, Y21,642 = x
3
1x
5
2x
2
3x
4
4x
7
5, Y21, 643 = x
3
1x
5
2x
2
3x
7
4x
4
5, Y21, 644 = x
3
1x
5
2x
7
3x
2
4x
4
5,
45
Y21,645 = x31x
7
2x
5
3x
2
4x
4
5, Y21,646 = x
7
1x
3
2x
5
3x
2
4x
4
5, Y21, 647 = x
3
1x
3
2x
4
3x
4
4x
7
5, Y21, 648 = x
3
1x
3
2x
4
3x
7
4x
4
5,
Y21,649 = x31x
3
2x
7
3x
4
4x
4
5, Y21,650 = x
3
1x
7
2x
3
3x
4
4x
4
5, Y21, 651 = x
7
1x
3
2x
3
3x
4
4x
4
5, Y21, 652 = x1x
6
2x
3
3x
5
4x
6
5,
Y21,653 = x1x32x
6
3x
5
4x
6
5, Y21,654 = x1x
3
2x
5
3x
6
4x
6
5, Y21, 655 = x
3
1x2x
6
3x
5
4x
6
5, Y21, 656 = x
3
1x2x
5
3x
6
4x
6
5,
Y21,657 = x31x
5
2x3x
6
4x
6
5, Y21,658 = x
3
1x
5
2x
6
3x4x
6
5, Y21, 659 = x
3
1x
5
2x
2
3x
5
4x
6
5, Y21, 660 = x
3
1x
5
2x
3
3x
4
4x
6
5,
Y21,661 = x31x
3
2x
5
3x
4
4x
6
5, Y21,662 = x
3
1x
3
2x
4
3x
5
4x
6
5, Y21, 663 = x
3
1x
3
2x
5
3x
6
4x
4
5, Y21, 664 = x
3
1x
4
2x
3
3x
5
4x
6
5,
Y21,665 = x31x
5
2x
3
3x
6
4x
4
5, Y21,666 = x
3
1x
5
2x
6
3x
3
4x
4
5.
6.4. A2-generators for P
0
5 in degree 22
According to the results in Sect.3.4.2, we have
B
0
5(22) = Φ
0
(B4(ω(1))
⋃
Φ
0
(B4(ω(4))
⋃
Φ
0
(B4(ω(5)) = {Y22, t : 1 ≤ t ≤ 460},
where ω(1) = (2, 2, 2, 1), ω(4) = (4, 3, 1, 1), ω(5) = (4, 3, 3), and the monomials Y22, t : 1 ≤ t ≤ 460,
are determined as follows:
Y22,1 = x74x
15
5 , Y22,2 = x
15
4 x
7
5, Y22, 3 = x
7
3x
15
5 , Y22, 4 = x
7
3x
15
4 ,
Y22,5 = x153 x
7
5, Y22,6 = x
15
3 x
7
4, Y22, 7 = x
7
2x
15
5 , Y22, 8 = x
7
2x
15
4 ,
Y22,9 = x72x
15
3 , Y22,10 = x
15
2 x
7
5, Y22, 11 = x
15
2 x
7
4, Y22, 12 = x
15
2 x
7
3,
Y22,13 = x71x
15
5 , Y22,14 = x
7
1x
15
4 , Y22, 15 = x
7
1x
15
3 , Y22, 16 = x
7
1x
15
2 ,
Y22,17 = x151 x
7
5, Y22,18 = x
15
1 x
7
4, Y22, 19 = x
15
1 x
7
3, Y22, 20 = x
15
1 x
7
2,
Y22,21 = x3x64x
15
5 , Y22,22 = x3x
15
4 x
6
5, Y22, 23 = x
15
3 x4x
6
5, Y22, 24 = x2x
6
4x
15
5 ,
Y22,25 = x2x154 x
6
5, Y22,26 = x2x
6
3x
15
5 , Y22, 27 = x2x
6
3x
15
4 , Y22, 28 = x2x
15
3 x
6
5,
Y22,29 = x2x153 x
6
4, Y22,30 = x
15
2 x4x
6
5, Y22, 31 = x
15
2 x3x
6
5, Y22, 32 = x
15
2 x3x
6
4,
Y22,33 = x1x64x
15
5 , Y22,34 = x1x
15
4 x
6
5, Y22, 35 = x1x
6
3x
15
5 , Y22, 36 = x1x
6
3x
15
4 ,
Y22,37 = x1x153 x
6
5, Y22,38 = x1x
15
3 x
6
4, Y22, 39 = x1x
6
2x
15
5 , Y22, 40 = x1x
6
2x
15
4 ,
Y22,41 = x1x62x
15
3 , Y22,42 = x1x
15
2 x
6
5, Y22, 43 = x1x
15
2 x
6
4, Y22, 44 = x1x
15
2 x
6
3,
Y22,45 = x151 x4x
6
5, Y22,46 = x
15
1 x3x
6
5, Y22, 47 = x
15
1 x3x
6
4, Y22, 48 = x
15
1 x2x
6
5,
Y22,49 = x151 x2x
6
4, Y22,50 = x
15
1 x2x
6
3, Y22, 51 = x3x
7
4x
14
5 , Y22, 52 = x3x
14
4 x
7
5,
Y22,53 = x73x4x
14
5 , Y22,54 = x2x
7
4x
14
5 , Y22, 55 = x2x
14
4 x
7
5, Y22, 56 = x2x
7
3x
14
5 ,
Y22,57 = x2x73x
14
4 , Y22,58 = x2x
14
3 x
7
5, Y22, 59 = x2x
14
3 x
7
4, Y22, 60 = x
7
2x4x
14
5 ,
Y22,61 = x72x3x
14
5 , Y22,62 = x
7
2x3x
14
4 , Y22, 63 = x1x
7
4x
14
5 , Y22, 64 = x1x
14
4 x
7
5,
Y22,65 = x1x73x
14
5 , Y22,66 = x1x
7
3x
14
4 , Y22, 67 = x1x
14
3 x
7
5, Y22, 68 = x1x
14
3 x
7
4,
Y22,69 = x1x72x
14
5 , Y22,70 = x1x
7
2x
14
4 , Y22, 71 = x1x
7
2x
14
3 , Y22, 72 = x1x
14
2 x
7
5,
Y22,73 = x1x142 x
7
4, Y22,74 = x1x
14
2 x
7
3, Y22, 75 = x
7
1x4x
14
5 , Y22, 76 = x
7
1x3x
14
5 ,
Y22,77 = x71x3x
14
4 , Y22,78 = x
7
1x2x
14
5 , Y22, 79 = x
7
1x2x
14
4 , Y22, 80 = x
7
1x2x
14
3 ,
Y22,81 = x33x
5
4x
14
5 , Y22,82 = x
3
2x
5
4x
14
5 , Y22, 83 = x
3
2x
5
3x
14
5 , Y22, 84 = x
3
2x
5
3x
14
4 ,
Y22,85 = x31x
5
4x
14
5 , Y22,86 = x
3
1x
5
3x
14
5 , Y22, 87 = x
3
1x
5
3x
14
4 , Y22, 88 = x
3
1x
5
2x
14
5 ,
Y22,89 = x31x
5
2x
14
4 , Y22,90 = x
3
1x
5
2x
14
3 , Y22, 91 = x
3
3x
13
4 x
6
5, Y22, 92 = x
3
2x
13
4 x
6
5,
Y22,93 = x32x
13
3 x
6
5, Y22,94 = x
3
2x
13
3 x
6
4, Y22, 95 = x
3
1x
13
4 x
6
5, Y22, 96 = x
3
1x
13
3 x
6
5,
Y22,97 = x31x
13
3 x
6
4, Y22,98 = x
3
1x
13
2 x
6
5, Y22, 99 = x
3
1x
13
2 x
6
4, Y22, 100 = x
3
1x
13
2 x
6
3,
Y22,101 = x2x3x64x
14
5 , Y22,102 = x2x3x
14
4 x
6
5, Y22, 103 = x2x
6
3x4x
14
5 , Y22, 104 = x2x
14
3 x4x
6
5,
Y22,105 = x1x3x64x
14
5 , Y22,106 = x1x3x
14
4 x
6
5, Y22, 107 = x1x
6
3x4x
14
5 , Y22, 108 = x1x
14
3 x4x
6
5,
Y22,109 = x1x2x64x
14
5 , Y22,110 = x1x2x
14
4 x
6
5, Y22, 111 = x1x2x
6
3x
14
5 , Y22, 112 = x1x2x
6
3x
14
4 ,
Y22,113 = x1x2x143 x
6
5, Y22,114 = x1x2x
14
3 x
6
4, Y22, 115 = x1x
6
2x4x
14
5 , Y22, 116 = x1x
6
2x3x
14
5 ,
Y22,117 = x1x62x3x
14
4 , Y22,118 = x1x
14
2 x4x
6
5, Y22, 119 = x1x
14
2 x3x
6
5, Y22, 120 = x1x
14
2 x3x
6
4,
Y22,121 = x2x23x
4
4x
15
5 , Y22,122 = x2x
2
3x
15
4 x
4
5, Y22, 123 = x2x
15
3 x
2
4x
4
5, Y22, 124 = x
15
2 x3x
2
4x
4
5,
Y22,125 = x1x23x
4
4x
15
5 , Y22,126 = x1x
2
3x
15
4 x
4
5, Y22, 127 = x1x
15
3 x
2
4x
4
5, Y22, 128 = x1x
2
2x
4
4x
15
5 ,
Y22,129 = x1x22x
15
4 x
4
5, Y22,130 = x1x
2
2x
4
3x
15
5 , Y22, 131 = x1x
2
2x
4
3x
15
4 , Y22, 132 = x1x
2
2x
15
3 x
4
5,
46
Y22,133 = x1x22x
15
3 x
4
4, Y22,134 = x1x
15
2 x
2
4x
4
5, Y22, 135 = x1x
15
2 x
2
3x
4
5, Y22, 136 = x1x
15
2 x
2
3x
4
4,
Y22,137 = x151 x3x
2
4x
4
5, Y22,138 = x
15
1 x2x
2
4x
4
5, Y22, 139 = x
15
1 x2x
2
3x
4
5, Y22, 140 = x
15
1 x2x
2
3x
4
4,
Y22,141 = x2x23x
5
4x
14
5 , Y22,142 = x1x
2
3x
5
4x
14
5 , Y22, 143 = x1x
2
2x
5
4x
14
5 , Y22, 144 = x1x
2
2x
5
3x
14
5 ,
Y22,145 = x1x22x
5
3x
14
4 , Y22,146 = x2x
2
3x
13
4 x
6
5, Y22, 147 = x1x
2
3x
13
4 x
6
5, Y22, 148 = x1x
2
2x
13
4 x
6
5,
Y22,149 = x1x22x
13
3 x
6
5, Y22,150 = x1x
2
2x
13
3 x
6
4, Y22, 151 = x2x
2
3x
7
4x
12
5 , Y22, 152 = x2x
2
3x
12
4 x
7
5,
Y22,153 = x2x73x
2
4x
12
5 , Y22,154 = x
7
2x3x
2
4x
12
5 , Y22, 155 = x1x
2
3x
7
4x
12
5 , Y22, 156 = x1x
2
3x
12
4 x
7
5,
Y22,157 = x1x73x
2
4x
12
5 , Y22,158 = x1x
2
2x
7
4x
12
5 , Y22, 159 = x1x
2
2x
12
4 x
7
5, Y22, 160 = x1x
2
2x
7
3x
12
5 ,
Y22,161 = x1x22x
7
3x
12
4 , Y22,162 = x1x
2
2x
12
3 x
7
5, Y22, 163 = x1x
2
2x
12
3 x
7
4, Y22, 164 = x1x
7
2x
2
4x
12
5 ,
Y22,165 = x1x72x
2
3x
12
5 , Y22,166 = x1x
7
2x
2
3x
12
4 , Y22, 167 = x
7
1x3x
2
4x
12
5 , Y22, 168 = x
7
1x2x
2
4x
12
5 ,
Y22,169 = x71x2x
2
3x
12
5 , Y22,170 = x
7
1x2x
2
3x
12
4 , Y22, 171 = x2x
3
3x
3
4x
15
5 , Y22, 172 = x2x
3
3x
15
4 x
3
5,
Y22,173 = x2x153 x
3
4x
3
5, Y22,174 = x
3
2x3x
3
4x
15
5 , Y22, 175 = x
3
2x3x
15
4 x
3
5, Y22, 176 = x
3
2x
3
3x4x
15
5 ,
Y22,177 = x32x
3
3x
15
4 x5, Y22,178 = x
3
2x
15
3 x4x
3
5, Y22, 179 = x
3
2x
15
3 x
3
4x5, Y22, 180 = x
15
2 x3x
3
4x
3
5,
Y22,181 = x152 x
3
3x4x
3
5, Y22,182 = x
15
2 x
3
3x
3
4x5, Y22, 183 = x1x
3
3x
3
4x
15
5 , Y22, 184 = x1x
3
3x
15
4 x
3
5,
Y22,185 = x1x153 x
3
4x
3
5, Y22,186 = x1x
3
2x
3
4x
15
5 , Y22, 187 = x1x
3
2x
15
4 x
3
5, Y22, 188 = x1x
3
2x
3
3x
15
5 ,
Y22,189 = x1x32x
3
3x
15
4 , Y22,190 = x1x
3
2x
15
3 x
3
5, Y22, 191 = x1x
3
2x
15
3 x
3
4, Y22, 192 = x1x
15
2 x
3
4x
3
5,
Y22,193 = x1x152 x
3
3x
3
5, Y22,194 = x1x
15
2 x
3
3x
3
4, Y22, 195 = x
3
1x3x
3
4x
15
5 , Y22, 196 = x
3
1x3x
15
4 x
3
5,
Y22,197 = x31x
3
3x4x
15
5 , Y22,198 = x
3
1x
3
3x
15
4 x5, Y22, 199 = x
3
1x
15
3 x4x
3
5, Y22, 200 = x
3
1x
15
3 x
3
4x5,
Y22,201 = x31x2x
3
4x
15
5 , Y22,202 = x
3
1x2x
15
4 x
3
5, Y22, 203 = x
3
1x2x
3
3x
15
5 , Y22, 204 = x
3
1x2x
3
3x
15
4 ,
Y22,205 = x31x2x
15
3 x
3
5, Y22,206 = x
3
1x2x
15
3 x
3
4, Y22, 207 = x
3
1x
3
2x4x
15
5 , Y22, 208 = x
3
1x
3
2x
15
4 x5,
Y22,209 = x31x
3
2x3x
15
5 , Y22,210 = x
3
1x
3
2x3x
15
4 , Y22, 211 = x
3
1x
3
2x
15
3 x5, Y22, 212 = x
3
1x
3
2x
15
3 x4,
Y22,213 = x31x
15
2 x4x
3
5, Y22,214 = x
3
1x
15
2 x
3
4x5, Y22, 215 = x
3
1x
15
2 x3x
3
5, Y22, 216 = x
3
1x
15
2 x3x
3
4,
Y22,217 = x31x
15
2 x
3
3x5, Y22,218 = x
3
1x
15
2 x
3
3x4, Y22, 219 = x
15
1 x3x
3
4x
3
5, Y22, 220 = x
15
1 x
3
3x4x
3
5,
Y22,221 = x151 x
3
3x
3
4x5, Y22,222 = x
15
1 x2x
3
4x
3
5, Y22, 223 = x
15
1 x2x
3
3x
3
5, Y22, 224 = x
15
1 x2x
3
3x
3
4,
Y22,225 = x151 x
3
2x4x
3
5, Y22,226 = x
15
1 x
3
2x
3
4x5, Y22, 227 = x
15
1 x
3
2x3x
3
5, Y22, 228 = x
15
1 x
3
2x3x
3
4,
Y22,229 = x151 x
3
2x
3
3x5, Y22,230 = x
15
1 x
3
2x
3
3x4, Y22, 231 = x2x
3
3x
4
4x
14
5 , Y22, 232 = x2x
3
3x
14
4 x
4
5,
Y22,233 = x32x3x
4
4x
14
5 , Y22,234 = x
3
2x3x
14
4 x
4
5, Y22, 235 = x1x
3
3x
4
4x
14
5 , Y22, 236 = x1x
3
3x
14
4 x
4
5,
Y22,237 = x1x32x
4
4x
14
5 , Y22,238 = x1x
3
2x
14
4 x
4
5, Y22, 239 = x1x
3
2x
4
3x
14
5 , Y22, 240 = x1x
3
2x
4
3x
14
4 ,
Y22,241 = x1x32x
14
3 x
4
5, Y22,242 = x1x
3
2x
14
3 x
4
4, Y22, 243 = x
3
1x3x
4
4x
14
5 , Y22, 244 = x
3
1x3x
14
4 x
4
5,
Y22,245 = x31x2x
4
4x
14
5 , Y22,246 = x
3
1x2x
14
4 x
4
5, Y22, 247 = x
3
1x2x
4
3x
14
5 , Y22, 248 = x
3
1x2x
4
3x
14
4 ,
Y22,249 = x31x2x
14
3 x
4
5, Y22,250 = x
3
1x2x
14
3 x
4
4, Y22, 251 = x2x
3
3x
6
4x
12
5 , Y22, 252 = x2x
3
3x
12
4 x
6
5,
Y22,253 = x32x3x
6
4x
12
5 , Y22,254 = x
3
2x3x
12
4 x
6
5, Y22, 255 = x1x
3
3x
6
4x
12
5 , Y22, 256 = x1x
3
3x
12
4 x
6
5,
Y22,257 = x1x32x
6
4x
12
5 , Y22,258 = x1x
3
2x
12
4 x
6
5, Y22, 259 = x1x
3
2x
6
3x
12
5 , Y22, 260 = x1x
3
2x
6
3x
12
4 ,
Y22,261 = x1x32x
12
3 x
6
5, Y22,262 = x1x
3
2x
12
3 x
6
4, Y22, 263 = x
3
1x3x
6
4x
12
5 , Y22, 264 = x
3
1x3x
12
4 x
6
5,
Y22,265 = x31x2x
6
4x
12
5 , Y22,266 = x
3
1x2x
12
4 x
6
5, Y22, 267 = x
3
1x2x
6
3x
12
5 , Y22, 268 = x
3
1x2x
6
3x
12
4 ,
Y22,269 = x31x2x
12
3 x
6
5, Y22,270 = x
3
1x2x
12
3 x
6
4, Y22, 271 = x2x
3
3x
7
4x
11
5 , Y22, 272 = x2x
7
3x
3
4x
11
5 ,
Y22,273 = x2x73x
11
4 x
3
5, Y22,274 = x
3
2x3x
7
4x
11
5 , Y22, 275 = x
3
2x
7
3x4x
11
5 , Y22, 276 = x
3
2x
7
3x
11
4 x5,
Y22,277 = x72x3x
3
4x
11
5 , Y22,278 = x
7
2x3x
11
4 x
3
5, Y22, 279 = x
7
2x
3
3x4x
11
5 , Y22, 280 = x
7
2x
3
3x
11
4 x5,
Y22,281 = x72x
11
3 x4x
3
5, Y22,282 = x
7
2x
11
3 x
3
4x5, Y22, 283 = x1x
3
3x
7
4x
11
5 , Y22, 284 = x1x
7
3x
3
4x
11
5 ,
Y22,285 = x1x73x
11
4 x
3
5, Y22,286 = x1x
3
2x
7
4x
11
5 , Y22, 287 = x1x
3
2x
7
3x
11
5 , Y22, 288 = x1x
3
2x
7
3x
11
4 ,
Y22,289 = x1x72x
3
4x
11
5 , Y22,290 = x1x
7
2x
11
4 x
3
5, Y22, 291 = x1x
7
2x
3
3x
11
5 , Y22, 292 = x1x
7
2x
3
3x
11
4 ,
Y22,293 = x1x72x
11
3 x
3
5, Y22,294 = x1x
7
2x
11
3 x
3
4, Y22, 295 = x
3
1x3x
7
4x
11
5 , Y22, 296 = x
3
1x
7
3x4x
11
5 ,
Y22,297 = x31x
7
3x
11
4 x5, Y22,298 = x
3
1x2x
7
4x
11
5 , Y22, 299 = x
3
1x2x
7
3x
11
5 , Y22, 300 = x
3
1x2x
7
3x
11
4 ,
Y22,301 = x31x
7
2x4x
11
5 , Y22,302 = x
3
1x
7
2x
11
4 x5, Y22, 303 = x
3
1x
7
2x3x
11
5 , Y22, 304 = x
3
1x
7
2x3x
11
4 ,
Y22,305 = x31x
7
2x
11
3 x5, Y22,306 = x
3
1x
7
2x
11
3 x4, Y22, 307 = x
7
1x3x
3
4x
11
5 , Y22, 308 = x
7
1x3x
11
4 x
3
5,
Y22,309 = x71x
3
3x4x
11
5 , Y22,310 = x
7
1x
3
3x
11
4 x5, Y22, 311 = x
7
1x
11
3 x4x
3
5, Y22, 312 = x
7
1x
11
3 x
3
4x5,
Y22,313 = x71x2x
3
4x
11
5 , Y22,314 = x
7
1x2x
11
4 x
3
5, Y22, 315 = x
7
1x2x
3
3x
11
5 , Y22, 316 = x
7
1x2x
3
3x
11
4 ,
Y22,317 = x71x2x
11
3 x
3
5, Y22,318 = x
7
1x2x
11
3 x
3
4, Y22, 319 = x
7
1x
3
2x4x
11
5 , Y22, 320 = x
7
1x
3
2x
11
4 x5,
Y22,321 = x71x
3
2x3x
11
5 , Y22,322 = x
7
1x
3
2x3x
11
4 , Y22, 323 = x
7
1x
3
2x
11
3 x5, Y22, 324 = x
7
1x
3
2x
11
3 x4,
47
Y22,325 = x71x
11
2 x4x
3
5, Y22,326 = x
7
1x
11
2 x
3
4x5, Y22, 327 = x
7
1x
11
2 x3x
3
5, Y22, 328 = x
7
1x
11
2 x3x
3
4,
Y22,329 = x71x
11
2 x
3
3x5, Y22,330 = x
7
1x
11
2 x
3
3x4, Y22, 331 = x2x
7
3x
7
4x
7
5, Y22, 332 = x
7
2x3x
7
4x
7
5,
Y22,333 = x72x
7
3x4x
7
5, Y22,334 = x
7
2x
7
3x
7
4x5, Y22, 335 = x1x
7
3x
7
4x
7
5, Y22, 336 = x1x
7
2x
7
4x
7
5,
Y22,337 = x1x72x
7
3x
7
5, Y22,338 = x1x
7
2x
7
3x
7
4, Y22, 339 = x
7
1x3x
7
4x
7
5, Y22, 340 = x
7
1x
7
3x4x
7
5,
Y22,341 = x71x
7
3x
7
4x5, Y22,342 = x
7
1x2x
7
4x
7
5, Y22, 343 = x
7
1x2x
7
3x
7
5, Y22, 344 = x
7
1x2x
7
3x
7
4,
Y22,345 = x71x
7
2x4x
7
5, Y22,346 = x
7
1x
7
2x
7
4x5, Y22, 347 = x
7
1x
7
2x3x
7
5, Y22, 348 = x
7
1x
7
2x3x
7
4,
Y22,349 = x71x
7
2x
7
3x5, Y22,350 = x
7
1x
7
2x
7
3x4, Y22, 351 = x
3
2x
13
3 x
2
4x
4
5, Y22, 352 = x
3
1x
13
3 x
2
4x
4
5,
Y22,353 = x31x
13
2 x
2
4x
4
5, Y22,354 = x
3
1x
13
2 x
2
3x
4
5, Y22, 355 = x
3
1x
13
2 x
2
3x
4
4, Y22, 356 = x
3
2x
5
3x
2
4x
12
5 ,
Y22,357 = x31x
5
3x
2
4x
12
5 , Y22,358 = x
3
1x
5
2x
2
4x
12
5 , Y22, 359 = x
3
1x
5
2x
2
3x
12
5 , Y22, 360 = x
3
1x
5
2x
2
3x
12
4 ,
Y22,361 = x32x
3
3x
3
4x
13
5 , Y22,362 = x
3
2x
3
3x
13
4 x
3
5, Y22, 363 = x
3
2x
13
3 x
3
4x
3
5, Y22, 364 = x
3
1x
3
3x
3
4x
13
5 ,
Y22,365 = x31x
3
3x
13
4 x
3
5, Y22,366 = x
3
1x
13
3 x
3
4x
3
5, Y22, 367 = x
3
1x
3
2x
3
4x
13
5 , Y22, 368 = x
3
1x
3
2x
13
4 x
3
5,
Y22,369 = x31x
3
2x
3
3x
13
5 , Y22,370 = x
3
1x
3
2x
3
3x
13
4 , Y22, 371 = x
3
1x
3
2x
13
3 x
3
5, Y22, 372 = x
3
1x
3
2x
13
3 x
3
4,
Y22,373 = x31x
13
2 x
3
4x
3
5, Y22,374 = x
3
1x
13
2 x
3
3x
3
5, Y22, 375 = x
3
1x
13
2 x
3
3x
3
4, Y22, 376 = x
3
2x
3
3x
5
4x
11
5 ,
Y22,377 = x32x
5
3x
3
4x
11
5 , Y22,378 = x
3
2x
5
3x
11
4 x
3
5, Y22, 379 = x
3
1x
3
3x
5
4x
11
5 , Y22, 380 = x
3
1x
5
3x
3
4x
11
5 ,
Y22,381 = x31x
5
3x
11
4 x
3
5, Y22,382 = x
3
1x
3
2x
5
4x
11
5 , Y22, 383 = x
3
1x
3
2x
5
3x
11
5 , Y22, 384 = x
3
1x
3
2x
5
3x
11
4 ,
Y22,385 = x31x
5
2x
3
4x
11
5 , Y22,386 = x
3
1x
5
2x
11
4 x
3
5, Y22, 387 = x
3
1x
5
2x
3
3x
11
5 , Y22, 388 = x
3
1x
5
2x
3
3x
11
4 ,
Y22,389 = x31x
5
2x
11
3 x
3
5, Y22,390 = x
3
1x
5
2x
11
3 x
3
4, Y22, 391 = x
3
2x
3
3x
7
4x
9
5, Y22, 392 = x
3
2x
7
3x
3
4x
9
5,
Y22,393 = x32x
7
3x
9
4x
3
5, Y22,394 = x
7
2x
3
3x
3
4x
9
5, Y22, 395 = x
7
2x
3
3x
9
4x
3
5, Y22, 396 = x
7
2x
9
3x
3
4x
3
5,
Y22,397 = x31x
3
3x
7
4x
9
5, Y22,398 = x
3
1x
7
3x
3
4x
9
5, Y22, 399 = x
3
1x
7
3x
9
4x
3
5, Y22, 400 = x
3
1x
3
2x
7
4x
9
5,
Y22,401 = x31x
3
2x
7
3x
9
5, Y22,402 = x
3
1x
3
2x
7
3x
9
4, Y22, 403 = x
3
1x
7
2x
3
4x
9
5, Y22, 404 = x
3
1x
7
2x
9
4x
3
5,
Y22,405 = x31x
7
2x
3
3x
9
5, Y22,406 = x
3
1x
7
2x
3
3x
9
4, Y22, 407 = x
3
1x
7
2x
9
3x
3
5, Y22, 408 = x
3
1x
7
2x
9
3x
3
4,
Y22,409 = x71x
3
3x
3
4x
9
5, Y22,410 = x
7
1x
3
3x
9
4x
3
5, Y22, 411 = x
7
1x
9
3x
3
4x
3
5, Y22, 412 = x
7
1x
3
2x
3
4x
9
5,
Y22,413 = x71x
3
2x
9
4x
3
5, Y22,414 = x
7
1x
3
2x
3
3x
9
5, Y22, 415 = x
7
1x
3
2x
3
3x
9
4, Y22, 416 = x
7
1x
3
2x
9
3x
3
5,
Y22,417 = x71x
3
2x
9
3x
3
4, Y22,418 = x
7
1x
9
2x
3
4x
3
5, Y22, 419 = x
7
1x
9
2x
3
3x
3
5, Y22, 420 = x
7
1x
9
2x
3
3x
3
4,
Y22,421 = x32x
5
3x
10
4 x
4
5, Y22,422 = x
3
1x
5
3x
10
4 x
4
5, Y22, 423 = x
3
1x
5
2x
10
4 x
4
5, Y22, 424 = x
3
1x
5
2x
10
3 x
4
5,
Y22,425 = x31x
5
2x
10
3 x
4
4, Y22,426 = x
3
2x
5
3x
6
4x
8
5, Y22, 427 = x
3
1x
5
3x
6
4x
8
5, Y22, 428 = x
3
1x
5
2x
6
4x
8
5,
Y22,429 = x31x
5
2x
6
3x
8
5, Y22,430 = x
3
1x
5
2x
6
3x
8
4, Y22, 431 = x
3
2x
5
3x
7
4x
7
5, Y22, 432 = x
3
2x
7
3x
5
4x
7
5,
Y22,433 = x32x
7
3x
7
4x
5
5, Y22,434 = x
7
2x
3
3x
5
4x
7
5, Y22, 435 = x
7
2x
3
3x
7
4x
5
5, Y22, 436 = x
7
2x
7
3x
3
4x
5
5,
Y22,437 = x31x
5
3x
7
4x
7
5, Y22,438 = x
3
1x
7
3x
5
4x
7
5, Y22, 439 = x
3
1x
7
3x
7
4x
5
5, Y22, 440 = x
3
1x
5
2x
7
4x
7
5,
Y22,441 = x31x
5
2x
7
3x
7
5, Y22,442 = x
3
1x
5
2x
7
3x
7
4, Y22, 443 = x
3
1x
7
2x
5
4x
7
5, Y22, 444 = x
3
1x
7
2x
7
4x
5
5,
Y22,445 = x31x
7
2x
5
3x
7
5, Y22,446 = x
3
1x
7
2x
5
3x
7
4, Y22, 447 = x
3
1x
7
2x
7
3x
5
5, Y22, 448 = x
3
1x
7
2x
7
3x
5
4,
Y22,449 = x71x
3
3x
5
4x
7
5, Y22,450 = x
7
1x
3
3x
7
4x
5
5, Y22, 451 = x
7
1x
7
3x
3
4x
5
5, Y22, 452 = x
7
1x
3
2x
5
4x
7
5,
Y22,453 = x71x
3
2x
7
4x
5
5, Y22,454 = x
7
1x
3
2x
5
3x
7
5, Y22, 455 = x
7
1x
3
2x
5
3x
7
4, Y22, 456 = x
7
1x
3
2x
7
3x
5
5,
Y22,457 = x71x
3
2x
7
3x
5
4, Y22,458 = x
7
1x
7
2x
3
4x
5
5, Y22, 459 = x
7
1x
7
2x
3
3x
5
5, Y22, 460 = x
7
1x
7
2x
3
3x
5
4.
6.5. A2-generators for P
+
5 in degree 22
By Propositions 3.4.10 and 3.4.14, we haveB+5 (22) =
⋃
1≤j≤5 B
+
5 (ω(j)). Here ω(1) = (2, 2, 2, 1), ω(2) =
(2, 4, 1, 1), ω(3) = (2, 4, 3), ω(4) = (4, 3, 1, 1), ω(5) = (4, 3, 3).
B
+
5 (ω(1)) = Φ
+
(B4((ω(1)))
⋃
B+(5, ω(1))
⋃
D = {Y22, t : 461 ≤ t ≤ 510}, where the monomials
Y22, t : 461 ≤ t ≤ 510, are listed as follows:
Y22, 461 = x1x2x23x
4
4x
14
5 , Y22,462 = x1x2x
2
3x
14
4 x
4
5, Y22,463 = x1x2x
14
3 x
2
4x
4
5, Y22,464 = x1x
2
2x3x
4
4x
14
5 ,
Y22, 465 = x1x22x3x
14
4 x
4
5, Y22,466 = x1x
2
2x
4
3x4x
14
5 , Y22,467 = x1x
14
2 x3x
2
4x
4
5, Y22,468 = x1x2x
2
3x
6
4x
12
5 ,
Y22, 469 = x1x2x23x
12
4 x
6
5, Y22,470 = x1x2x
6
3x
2
4x
12
5 , Y22,471 = x1x
2
2x3x
6
4x
12
5 , Y22,472 = x1x
2
2x3x
12
4 x
6
5,
Y22, 473 = x1x22x
12
3 x4x
6
5, Y22,474 = x1x
6
2x3x
2
4x
12
5 , Y22,475 = x1x
2
2x
13
3 x
2
4x
4
5, Y22,476 = x1x
2
2x
5
3x
2
4x
12
5 ,
Y22, 477 = x1x32x
4
3x
2
4x
12
5 , Y22,478 = x1x
3
2x
12
3 x
2
4x
4
5, Y22,479 = x
3
1x2x
4
3x
2
4x
12
5 , Y22,480 = x
3
1x2x
12
3 x
2
4x
4
5,
Y22, 481 = x1x22x
5
3x
10
4 x
4
5, Y22,482 = x1x
2
2x
4
3x
7
4x
8
5, Y22,483 = x1x
2
2x
4
3x
8
4x
7
5, Y22,484 = x1x
2
2x
7
3x
4
4x
8
5,
48
Y22, 485 = x1x72x
2
3x
4
4x
8
5, Y22,486 = x
7
1x2x
2
3x
4
4x
8
5, Y22,487 = x1x
2
2x
5
3x
6
4x
8
5, Y22,488 = x1x
3
2x
4
3x
10
4 x
4
5,
Y22, 489 = x31x2x
4
3x
10
4 x
4
5, Y22,490 = x1x
3
2x
4
3x
6
4x
8
5, Y22,491 = x
3
1x2x
4
3x
6
4x
8
5, Y22,492 = x1x2x
6
3x
6
4x
8
5,
Y22, 493 = x1x2x63x
10
4 x
4
5, Y22,494 = x1x
2
2x
3
3x
4
4x
12
5 , Y22,495 = x1x
2
2x
3
3x
12
4 x
4
5, Y22,496 = x1x
2
2x
4
3x
9
4x
6
5,
Y22, 497 = x1x22x
5
3x
8
4x
6
5, Y22,498 = x1x
3
2x
2
3x
4
4x
12
5 , Y22,499 = x1x
3
2x
2
3x
12
4 x
4
5, Y22,500 = x1x
3
2x
4
3x
8
4x
6
5,
Y22, 501 = x1x32x
6
3x
4
4x
8
5, Y22,502 = x1x
3
2x
6
3x
8
4x
4
5, Y22,503 = x
3
1x2x
2
3x
4
4x
12
5 , Y22,504 = x
3
1x2x
2
3x
12
4 x
4
5,
Y22, 505 = x31x2x
4
3x
8
4x
6
5, Y22,506 = x
3
1x2x
6
3x
4
4x
8
5, Y22,507 = x
3
1x2x
6
3x
8
4x
4
5, Y22,508 = x
3
1x
5
2x
2
3x
4
4x
8
5,
Y22, 509 = x31x
5
2x
2
3x
8
4x
4
5, Y22,510 = x
3
1x
5
2x
8
3x
2
4x
4
5.
B
+
5 (ω(2)) = B
+(5, ω(2))
⋃
E = {Y22, t : 511 ≤ t ≤ 535}, where the monomials Y22, t : 511 ≤ t ≤
535, are listed as follows:
Y22, 511 = x1x22x
2
3x
2
4x
15
5 , Y22,512 = x1x
2
2x
2
3x
15
4 x
2
5, Y22,513 = x1x
2
2x
15
3 x
2
4x
2
5, Y22,514 = x1x
15
2 x
2
3x
2
4x
2
5,
Y22, 515 = x151 x2x
2
3x
2
4x
2
5, Y22,516 = x1x
2
2x
2
3x
3
4x
14
5 , Y22,517 = x1x
2
2x
3
3x
2
4x
14
5 , Y22,518 = x1x
2
2x
3
3x
14
4 x
2
5,
Y22, 519 = x1x32x
2
3x
2
4x
14
5 , Y22,520 = x1x
3
2x
2
3x
14
4 x
2
5, Y22,521 = x1x
3
2x
14
3 x
2
4x
2
5, Y22,522 = x
3
1x2x
2
3x
2
4x
14
5 ,
Y22, 523 = x31x2x
2
3x
14
4 x
2
5, Y22,524 = x
3
1x2x
14
3 x
2
4x
2
5, Y22,525 = x1x
2
2x
3
3x
6
4x
10
5 , Y22,526 = x1x
3
2x
2
3x
6
4x
10
5 ,
Y22, 527 = x1x32x
6
3x
2
4x
10
5 , Y22,528 = x1x
3
2x
6
3x
10
4 x
2
5, Y22,529 = x
3
1x2x
2
3x
6
4x
10
5 , Y22,530 = x
3
1x2x
6
3x
2
4x
10
5 ,
Y22, 531 = x31x2x
6
3x
10
4 x
2
5, Y22,532 = x
3
1x
13
2 x
2
3x
2
4x
2
5, Y22,533 = x
3
1x
5
2x
2
3x
2
4x
10
5 , Y22,534 = x
3
1x
5
2x
2
3x
10
4 x
2
5,
Y22, 535 = x31x
5
2x
10
3 x
2
4x
2
5.
B
+
5 (ω(3)) = {Y22, t : 536 ≤ t ≤ 540}, where the monomials Y22, t : 536 ≤ t ≤ 540, are
determined as follows:
Y536 = x1x
3
2x
6
3x
6
4x
6
5, Y537 = x
3
1x2x
6
3x
6
4x
6
5, Y538 = x
3
1x
5
2x
2
3x
6
4x
6
5,
Y539 = x
3
1x
5
2x
6
3x
2
4x
6
5, Y540 = x
3
1x
5
2x
6
3x
6
4x
2
5,
B
+
5 (ω(4)) = Φ
+
(B4(ω(4)) ∪ B
+(5, ω(4)) = {Y22, t : 541 ≤ t ≤ 840}, where the monomials
Y22, t : 541 ≤ t ≤ 840, are listed as follows:
Y22, 541 = x1x2x23x
3
4x
15
5 , Y22,542 = x1x2x
2
3x
15
4 x
3
5, Y22,543 = x1x2x
3
3x
2
4x
15
5 , Y22,544 = x1x2x
3
3x
15
4 x
2
5,
Y22, 545 = x1x2x153 x
2
4x
3
5, Y22,546 = x1x2x
15
3 x
3
4x
2
5, Y22,547 = x1x
2
2x3x
3
4x
15
5 , Y22,548 = x1x
2
2x3x
15
4 x
3
5,
Y22, 549 = x1x22x
3
3x4x
15
5 , Y22,550 = x1x
2
2x
3
3x
15
4 x5, Y22,551 = x1x
2
2x
15
3 x4x
3
5, Y22,552 = x1x
2
2x
15
3 x
3
4x5,
Y22, 553 = x1x32x3x
2
4x
15
5 , Y22,554 = x1x
3
2x3x
15
4 x
2
5, Y22,555 = x1x
3
2x
2
3x4x
15
5 , Y22,556 = x1x
3
2x
2
3x
15
4 x5,
Y22, 557 = x1x32x
15
3 x4x
2
5, Y22,558 = x1x
3
2x
15
3 x
2
4x5, Y22,559 = x1x
15
2 x3x
2
4x
3
5, Y22,560 = x1x
15
2 x3x
3
4x
2
5,
Y22, 561 = x1x152 x
2
3x4x
3
5, Y22,562 = x1x
15
2 x
2
3x
3
4x5, Y22,563 = x1x
15
2 x
3
3x4x
2
5, Y22,564 = x1x
15
2 x
3
3x
2
4x5,
Y22, 565 = x31x2x3x
2
4x
15
5 , Y22,566 = x
3
1x2x3x
15
4 x
2
5, Y22,567 = x
3
1x2x
2
3x4x
15
5 , Y22,568 = x
3
1x2x
2
3x
15
4 x5,
Y22, 569 = x31x2x
15
3 x4x
2
5, Y22,570 = x
3
1x2x
15
3 x
2
4x5, Y22,571 = x
3
1x
15
2 x3x4x
2
5, Y22,572 = x
3
1x
15
2 x3x
2
4x5,
Y22, 573 = x151 x2x3x
2
4x
3
5, Y22,574 = x
15
1 x2x3x
3
4x
2
5, Y22,575 = x
15
1 x2x
2
3x4x
3
5, Y22,576 = x
15
1 x2x
2
3x
3
4x5,
Y22, 577 = x151 x2x
3
3x4x
2
5, Y22,578 = x
15
1 x2x
3
3x
2
4x5, Y22,579 = x
15
1 x
3
2x3x4x
2
5, Y22,580 = x
15
1 x
3
2x3x
2
4x5,
Y22, 581 = x1x2x23x
7
4x
11
5 , Y22,582 = x1x2x
7
3x
2
4x
11
5 , Y22,583 = x1x2x
7
3x
11
4 x
2
5, Y22,584 = x1x
2
2x3x
7
4x
11
5 ,
Y22, 585 = x1x22x
7
3x4x
11
5 , Y22,586 = x1x
2
2x
7
3x
11
4 x5, Y22,587 = x1x
7
2x3x
2
4x
11
5 , Y22,588 = x1x
7
2x3x
11
4 x
2
5,
Y22, 589 = x1x72x
2
3x4x
11
5 , Y22,590 = x1x
7
2x
2
3x
11
4 x5, Y22,591 = x1x
7
2x
11
3 x4x
2
5, Y22,592 = x1x
7
2x
11
3 x
2
4x5,
Y22, 593 = x71x2x3x
2
4x
11
5 , Y22,594 = x
7
1x2x3x
11
4 x
2
5, Y22,595 = x
7
1x2x
2
3x4x
11
5 , Y22,596 = x
7
1x2x
2
3x
11
4 x5,
Y22, 597 = x71x2x
11
3 x4x
2
5, Y22,598 = x
7
1x2x
11
3 x
2
4x5, Y22,599 = x
7
1x
11
2 x3x4x
2
5, Y22,600 = x
7
1x
11
2 x3x
2
4x5,
Y22, 601 = x1x2x33x
3
4x
14
5 , Y22,602 = x1x2x
3
3x
14
4 x
3
5, Y22,603 = x1x2x
14
3 x
3
4x
3
5, Y22,604 = x1x
3
2x3x
3
4x
14
5 ,
Y22, 605 = x1x32x3x
14
4 x
3
5, Y22,606 = x1x
3
2x
3
3x4x
14
5 , Y22,607 = x1x
3
2x
3
3x
14
4 x5, Y22,608 = x1x
3
2x
14
3 x4x
3
5,
Y22, 609 = x1x32x
14
3 x
3
4x5, Y22,610 = x1x
14
2 x3x
3
4x
3
5, Y22,611 = x1x
14
2 x
3
3x4x
3
5, Y22,612 = x1x
14
2 x
3
3x
3
4x5,
Y22, 613 = x31x2x3x
3
4x
14
5 , Y22,614 = x
3
1x2x3x
14
4 x
3
5, Y22,615 = x
3
1x2x
3
3x4x
14
5 , Y22,616 = x
3
1x2x
3
3x
14
4 x5,
49
Y22, 617 = x31x2x
14
3 x4x
3
5, Y22,618 = x
3
1x2x
14
3 x
3
4x5, Y22,619 = x
3
1x
3
2x3x4x
14
5 , Y22,620 = x
3
1x
3
2x3x
14
4 x5,
Y22, 621 = x1x2x33x
6
4x
11
5 , Y22,622 = x1x2x
6
3x
3
4x
11
5 , Y22,623 = x1x2x
6
3x
11
4 x
3
5, Y22,624 = x1x
3
2x3x
6
4x
11
5 ,
Y22, 625 = x1x32x
6
3x4x
11
5 , Y22,626 = x1x
3
2x
6
3x
11
4 x5, Y22,627 = x1x
6
2x3x
3
4x
11
5 , Y22,628 = x1x
6
2x3x
11
4 x
3
5,
Y22, 629 = x1x62x
3
3x4x
11
5 , Y22,630 = x1x
6
2x
3
3x
11
4 x5, Y22,631 = x1x
6
2x
11
3 x4x
3
5, Y22,632 = x1x
6
2x
11
3 x
3
4x5,
Y22, 633 = x31x2x3x
6
4x
11
5 , Y22,634 = x
3
1x2x
6
3x4x
11
5 , Y22,635 = x
3
1x2x
6
3x
11
4 x5, Y22,636 = x1x2x
3
3x
7
4x
10
5 ,
Y22, 637 = x1x2x73x
3
4x
10
5 , Y22,638 = x1x2x
7
3x
10
4 x
3
5, Y22,639 = x1x
3
2x3x
7
4x
10
5 , Y22,640 = x1x
3
2x
7
3x4x
10
5 ,
Y22, 641 = x1x32x
7
3x
10
4 x5, Y22,642 = x1x
7
2x3x
3
4x
10
5 , Y22,643 = x1x
7
2x3x
10
4 x
3
5, Y22,644 = x1x
7
2x
3
3x4x
10
5 ,
Y22, 645 = x1x72x
3
3x
10
4 x5, Y22,646 = x1x
7
2x
10
3 x4x
3
5, Y22,647 = x1x
7
2x
10
3 x
3
4x5, Y22,648 = x
3
1x2x3x
7
4x
10
5 ,
Y22, 649 = x31x2x
7
3x4x
10
5 , Y22,650 = x
3
1x2x
7
3x
10
4 x5, Y22,651 = x
3
1x
7
2x3x4x
10
5 , Y22,652 = x
3
1x
7
2x3x
10
4 x5,
Y22, 653 = x71x2x3x
3
4x
10
5 , Y22,654 = x
7
1x2x3x
10
4 x
3
5, Y22,655 = x
7
1x2x
3
3x4x
10
5 , Y22,656 = x
7
1x2x
3
3x
10
4 x5,
Y22, 657 = x71x2x
10
3 x4x
3
5, Y22,658 = x
7
1x2x
10
3 x
3
4x5, Y22,659 = x
7
1x
3
2x3x4x
10
5 , Y22,660 = x
7
1x
3
2x3x
10
4 x5,
Y22, 661 = x1x22x
3
3x
3
4x
13
5 , Y22,662 = x1x
2
2x
3
3x
13
4 x
3
5, Y22,663 = x1x
2
2x
13
3 x
3
4x
3
5, Y22,664 = x1x
3
2x
2
3x
3
4x
13
5 ,
Y22, 665 = x1x32x
2
3x
13
4 x
3
5, Y22,666 = x1x
3
2x
3
3x
2
4x
13
5 , Y22,667 = x1x
3
2x
3
3x
13
4 x
2
5, Y22,668 = x1x
3
2x
13
3 x
2
4x
3
5,
Y22, 669 = x1x32x
13
3 x
3
4x
2
5, Y22,670 = x
3
1x2x
2
3x
3
4x
13
5 , Y22,671 = x
3
1x2x
2
3x
13
4 x
3
5, Y22,672 = x
3
1x2x
3
3x
2
4x
13
5 ,
Y22, 673 = x31x2x
3
3x
13
4 x
2
5, Y22,674 = x
3
1x2x
13
3 x
2
4x
3
5, Y22,675 = x
3
1x2x
13
3 x
3
4x
2
5, Y22,676 = x
3
1x
3
2x3x
2
4x
13
5 ,
Y22, 677 = x31x
3
2x3x
13
4 x
2
5, Y22,678 = x
3
1x
3
2x
13
3 x4x
2
5, Y22,679 = x
3
1x
3
2x
13
3 x
2
4x5, Y22,680 = x
3
1x
13
2 x3x
2
4x
3
5,
Y22, 681 = x31x
13
2 x3x
3
4x
2
5, Y22,682 = x
3
1x
13
2 x
2
3x4x
3
5, Y22,683 = x
3
1x
13
2 x
2
3x
3
4x5, Y22,684 = x
3
1x
13
2 x
3
3x4x
2
5,
Y22, 685 = x31x
13
2 x
3
3x
2
4x5, Y22,686 = x1x
2
2x
3
3x
5
4x
11
5 , Y22,687 = x1x
2
2x
5
3x
3
4x
11
5 , Y22,688 = x1x
2
2x
5
3x
11
4 x
3
5,
Y22, 689 = x1x32x
2
3x
5
4x
11
5 , Y22,690 = x1x
3
2x
5
3x
2
4x
11
5 , Y22,691 = x1x
3
2x
5
3x
11
4 x
2
5, Y22,692 = x
3
1x2x
2
3x
5
4x
11
5 ,
Y22, 693 = x31x2x
5
3x
2
4x
11
5 , Y22,694 = x
3
1x2x
5
3x
11
4 x
2
5, Y22,695 = x
3
1x
5
2x3x
2
4x
11
5 , Y22,696 = x
3
1x
5
2x3x
11
4 x
2
5,
Y22, 697 = x31x
5
2x
2
3x4x
11
5 , Y22,698 = x
3
1x
5
2x
2
3x
11
4 x5, Y22,699 = x
3
1x
5
2x
11
3 x4x
2
5, Y22,700 = x
3
1x
5
2x
11
3 x
2
4x5,
Y22, 701 = x1x22x
3
3x
7
4x
9
5, Y22,702 = x1x
2
2x
7
3x
3
4x
9
5, Y22,703 = x1x
2
2x
7
3x
9
4x
3
5, Y22,704 = x1x
3
2x
2
3x
7
4x
9
5,
Y22, 705 = x1x32x
7
3x
2
4x
9
5, Y22,706 = x1x
3
2x
7
3x
9
4x
2
5, Y22,707 = x1x
7
2x
2
3x
3
4x
9
5, Y22,708 = x1x
7
2x
2
3x
9
4x
3
5,
Y22, 709 = x1x72x
3
3x
2
4x
9
5, Y22,710 = x1x
7
2x
3
3x
9
4x
2
5, Y22,711 = x1x
7
2x
9
3x
2
4x
3
5, Y22,712 = x1x
7
2x
9
3x
3
4x
2
5,
Y22, 713 = x31x2x
2
3x
7
4x
9
5, Y22,714 = x
3
1x2x
7
3x
2
4x
9
5, Y22,715 = x
3
1x2x
7
3x
9
4x
2
5, Y22,716 = x
3
1x
7
2x3x
2
4x
9
5,
Y22, 717 = x31x
7
2x3x
9
4x
2
5, Y22,718 = x
3
1x
7
2x
9
3x4x
2
5, Y22,719 = x
3
1x
7
2x
9
3x
2
4x5, Y22,720 = x
7
1x2x
2
3x
3
4x
9
5,
Y22, 721 = x71x2x
2
3x
9
4x
3
5, Y22,722 = x
7
1x2x
3
3x
2
4x
9
5, Y22,723 = x
7
1x2x
3
3x
9
4x
2
5, Y22,724 = x
7
1x2x
9
3x
2
4x
3
5,
Y22, 725 = x71x2x
9
3x
3
4x
2
5, Y22,726 = x
7
1x
3
2x3x
2
4x
9
5, Y22,727 = x
7
1x
3
2x3x
9
4x
2
5, Y22,728 = x
7
1x
3
2x
9
3x4x
2
5,
Y22, 729 = x71x
3
2x
9
3x
2
4x5, Y22,730 = x
7
1x
9
2x3x
2
4x
3
5, Y22,731 = x
7
1x
9
2x3x
3
4x
2
5, Y22,732 = x
7
1x
9
2x
2
3x4x
3
5,
Y22, 733 = x71x
9
2x
2
3x
3
4x5, Y22,734 = x
7
1x
9
2x
3
3x4x
2
5, Y22,735 = x
7
1x
9
2x
3
3x
2
4x5, Y22,736 = x1x
3
2x
3
3x
3
4x
12
5 ,
Y22, 737 = x1x32x
3
3x
12
4 x
3
5, Y22,738 = x1x
3
2x
12
3 x
3
4x
3
5, Y22,739 = x
3
1x2x
3
3x
3
4x
12
5 , Y22,740 = x
3
1x2x
3
3x
12
4 x
3
5,
Y22, 741 = x31x2x
12
3 x
3
4x
3
5, Y22,742 = x
3
1x
3
2x3x
3
4x
12
5 , Y22,743 = x
3
1x
3
2x3x
12
4 x
3
5, Y22,744 = x
3
1x
3
2x
3
3x4x
12
5 ,
Y22, 745 = x31x
3
2x
3
3x
12
4 x5, Y22,746 = x
3
1x
3
2x
12
3 x4x
3
5, Y22,747 = x
3
1x
3
2x
12
3 x
3
4x5, Y22,748 = x
3
1x
12
2 x3x
3
4x
3
5,
Y22, 749 = x31x
12
2 x
3
3x4x
3
5, Y22,750 = x
3
1x
12
2 x
3
3x
3
4x5, Y22,751 = x1x
3
2x
3
3x
4
4x
11
5 , Y22,752 = x1x
3
2x
4
3x
3
4x
11
5 ,
Y22, 753 = x1x32x
4
3x
11
4 x
3
5, Y22,754 = x
3
1x2x
3
3x
4
4x
11
5 , Y22,755 = x
3
1x2x
4
3x
3
4x
11
5 , Y22,756 = x
3
1x2x
4
3x
11
4 x
3
5,
Y22, 757 = x31x
3
2x3x
4
4x
11
5 , Y22,758 = x
3
1x
3
2x
4
3x4x
11
5 , Y22,759 = x
3
1x
3
2x
4
3x
11
4 x5, Y22,760 = x
3
1x
4
2x3x
3
4x
11
5 ,
Y22, 761 = x31x
4
2x3x
11
4 x
3
5, Y22,762 = x
3
1x
4
2x
3
3x4x
11
5 , Y22,763 = x
3
1x
4
2x
3
3x
11
4 x5, Y22,764 = x
3
1x
4
2x
11
3 x4x
3
5,
Y22, 765 = x31x
4
2x
11
3 x
3
4x5, Y22,766 = x1x
3
2x
3
3x
5
4x
10
5 , Y22,767 = x1x
3
2x
5
3x
3
4x
10
5 , Y22,768 = x1x
3
2x
5
3x
10
4 x
3
5,
Y22, 769 = x31x2x
3
3x
5
4x
10
5 , Y22,770 = x
3
1x2x
5
3x
3
4x
10
5 , Y22,771 = x
3
1x2x
5
3x
10
4 x
3
5, Y22,772 = x
3
1x
3
2x3x
5
4x
10
5 ,
Y22, 773 = x31x
3
2x
5
3x4x
10
5 , Y22,774 = x
3
1x
3
2x
5
3x
10
4 x5, Y22,775 = x
3
1x
5
2x3x
3
4x
10
5 , Y22,776 = x
3
1x
5
2x3x
10
4 x
3
5,
Y22, 777 = x31x
5
2x
3
3x4x
10
5 , Y22,778 = x
3
1x
5
2x
3
3x
10
4 x5, Y22,779 = x
3
1x
5
2x
10
3 x4x
3
5, Y22,780 = x
3
1x
5
2x
10
3 x
3
4x5,
Y22, 781 = x1x32x
3
3x
6
4x
9
5, Y22,782 = x1x
3
2x
6
3x
3
4x
9
5, Y22,783 = x1x
3
2x
6
3x
9
4x
3
5, Y22,784 = x1x
6
2x
3
3x
3
4x
9
5,
Y22, 785 = x1x62x
3
3x
9
4x
3
5, Y22,786 = x1x
6
2x
9
3x
3
4x
3
5, Y22,787 = x
3
1x2x
3
3x
6
4x
9
5, Y22,788 = x
3
1x2x
6
3x
3
4x
9
5,
Y22, 789 = x31x2x
6
3x
9
4x
3
5, Y22,790 = x
3
1x
3
2x3x
6
4x
9
5, Y22,791 = x1x
3
2x
3
3x
7
4x
8
5, Y22,792 = x1x
3
2x
7
3x
3
4x
8
5,
Y22, 793 = x1x32x
7
3x
8
4x
3
5, Y22,794 = x1x
7
2x
3
3x
3
4x
8
5, Y22,795 = x1x
7
2x
3
3x
8
4x
3
5, Y22,796 = x1x
7
2x
8
3x
3
4x
3
5,
Y22, 797 = x31x2x
3
3x
7
4x
8
5, Y22,798 = x
3
1x2x
7
3x
3
4x
8
5, Y22,799 = x
3
1x2x
7
3x
8
4x
3
5, Y22,800 = x
3
1x
3
2x3x
7
4x
8
5,
Y22, 801 = x31x
3
2x
7
3x4x
8
5, Y22,802 = x
3
1x
3
2x
7
3x
8
4x5, Y22,803 = x
3
1x
7
2x3x
3
4x
8
5, Y22,804 = x
3
1x
7
2x3x
8
4x
3
5,
Y22, 805 = x31x
7
2x
3
3x4x
8
5, Y22,806 = x
3
1x
7
2x
3
3x
8
4x5, Y22,807 = x
3
1x
7
2x
8
3x4x
3
5, Y22,808 = x
3
1x
7
2x
8
3x
3
4x5,
Y22, 809 = x71x2x
3
3x
3
4x
8
5, Y22,810 = x
7
1x2x
3
3x
8
4x
3
5, Y22,811 = x
7
1x2x
8
3x
3
4x
3
5, Y22,812 = x
7
1x
3
2x3x
3
4x
8
5,
50
Y22,813 = x71x
3
2x3x
8
4x
3
5, Y22,814 = x
7
1x
3
2x
3
3x4x
8
5, Y22, 815 = x
7
1x
3
2x
3
3x
8
4x5, Y22, 816 = x
7
1x
3
2x
8
3x4x
3
5,
Y22,817 = x71x
3
2x
8
3x
3
4x5, Y22,818 = x
7
1x
8
2x3x
3
4x
3
5, Y22, 819 = x
7
1x
8
2x
3
3x4x
3
5, Y22, 820 = x
7
1x
8
2x
3
3x
3
4x5,
Y22,821 = x31x
3
2x
5
3x
2
4x
9
5, Y22,822 = x
3
1x
3
2x
5
3x
9
4x
2
5, Y22, 823 = x
3
1x
5
2x
2
3x
3
4x
9
5, Y22, 824 = x
3
1x
5
2x
2
3x
9
4x
3
5,
Y22,825 = x31x
5
2x
3
3x
2
4x
9
5, Y22,826 = x
3
1x
5
2x
3
3x
9
4x
2
5, Y22, 827 = x
3
1x
5
2x
9
3x
2
4x
3
5, Y22, 828 = x
3
1x
5
2x
9
3x
3
4x
2
5,
Y22,829 = x31x
3
2x
3
3x
4
4x
9
5, Y22,830 = x
3
1x
3
2x
4
3x
3
4x
9
5, Y22, 831 = x
3
1x
3
2x
4
3x
9
4x
3
5, Y22, 832 = x
3
1x
4
2x
3
3x
3
4x
9
5,
Y22,833 = x31x
4
2x
3
3x
9
4x
3
5, Y22,834 = x
3
1x
4
2x
9
3x
3
4x
3
5, Y22, 835 = x
3
1x
3
2x
3
3x
5
4x
8
5, Y22, 836 = x
3
1x
3
2x
5
3x
3
4x
8
5,
Y22,837 = x31x
3
2x
5
3x
8
4x
3
5, Y22,838 = x
3
1x
5
2x
3
3x
3
4x
8
5, Y22, 839 = x
3
1x
5
2x
3
3x
8
4x
3
5, Y22, 840 = x
3
1x
5
2x
8
3x
3
4x
3
5.
B
+
5 (ω(5)) = Φ
+
(B4(ω(5)) ∪ B
+(5, ω(5)) = {Y22, t : 841 ≤ t ≤ 965}, where the monomials
Y22, t : 841 ≤ t ≤ 965, are listed as follows:
Y22,841 = x1x2x63x
7
4x
7
5, Y22,842 = x1x2x
7
3x
6
4x
7
5, Y22, 843 = x1x2x
7
3x
7
4x
6
5, Y22, 844 = x1x
6
2x3x
7
4x
7
5,
Y22,845 = x1x62x
7
3x4x
7
5, Y22,846 = x1x
6
2x
7
3x
7
4x5, Y22, 847 = x1x
7
2x3x
6
4x
7
5, Y22, 848 = x1x
7
2x3x
7
4x
6
5,
Y22,849 = x1x72x
6
3x4x
7
5, Y22,850 = x1x
7
2x
6
3x
7
4x5, Y22, 851 = x1x
7
2x
7
3x4x
6
5, Y22, 852 = x1x
7
2x
7
3x
6
4x5,
Y22,853 = x71x2x3x
6
4x
7
5, Y22,854 = x
7
1x2x3x
7
4x
6
5, Y22, 855 = x
7
1x2x
6
3x4x
7
5, Y22, 856 = x
7
1x2x
6
3x
7
4x5,
Y22,857 = x71x2x
7
3x4x
6
5, Y22,858 = x
7
1x2x
7
3x
6
4x5, Y22, 859 = x
7
1x
7
2x3x4x
6
5, Y22, 860 = x
7
1x
7
2x3x
6
4x5,
Y22,861 = x1x22x
5
3x
7
4x
7
5, Y22,862 = x1x
2
2x
7
3x
5
4x
7
5, Y22, 863 = x1x
2
2x
7
3x
7
4x
5
5, Y22, 864 = x1x
7
2x
2
3x
5
4x
7
5,
Y22,865 = x1x72x
2
3x
7
4x
5
5, Y22,866 = x1x
7
2x
7
3x
2
4x
5
5, Y22, 867 = x
7
1x2x
2
3x
5
4x
7
5, Y22, 868 = x
7
1x2x
2
3x
7
4x
5
5,
Y22,869 = x71x2x
7
3x
2
4x
5
5, Y22,870 = x
7
1x
7
2x3x
2
4x
5
5, Y22, 871 = x1x
3
2x
4
3x
7
4x
7
5, Y22, 872 = x1x
3
2x
7
3x
4
4x
7
5,
Y22,873 = x1x32x
7
3x
7
4x
4
5, Y22,874 = x1x
7
2x
3
3x
4
4x
7
5, Y22, 875 = x1x
7
2x
3
3x
7
4x
4
5, Y22, 876 = x1x
7
2x
7
3x
3
4x
4
5,
Y22,877 = x31x2x
4
3x
7
4x
7
5, Y22,878 = x
3
1x2x
7
3x
4
4x
7
5, Y22, 879 = x
3
1x2x
7
3x
7
4x
4
5, Y22, 880 = x
3
1x
4
2x3x
7
4x
7
5,
Y22,881 = x31x
4
2x
7
3x4x
7
5, Y22,882 = x
3
1x
4
2x
7
3x
7
4x5, Y22, 883 = x
3
1x
7
2x3x
4
4x
7
5, Y22, 884 = x
3
1x
7
2x3x
7
4x
4
5,
Y22,885 = x31x
7
2x
4
3x4x
7
5, Y22,886 = x
3
1x
7
2x
4
3x
7
4x5, Y22, 887 = x
3
1x
7
2x
7
3x4x
4
5, Y22, 888 = x
3
1x
7
2x
7
3x
4
4x5,
Y22,889 = x71x2x
3
3x
4
4x
7
5, Y22,890 = x
7
1x2x
3
3x
7
4x
4
5, Y22, 891 = x
7
1x2x
7
3x
3
4x
4
5, Y22, 892 = x
7
1x
3
2x3x
4
4x
7
5,
Y22,893 = x71x
3
2x3x
7
4x
4
5, Y22,894 = x
7
1x
3
2x
4
3x4x
7
5, Y22, 895 = x
7
1x
3
2x
4
3x
7
4x5, Y22, 896 = x
7
1x
3
2x
7
3x4x
4
5,
Y22,897 = x71x
3
2x
7
3x
4
4x5, Y22,898 = x
7
1x
7
2x3x
3
4x
4
5, Y22, 899 = x
7
1x
7
2x
3
3x4x
4
5, Y22, 900 = x
7
1x
7
2x
3
3x
4
4x5,
Y22,901 = x1x32x
5
3x
6
4x
7
5, Y22,902 = x1x
3
2x
5
3x
7
4x
6
5, Y22, 903 = x1x
3
2x
6
3x
5
4x
7
5, Y22, 904 = x1x
3
2x
6
3x
7
4x
5
5,
Y22,905 = x1x32x
7
3x
5
4x
6
5, Y22,906 = x1x
3
2x
7
3x
6
4x
5
5, Y22, 907 = x1x
6
2x
3
3x
5
4x
7
5, Y22, 908 = x1x
6
2x
3
3x
7
4x
5
5,
Y22,909 = x1x62x
7
3x
3
4x
5
5, Y22,910 = x1x
7
2x
3
3x
5
4x
6
5, Y22, 911 = x1x
7
2x
3
3x
6
4x
5
5, Y22, 912 = x1x
7
2x
6
3x
3
4x
5
5,
Y22,913 = x31x2x
5
3x
6
4x
7
5, Y22,914 = x
3
1x2x
5
3x
7
4x
6
5, Y22, 915 = x
3
1x2x
6
3x
5
4x
7
5, Y22, 916 = x
3
1x2x
6
3x
7
4x
5
5,
Y22,917 = x31x2x
7
3x
5
4x
6
5, Y22,918 = x
3
1x2x
7
3x
6
4x
5
5, Y22, 919 = x
3
1x
5
2x3x
6
4x
7
5, Y22, 920 = x
3
1x
5
2x3x
7
4x
6
5,
Y22,921 = x31x
5
2x
6
3x4x
7
5, Y22,922 = x
3
1x
5
2x
6
3x
7
4x5, Y22, 923 = x
3
1x
5
2x
7
3x4x
6
5, Y22, 924 = x
3
1x
5
2x
7
3x
6
4x5,
Y22,925 = x31x
7
2x3x
5
4x
6
5, Y22,926 = x
3
1x
7
2x3x
6
4x
5
5, Y22, 927 = x
3
1x
7
2x
5
3x4x
6
5, Y22, 928 = x
3
1x
7
2x
5
3x
6
4x5,
Y22,929 = x71x2x
3
3x
5
4x
6
5, Y22,930 = x
7
1x2x
3
3x
6
4x
5
5, Y22, 931 = x
7
1x2x
6
3x
3
4x
5
5, Y22, 932 = x
7
1x
3
2x3x
5
4x
6
5,
Y22,933 = x71x
3
2x3x
6
4x
5
5, Y22,934 = x
7
1x
3
2x
5
3x4x
6
5, Y22, 935 = x
7
1x
3
2x
5
3x
6
4x5, Y22, 936 = x
3
1x
5
2x
2
3x
5
4x
7
5,
Y22,937 = x31x
5
2x
2
3x
7
4x
5
5, Y22,938 = x
3
1x
5
2x
7
3x
2
4x
5
5, Y22, 939 = x
3
1x
7
2x
5
3x
2
4x
5
5, Y22, 940 = x
7
1x
3
2x
5
3x
2
4x
5
5,
Y22,941 = x31x
3
2x
4
3x
5
4x
7
5, Y22,942 = x
3
1x
3
2x
4
3x
7
4x
5
5, Y22, 943 = x
3
1x
3
2x
5
3x
4
4x
7
5, Y22, 944 = x
3
1x
3
2x
5
3x
7
4x
4
5,
Y22,945 = x31x
3
2x
7
3x
4
4x
5
5, Y22,946 = x
3
1x
3
2x
7
3x
5
4x
4
5, Y22, 947 = x
3
1x
4
2x
3
3x
5
4x
7
5, Y22, 948 = x
3
1x
4
2x
3
3x
7
4x
5
5,
Y22,949 = x31x
4
2x
7
3x
3
4x
5
5, Y22,950 = x
3
1x
5
2x
3
3x
4
4x
7
5, Y22, 951 = x
3
1x
5
2x
3
3x
7
4x
4
5, Y22, 952 = x
3
1x
5
2x
7
3x
3
4x
4
5,
Y22,953 = x31x
7
2x
3
3x
4
4x
5
5, Y22,954 = x
3
1x
7
2x
3
3x
5
4x
4
5, Y22, 955 = x
3
1x
7
2x
4
3x
3
4x
5
5, Y22, 956 = x
3
1x
7
2x
5
3x
3
4x
4
5,
Y22,957 = x71x
3
2x
3
3x
4
4x
5
5, Y22,958 = x
7
1x
3
2x
3
3x
5
4x
4
5, Y22, 959 = x
7
1x
3
2x
4
3x
3
4x
5
5, Y22, 960 = x
7
1x
3
2x
5
3x
3
4x
4
5,
Y22,961 = x31x
3
2x
5
3x
5
4x
6
5, Y22,962 = x
3
1x
3
2x
5
3x
6
4x
5
5, Y22, 963 = x
3
1x
5
2x
3
3x
5
4x
6
5, Y22, 964 = x
3
1x
5
2x
3
3x
6
4x
5
5,
Y22,965 = x31x
5
2x
6
3x
3
4x
5
5.
From the above data, we see that Φ(B4(ω(j)) ⊂ B5(ω(j)) for j = 1, 4, 5. Hence, Conjecture 3.3.1
is true for d = 5 and the degree 22.
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6.6. A2-generators for P
0
5 in degree 47
Using the results in Sect.3.4.2, we have
B
0
5(47) = Φ(B4(47)) = Φ(B4(ω(1)) = {Y47, t; 1 ≤ t ≤ 560},
where ω(1) = (3, 2, 2, 2, 1), and the monomials Y47, t : 1 ≤ t ≤ 560, are determined as follows:
Y47,1 = x3x154 x
31
5 , Y47,2 = x3x
31
4 x
15
5 , Y47, 3 = x
15
3 x4x
31
5 , Y47,4 = x
15
3 x
31
4 x5,
Y47,5 = x313 x4x
15
5 , Y47,6 = x
31
3 x
15
4 x5, Y47, 7 = x2x
15
4 x
31
5 , Y47,8 = x2x
31
4 x
15
5 ,
Y47,9 = x2x153 x
31
5 , Y47,10 = x2x
15
3 x
31
4 , Y47, 11 = x2x
31
3 x
15
5 , Y47,12 = x2x
31
3 x
15
4 ,
Y47,13 = x152 x4x
31
5 , Y47,14 = x
15
2 x
31
4 x5, Y47, 15 = x
15
2 x3x
31
5 , Y47,16 = x
15
2 x3x
31
4 ,
Y47,17 = x152 x
31
3 x5, Y47,18 = x
15
2 x
31
3 x4, Y47, 19 = x
31
2 x4x
15
5 , Y47,20 = x
31
2 x
15
4 x5,
Y47,21 = x312 x3x
15
5 , Y47,22 = x
31
2 x3x
15
4 , Y47, 23 = x
31
2 x
15
3 x5, Y47,24 = x
31
2 x
15
3 x4,
Y47,25 = x1x154 x
31
5 , Y47,26 = x1x
31
4 x
15
5 , Y47, 27 = x1x
15
3 x
31
5 , Y47,28 = x1x
15
3 x
31
4 ,
Y47,29 = x1x313 x
15
5 , Y47,30 = x1x
31
3 x
15
4 , Y47, 31 = x1x
15
2 x
31
5 , Y47,32 = x1x
15
2 x
31
4 ,
Y47,33 = x1x152 x
31
3 , Y47,34 = x1x
31
2 x
15
5 , Y47, 35 = x1x
31
2 x
15
4 , Y47,36 = x1x
31
2 x
15
3 ,
Y47,37 = x151 x4x
31
5 , Y47,38 = x
15
1 x
31
4 x5, Y47, 39 = x
15
1 x3x
31
5 , Y47,40 = x
15
1 x3x
31
4 ,
Y47,41 = x151 x
31
3 x5, Y47,42 = x
15
1 x
31
3 x4, Y47, 43 = x
15
1 x2x
31
5 , Y47,44 = x
15
1 x2x
31
4 ,
Y47,45 = x151 x2x
31
3 , Y47,46 = x
15
1 x
31
2 x5, Y47, 47 = x
15
1 x
31
2 x4, Y47,48 = x
15
1 x
31
2 x3,
Y47,49 = x311 x4x
15
5 , Y47,50 = x
31
1 x
15
4 x5, Y47, 51 = x
31
1 x3x
15
5 , Y47,52 = x
31
1 x3x
15
4 ,
Y47,53 = x311 x
15
3 x5, Y47,54 = x
31
1 x
15
3 x4, Y47, 55 = x
31
1 x2x
15
5 , Y47,56 = x
31
1 x2x
15
4 ,
Y47,57 = x311 x2x
15
3 , Y47,58 = x
31
1 x
15
2 x5, Y47, 59 = x
31
1 x
15
2 x4, Y47,60 = x
31
1 x
15
2 x3,
Y47,61 = x33x
13
4 x
31
5 , Y47,62 = x
3
3x
31
4 x
13
5 , Y47, 63 = x
31
3 x
3
4x
13
5 , Y47,64 = x
3
2x
13
4 x
31
5 ,
Y47,65 = x32x
31
4 x
13
5 , Y47,66 = x
3
2x
13
3 x
31
5 , Y47, 67 = x
3
2x
13
3 x
31
4 , Y47,68 = x
3
2x
31
3 x
13
5 ,
Y47,69 = x32x
31
3 x
13
4 , Y47,70 = x
31
2 x
3
4x
13
5 , Y47, 71 = x
31
2 x
3
3x
13
5 , Y47,72 = x
31
2 x
3
3x
13
4 ,
Y47,73 = x31x
13
4 x
31
5 , Y47,74 = x
3
1x
31
4 x
13
5 , Y47, 75 = x
3
1x
13
3 x
31
5 , Y47,76 = x
3
1x
13
3 x
31
4 ,
Y47,77 = x31x
31
3 x
13
5 , Y47,78 = x
3
1x
31
3 x
13
4 , Y47, 79 = x
3
1x
13
2 x
31
5 , Y47,80 = x
3
1x
13
2 x
31
4 ,
Y47,81 = x31x
13
2 x
31
3 , Y47,82 = x
3
1x
31
2 x
13
5 , Y47, 83 = x
3
1x
31
2 x
13
4 , Y47,84 = x
3
1x
31
2 x
13
3 ,
Y47,85 = x311 x
3
4x
13
5 , Y47,86 = x
31
1 x
3
3x
13
5 , Y47, 87 = x
31
1 x
3
3x
13
4 , Y47,88 = x
31
1 x
3
2x
13
5 ,
Y47,89 = x311 x
3
2x
13
4 , Y47,90 = x
31
1 x
3
2x
13
3 , Y47, 91 = x
3
3x
15
4 x
29
5 , Y47,92 = x
3
3x
29
4 x
15
5 ,
Y47,93 = x153 x
3
4x
29
5 , Y47,94 = x
3
2x
15
4 x
29
5 , Y47, 95 = x
3
2x
29
4 x
15
5 , Y47,96 = x
3
2x
15
3 x
29
5 ,
Y47,97 = x32x
15
3 x
29
4 , Y47,98 = x
3
2x
29
3 x
15
5 , Y47, 99 = x
3
2x
29
3 x
15
4 , Y47,100 = x
15
2 x
3
4x
29
5 ,
Y47,101 = x152 x
3
3x
29
5 , Y47,102 = x
15
2 x
3
3x
29
4 , Y47, 103 = x
3
1x
15
4 x
29
5 , Y47,104 = x
3
1x
29
4 x
15
5 ,
Y47,105 = x31x
15
3 x
29
5 , Y47,106 = x
3
1x
15
3 x
29
4 , Y47, 107 = x
3
1x
29
3 x
15
5 , Y47,108 = x
3
1x
29
3 x
15
4 ,
Y47,109 = x31x
15
2 x
29
5 , Y47,110 = x
3
1x
15
2 x
29
4 , Y47, 111 = x
3
1x
15
2 x
29
3 , Y47,112 = x
3
1x
29
2 x
15
5 ,
Y47,113 = x31x
29
2 x
15
4 , Y47,114 = x
3
1x
29
2 x
15
3 , Y47, 115 = x
15
1 x
3
4x
29
5 , Y47,116 = x
15
1 x
3
3x
29
5 ,
Y47,117 = x151 x
3
3x
29
4 , Y47,118 = x
15
1 x
3
2x
29
5 , Y47, 119 = x
15
1 x
3
2x
29
4 , Y47,120 = x
15
1 x
3
2x
29
3 ,
Y47,121 = x73x
11
4 x
29
5 , Y47,122 = x
7
2x
11
4 x
29
5 , Y47, 123 = x
7
2x
11
3 x
29
5 , Y47,124 = x
7
2x
11
3 x
29
4 ,
Y47,125 = x71x
11
4 x
29
5 , Y47,126 = x
7
1x
11
3 x
29
5 , Y47, 127 = x
7
1x
11
3 x
29
4 , Y47,128 = x
7
1x
11
2 x
29
5 ,
Y47,129 = x71x
11
2 x
29
4 , Y47,130 = x
7
1x
11
2 x
29
3 , Y47, 131 = x
7
3x
27
4 x
13
5 , Y47,132 = x
7
2x
27
4 x
13
5 ,
Y47,133 = x72x
27
3 x
13
5 , Y47,134 = x
7
2x
27
3 x
13
4 , Y47, 135 = x
7
1x
27
4 x
13
5 , Y47,136 = x
7
1x
27
3 x
13
5 ,
Y47,137 = x71x
27
3 x
13
4 , Y47,138 = x
7
1x
27
2 x
13
5 , Y47, 139 = x
7
1x
27
2 x
13
4 , Y47,140 = x
7
1x
27
2 x
13
3 ,
Y47,141 = x2x3x144 x
31
5 , Y47,142 = x2x3x
31
4 x
14
5 , Y47, 143 = x2x
14
3 x4x
31
5 , Y47,144 = x2x
14
3 x
31
4 x5,
Y47,145 = x2x313 x4x
14
5 , Y47,146 = x2x
31
3 x
14
4 x5, Y47, 147 = x
31
2 x3x4x
14
5 , Y47,148 = x
31
2 x3x
14
4 x5,
Y47,149 = x1x3x144 x
31
5 , Y47,150 = x1x3x
31
4 x
14
5 , Y47, 151 = x1x
14
3 x4x
31
5 , Y47,152 = x1x
14
3 x
31
4 x5,
Y47,153 = x1x313 x4x
14
5 , Y47,154 = x1x
31
3 x
14
4 x5, Y47, 155 = x1x2x
14
4 x
31
5 , Y47,156 = x1x2x
31
4 x
14
5 ,
Y47,157 = x1x2x143 x
31
5 , Y47,158 = x1x2x
14
3 x
31
4 , Y47, 159 = x1x2x
31
3 x
14
5 , Y47,160 = x1x2x
31
3 x
14
4 ,
Y47,161 = x1x142 x4x
31
5 , Y47,162 = x1x
14
2 x
31
4 x5, Y47, 163 = x1x
14
2 x3x
31
5 , Y47,164 = x1x
14
2 x3x
31
4 ,
52
Y47,165 = x1x142 x
31
3 x5, Y47,166 = x1x
14
2 x
31
3 x4, Y47, 167 = x1x
31
2 x4x
14
5 , Y47,168 = x1x
31
2 x
14
4 x5,
Y47,169 = x1x312 x3x
14
5 , Y47,170 = x1x
31
2 x3x
14
4 , Y47, 171 = x1x
31
2 x
14
3 x5, Y47,172 = x1x
31
2 x
14
3 x4,
Y47,173 = x311 x3x4x
14
5 , Y47,174 = x
31
1 x3x
14
4 x5, Y47, 175 = x
31
1 x2x4x
14
5 , Y47,176 = x
31
1 x2x
14
4 x5,
Y47,177 = x311 x2x3x
14
5 , Y47,178 = x
31
1 x2x3x
14
4 , Y47, 179 = x
31
1 x2x
14
3 x5, Y47,180 = x
31
1 x2x
14
3 x4,
Y47,181 = x2x3x154 x
30
5 , Y47,182 = x2x3x
30
4 x
15
5 , Y47, 183 = x2x
15
3 x4x
30
5 , Y47,184 = x2x
15
3 x
30
4 x5,
Y47,185 = x2x303 x4x
15
5 , Y47,186 = x2x
30
3 x
15
4 x5, Y47, 187 = x
15
2 x3x4x
30
5 , Y47,188 = x
15
2 x3x
30
4 x5,
Y47,189 = x1x3x154 x
30
5 , Y47,190 = x1x3x
30
4 x
15
5 , Y47, 191 = x1x
15
3 x4x
30
5 , Y47,192 = x1x
15
3 x
30
4 x5,
Y47,193 = x1x303 x4x
15
5 , Y47,194 = x1x
30
3 x
15
4 x5, Y47, 195 = x1x2x
15
4 x
30
5 , Y47,196 = x1x2x
30
4 x
15
5 ,
Y47,197 = x1x2x153 x
30
5 , Y47,198 = x1x2x
15
3 x
30
4 , Y47, 199 = x1x2x
30
3 x
15
5 , Y47,200 = x1x2x
30
3 x
15
4 ,
Y47,201 = x1x152 x4x
30
5 , Y47,202 = x1x
15
2 x
30
4 x5, Y47, 203 = x1x
15
2 x3x
30
5 , Y47,204 = x1x
15
2 x3x
30
4 ,
Y47,205 = x1x152 x
30
3 x5, Y47,206 = x1x
15
2 x
30
3 x4, Y47, 207 = x1x
30
2 x4x
15
5 , Y47,208 = x1x
30
2 x
15
4 x5,
Y47,209 = x1x302 x3x
15
5 , Y47,210 = x1x
30
2 x3x
15
4 , Y47, 211 = x1x
30
2 x
15
3 x5, Y47,212 = x1x
30
2 x
15
3 x4,
Y47,213 = x151 x3x4x
30
5 , Y47,214 = x
15
1 x3x
30
4 x5, Y47, 215 = x
15
1 x2x4x
30
5 , Y47,216 = x
15
1 x2x
30
4 x5,
Y47,217 = x151 x2x3x
30
5 , Y47,218 = x
15
1 x2x3x
30
4 , Y47, 219 = x
15
1 x2x
30
3 x5, Y47,220 = x
15
1 x2x
30
3 x4,
Y47,221 = x2x23x
13
4 x
31
5 , Y47,222 = x2x
2
3x
31
4 x
13
5 , Y47, 223 = x2x
31
3 x
2
4x
13
5 , Y47,224 = x
31
2 x3x
2
4x
13
5 ,
Y47,225 = x1x23x
13
4 x
31
5 , Y47,226 = x1x
2
3x
31
4 x
13
5 , Y47, 227 = x1x
31
3 x
2
4x
13
5 , Y47,228 = x1x
2
2x
13
4 x
31
5 ,
Y47,229 = x1x22x
31
4 x
13
5 , Y47,230 = x1x
2
2x
13
3 x
31
5 , Y47, 231 = x1x
2
2x
13
3 x
31
4 , Y47,232 = x1x
2
2x
31
3 x
13
5 ,
Y47,233 = x1x22x
31
3 x
13
4 , Y47,234 = x1x
31
2 x
2
4x
13
5 , Y47, 235 = x1x
31
2 x
2
3x
13
5 , Y47,236 = x1x
31
2 x
2
3x
13
4 ,
Y47,237 = x311 x3x
2
4x
13
5 , Y47,238 = x
31
1 x2x
2
4x
13
5 , Y47, 239 = x
31
1 x2x
2
3x
13
5 , Y47,240 = x
31
1 x2x
2
3x
13
4 ,
Y47,241 = x2x23x
15
4 x
29
5 , Y47,242 = x2x
2
3x
29
4 x
15
5 , Y47, 243 = x2x
15
3 x
2
4x
29
5 , Y47,244 = x
15
2 x3x
2
4x
29
5 ,
Y47,245 = x1x23x
15
4 x
29
5 , Y47,246 = x1x
2
3x
29
4 x
15
5 , Y47, 247 = x1x
15
3 x
2
4x
29
5 , Y47,248 = x1x
2
2x
15
4 x
29
5 ,
Y47,249 = x1x22x
29
4 x
15
5 , Y47,250 = x1x
2
2x
15
3 x
29
5 , Y47, 251 = x1x
2
2x
15
3 x
29
4 , Y47,252 = x1x
2
2x
29
3 x
15
5 ,
Y47,253 = x1x22x
29
3 x
15
4 , Y47,254 = x1x
15
2 x
2
4x
29
5 , Y47, 255 = x1x
15
2 x
2
3x
29
5 , Y47,256 = x1x
15
2 x
2
3x
29
4 ,
Y47,257 = x151 x3x
2
4x
29
5 , Y47,258 = x
15
1 x2x
2
4x
29
5 , Y47, 259 = x
15
1 x2x
2
3x
29
5 , Y47,260 = x
15
1 x2x
2
3x
29
4 ,
Y47,261 = x2x33x
12
4 x
31
5 , Y47,262 = x2x
3
3x
31
4 x
12
5 , Y47, 263 = x2x
31
3 x
3
4x
12
5 , Y47,264 = x
3
2x3x
12
4 x
31
5 ,
Y47,265 = x32x3x
31
4 x
12
5 , Y47,266 = x
3
2x
31
3 x4x
12
5 , Y47, 267 = x
31
2 x3x
3
4x
12
5 , Y47,268 = x
31
2 x
3
3x4x
12
5 ,
Y47,269 = x1x33x
12
4 x
31
5 , Y47,270 = x1x
3
3x
31
4 x
12
5 , Y47, 271 = x1x
31
3 x
3
4x
12
5 , Y47,272 = x1x
3
2x
12
4 x
31
5 ,
Y47,273 = x1x32x
31
4 x
12
5 , Y47,274 = x1x
3
2x
12
3 x
31
5 , Y47, 275 = x1x
3
2x
12
3 x
31
4 , Y47,276 = x1x
3
2x
31
3 x
12
5 ,
Y47,277 = x1x32x
31
3 x
12
4 , Y47,278 = x1x
31
2 x
3
4x
12
5 , Y47, 279 = x1x
31
2 x
3
3x
12
5 , Y47,280 = x1x
31
2 x
3
3x
12
4 ,
Y47,281 = x31x3x
12
4 x
31
5 , Y47,282 = x
3
1x3x
31
4 x
12
5 , Y47, 283 = x
3
1x
31
3 x4x
12
5 , Y47,284 = x
3
1x2x
12
4 x
31
5 ,
Y47,285 = x31x2x
31
4 x
12
5 , Y47,286 = x
3
1x2x
12
3 x
31
5 , Y47, 287 = x
3
1x2x
12
3 x
31
4 , Y47,288 = x
3
1x2x
31
3 x
12
5 ,
Y47,289 = x31x2x
31
3 x
12
4 , Y47,290 = x
3
1x
31
2 x4x
12
5 , Y47, 291 = x
3
1x
31
2 x3x
12
5 , Y47,292 = x
3
1x
31
2 x3x
12
4 ,
Y47,293 = x311 x3x
3
4x
12
5 , Y47,294 = x
31
1 x
3
3x4x
12
5 , Y47, 295 = x
31
1 x2x
3
4x
12
5 , Y47,296 = x
31
1 x2x
3
3x
12
5 ,
Y47,297 = x311 x2x
3
3x
12
4 , Y47,298 = x
31
1 x
3
2x4x
12
5 , Y47, 299 = x
31
1 x
3
2x3x
12
5 , Y47,300 = x
31
1 x
3
2x3x
12
4 ,
Y47,301 = x2x33x
13
4 x
30
5 , Y47,302 = x2x
3
3x
30
4 x
13
5 , Y47, 303 = x2x
30
3 x
3
4x
13
5 , Y47,304 = x
3
2x3x
13
4 x
30
5 ,
Y47,305 = x32x3x
30
4 x
13
5 , Y47,306 = x
3
2x
13
3 x4x
30
5 , Y47, 307 = x
3
2x
13
3 x
30
4 x5, Y47,308 = x1x
3
3x
13
4 x
30
5 ,
Y47,309 = x1x33x
30
4 x
13
5 , Y47,310 = x1x
30
3 x
3
4x
13
5 , Y47, 311 = x1x
3
2x
13
4 x
30
5 , Y47,312 = x1x
3
2x
30
4 x
13
5 ,
Y47,313 = x1x32x
13
3 x
30
5 , Y47,314 = x1x
3
2x
13
3 x
30
4 , Y47, 315 = x1x
3
2x
30
3 x
13
5 , Y47,316 = x1x
3
2x
30
3 x
13
4 ,
Y47,317 = x1x302 x
3
4x
13
5 , Y47,318 = x1x
30
2 x
3
3x
13
5 , Y47, 319 = x1x
30
2 x
3
3x
13
4 , Y47,320 = x
3
1x3x
13
4 x
30
5 ,
Y47,321 = x31x3x
30
4 x
13
5 , Y47,322 = x
3
1x
13
3 x4x
30
5 , Y47, 323 = x
3
1x
13
3 x
30
4 x5, Y47,324 = x
3
1x2x
13
4 x
30
5 ,
Y47,325 = x31x2x
30
4 x
13
5 , Y47,326 = x
3
1x2x
13
3 x
30
5 , Y47, 327 = x
3
1x2x
13
3 x
30
4 , Y47,328 = x
3
1x2x
30
3 x
13
5 ,
Y47,329 = x31x2x
30
3 x
13
4 , Y47,330 = x
3
1x
13
2 x4x
30
5 , Y47, 331 = x
3
1x
13
2 x
30
4 x5, Y47,332 = x
3
1x
13
2 x3x
30
5 ,
Y47,333 = x31x
13
2 x3x
30
4 , Y47,334 = x
3
1x
13
2 x
30
3 x5, Y47, 335 = x
3
1x
13
2 x
30
3 x4, Y47,336 = x2x
3
3x
14
4 x
29
5 ,
Y47,337 = x2x33x
29
4 x
14
5 , Y47,338 = x2x
14
3 x
3
4x
29
5 , Y47, 339 = x
3
2x3x
14
4 x
29
5 , Y47,340 = x
3
2x3x
29
4 x
14
5 ,
Y47,341 = x32x
29
3 x4x
14
5 , Y47,342 = x
3
2x
29
3 x
14
4 x5, Y47, 343 = x1x
3
3x
14
4 x
29
5 , Y47,344 = x1x
3
3x
29
4 x
14
5 ,
Y47,345 = x1x143 x
3
4x
29
5 , Y47,346 = x1x
3
2x
14
4 x
29
5 , Y47, 347 = x1x
3
2x
29
4 x
14
5 , Y47,348 = x1x
3
2x
14
3 x
29
5 ,
Y47,349 = x1x32x
14
3 x
29
4 , Y47,350 = x1x
3
2x
29
3 x
14
5 , Y47, 351 = x1x
3
2x
29
3 x
14
4 , Y47,352 = x1x
14
2 x
3
4x
29
5 ,
Y47,353 = x1x142 x
3
3x
29
5 , Y47,354 = x1x
14
2 x
3
3x
29
4 , Y47, 355 = x
3
1x3x
14
4 x
29
5 , Y47,356 = x
3
1x3x
29
4 x
14
5 ,
53
Y47,357 = x31x
29
3 x4x
14
5 , Y47,358 = x
3
1x
29
3 x
14
4 x5, Y47, 359 = x
3
1x2x
14
4 x
29
5 , Y47,360 = x
3
1x2x
29
4 x
14
5 ,
Y47,361 = x31x2x
14
3 x
29
5 , Y47,362 = x
3
1x2x
14
3 x
29
4 , Y47, 363 = x
3
1x2x
29
3 x
14
5 , Y47,364 = x
3
1x2x
29
3 x
14
4 ,
Y47,365 = x31x
29
2 x4x
14
5 , Y47,366 = x
3
1x
29
2 x
14
4 x5, Y47, 367 = x
3
1x
29
2 x3x
14
5 , Y47,368 = x
3
1x
29
2 x3x
14
4 ,
Y47,369 = x31x
29
2 x
14
3 x5, Y47,370 = x
3
1x
29
2 x
14
3 x4, Y47, 371 = x2x
3
3x
15
4 x
28
5 , Y47,372 = x2x
3
3x
28
4 x
15
5 ,
Y47,373 = x2x153 x
3
4x
28
5 , Y47,374 = x
3
2x3x
15
4 x
28
5 , Y47, 375 = x
3
2x3x
28
4 x
15
5 , Y47,376 = x
3
2x
15
3 x4x
28
5 ,
Y47,377 = x152 x3x
3
4x
28
5 , Y47,378 = x
15
2 x
3
3x4x
28
5 , Y47, 379 = x1x
3
3x
15
4 x
28
5 , Y47,380 = x1x
3
3x
28
4 x
15
5 ,
Y47,381 = x1x153 x
3
4x
28
5 , Y47,382 = x1x
3
2x
15
4 x
28
5 , Y47, 383 = x1x
3
2x
28
4 x
15
5 , Y47,384 = x1x
3
2x
15
3 x
28
5 ,
Y47,385 = x1x32x
15
3 x
28
4 , Y47,386 = x1x
3
2x
28
3 x
15
5 , Y47, 387 = x1x
3
2x
28
3 x
15
4 , Y47,388 = x1x
15
2 x
3
4x
28
5 ,
Y47,389 = x1x152 x
3
3x
28
5 , Y47,390 = x1x
15
2 x
3
3x
28
4 , Y47, 391 = x
3
1x3x
15
4 x
28
5 , Y47,392 = x
3
1x3x
28
4 x
15
5 ,
Y47,393 = x31x
15
3 x4x
28
5 , Y47,394 = x
3
1x2x
15
4 x
28
5 , Y47, 395 = x
3
1x2x
28
4 x
15
5 , Y47,396 = x
3
1x2x
15
3 x
28
5 ,
Y47,397 = x31x2x
15
3 x
28
4 , Y47,398 = x
3
1x2x
28
3 x
15
5 , Y47, 399 = x
3
1x2x
28
3 x
15
4 , Y47,400 = x
3
1x
15
2 x4x
28
5 ,
Y47,401 = x31x
15
2 x3x
28
5 , Y47,402 = x
3
1x
15
2 x3x
28
4 , Y47, 403 = x
15
1 x3x
3
4x
28
5 , Y47,404 = x
15
1 x
3
3x4x
28
5 ,
Y47,405 = x151 x2x
3
4x
28
5 , Y47,406 = x
15
1 x2x
3
3x
28
5 , Y47, 407 = x
15
1 x2x
3
3x
28
4 , Y47,408 = x
15
1 x
3
2x4x
28
5 ,
Y47,409 = x151 x
3
2x3x
28
5 , Y47,410 = x
15
1 x
3
2x3x
28
4 , Y47, 411 = x2x
6
3x
11
4 x
29
5 , Y47,412 = x1x
6
3x
11
4 x
29
5 ,
Y47,413 = x1x62x
11
4 x
29
5 , Y47,414 = x1x
6
2x
11
3 x
29
5 , Y47, 415 = x1x
6
2x
11
3 x
29
4 , Y47,416 = x2x
6
3x
27
4 x
13
5 ,
Y47,417 = x1x63x
27
4 x
13
5 , Y47,418 = x1x
6
2x
27
4 x
13
5 , Y47, 419 = x1x
6
2x
27
3 x
13
5 , Y47,420 = x1x
6
2x
27
3 x
13
4 ,
Y47,421 = x2x73x
10
4 x
29
5 , Y47,422 = x
7
2x3x
10
4 x
29
5 , Y47, 423 = x1x
7
3x
10
4 x
29
5 , Y47,424 = x1x
7
2x
10
4 x
29
5 ,
Y47,425 = x1x72x
10
3 x
29
5 , Y47,426 = x1x
7
2x
10
3 x
29
4 , Y47, 427 = x
7
1x3x
10
4 x
29
5 , Y47,428 = x
7
1x2x
10
4 x
29
5 ,
Y47,429 = x71x2x
10
3 x
29
5 , Y47,430 = x
7
1x2x
10
3 x
29
4 , Y47, 431 = x2x
7
3x
11
4 x
28
5 , Y47,432 = x
7
2x3x
11
4 x
28
5 ,
Y47,433 = x72x
11
3 x4x
28
5 , Y47,434 = x1x
7
3x
11
4 x
28
5 , Y47, 435 = x1x
7
2x
11
4 x
28
5 , Y47,436 = x1x
7
2x
11
3 x
28
5 ,
Y47,437 = x1x72x
11
3 x
28
4 , Y47,438 = x
7
1x3x
11
4 x
28
5 , Y47, 439 = x
7
1x
11
3 x4x
28
5 , Y47,440 = x
7
1x2x
11
4 x
28
5 ,
Y47,441 = x71x2x
11
3 x
28
5 , Y47,442 = x
7
1x2x
11
3 x
28
4 , Y47, 443 = x
7
1x
11
2 x4x
28
5 , Y47,444 = x
7
1x
11
2 x3x
28
5 ,
Y47,445 = x71x
11
2 x3x
28
4 , Y47,446 = x2x
7
3x
27
4 x
12
5 , Y47, 447 = x
7
2x3x
27
4 x
12
5 , Y47,448 = x
7
2x
27
3 x4x
12
5 ,
Y47,449 = x1x73x
27
4 x
12
5 , Y47,450 = x1x
7
2x
27
4 x
12
5 , Y47, 451 = x1x
7
2x
27
3 x
12
5 , Y47,452 = x1x
7
2x
27
3 x
12
4 ,
Y47,453 = x71x3x
27
4 x
12
5 , Y47,454 = x
7
1x
27
3 x4x
12
5 , Y47, 455 = x
7
1x2x
27
4 x
12
5 , Y47,456 = x
7
1x2x
27
3 x
12
5 ,
Y47,457 = x71x2x
27
3 x
12
4 , Y47,458 = x
7
1x
27
2 x4x
12
5 , Y47, 459 = x
7
1x
27
2 x3x
12
5 , Y47,460 = x
7
1x
27
2 x3x
12
4 ,
Y47,461 = x2x73x
26
4 x
13
5 , Y47,462 = x
7
2x3x
26
4 x
13
5 , Y47, 463 = x1x
7
3x
26
4 x
13
5 , Y47,464 = x1x
7
2x
26
4 x
13
5 ,
Y47,465 = x1x72x
26
3 x
13
5 , Y47,466 = x1x
7
2x
26
3 x
13
4 , Y47, 467 = x
7
1x3x
26
4 x
13
5 , Y47,468 = x
7
1x2x
26
4 x
13
5 ,
Y47,469 = x71x2x
26
3 x
13
5 , Y47,470 = x
7
1x2x
26
3 x
13
4 , Y47, 471 = x
3
2x
13
3 x
2
4x
29
5 , Y47,472 = x
3
2x
29
3 x
2
4x
13
5 ,
Y47,473 = x31x
13
3 x
2
4x
29
5 , Y47,474 = x
3
1x
29
3 x
2
4x
13
5 , Y47, 475 = x
3
1x
13
2 x
2
4x
29
5 , Y47,476 = x
3
1x
13
2 x
2
3x
29
5 ,
Y47,477 = x31x
13
2 x
2
3x
29
4 , Y47,478 = x
3
1x
29
2 x
2
4x
13
5 , Y47, 479 = x
3
1x
29
2 x
2
3x
13
5 , Y47,480 = x
3
1x
29
2 x
2
3x
13
4 ,
Y47,481 = x32x
3
3x
12
4 x
29
5 , Y47,482 = x
3
2x
3
3x
29
4 x
12
5 , Y47, 483 = x
3
2x
29
3 x
3
4x
12
5 , Y47,484 = x
3
1x
3
3x
12
4 x
29
5 ,
Y47,485 = x31x
3
3x
29
4 x
12
5 , Y47,486 = x
3
1x
29
3 x
3
4x
12
5 , Y47, 487 = x
3
1x
3
2x
12
4 x
29
5 , Y47,488 = x
3
1x
3
2x
29
4 x
12
5 ,
Y47,489 = x31x
3
2x
12
3 x
29
5 , Y47,490 = x
3
1x
3
2x
12
3 x
29
4 , Y47, 491 = x
3
1x
3
2x
29
3 x
12
5 , Y47,492 = x
3
1x
3
2x
29
3 x
12
4 ,
Y47,493 = x31x
29
2 x
3
4x
12
5 , Y47,494 = x
3
1x
29
2 x
3
3x
12
5 , Y47, 495 = x
3
1x
29
2 x
3
3x
12
4 , Y47,496 = x
3
2x
3
3x
13
4 x
28
5 ,
Y47,497 = x32x
3
3x
28
4 x
13
5 , Y47,498 = x
3
2x
13
3 x
3
4x
28
5 , Y47, 499 = x
3
1x
3
3x
13
4 x
28
5 , Y47,500 = x
3
1x
3
3x
28
4 x
13
5 ,
Y47,501 = x31x
13
3 x
3
4x
28
5 , Y47,502 = x
3
1x
3
2x
13
4 x
28
5 , Y47, 503 = x
3
1x
3
2x
28
4 x
13
5 , Y47,504 = x
3
1x
3
2x
13
3 x
28
5 ,
Y47,505 = x31x
3
2x
13
3 x
28
4 , Y47,506 = x
3
1x
3
2x
28
3 x
13
5 , Y47, 507 = x
3
1x
3
2x
28
3 x
13
4 , Y47,508 = x
3
1x
13
2 x
3
4x
28
5 ,
Y47,509 = x31x
13
2 x
3
3x
28
5 , Y47,510 = x
3
1x
13
2 x
3
3x
28
4 , Y47, 511 = x
3
2x
4
3x
11
4 x
29
5 , Y47,512 = x
3
1x
4
3x
11
4 x
29
5 ,
Y47,513 = x31x
4
2x
11
4 x
29
5 , Y47,514 = x
3
1x
4
2x
11
3 x
29
5 , Y47, 515 = x
3
1x
4
2x
11
3 x
29
4 , Y47,516 = x
3
2x
4
3x
27
4 x
13
5 ,
Y47,517 = x31x
4
3x
27
4 x
13
5 , Y47,518 = x
3
1x
4
2x
27
4 x
13
5 , Y47, 519 = x
3
1x
4
2x
27
3 x
13
5 , Y47,520 = x
3
1x
4
2x
27
3 x
13
4 ,
Y47,521 = x32x
5
3x
10
4 x
29
5 , Y47,522 = x
3
1x
5
3x
10
4 x
29
5 , Y47, 523 = x
3
1x
5
2x
10
4 x
29
5 , Y47,524 = x
3
1x
5
2x
10
3 x
29
5 ,
Y47,525 = x31x
5
2x
10
3 x
29
4 , Y47,526 = x
3
2x
5
3x
11
4 x
28
5 , Y47, 527 = x
3
1x
5
3x
11
4 x
28
5 , Y47,528 = x
3
1x
5
2x
11
4 x
28
5 ,
Y47,529 = x31x
5
2x
11
3 x
28
5 , Y47,530 = x
3
1x
5
2x
11
3 x
28
4 , Y47, 531 = x
3
2x
5
3x
27
4 x
12
5 , Y47,532 = x
3
1x
5
3x
27
4 x
12
5 ,
Y47,533 = x31x
5
2x
27
4 x
12
5 , Y47,534 = x
3
1x
5
2x
27
3 x
12
5 , Y47, 535 = x
3
1x
5
2x
27
3 x
12
4 , Y47,536 = x
3
2x
5
3x
26
4 x
13
5 ,
Y47,537 = x31x
5
3x
26
4 x
13
5 , Y47,538 = x
3
1x
5
2x
26
4 x
13
5 , Y47, 539 = x
3
1x
5
2x
26
3 x
13
5 , Y47,540 = x
3
1x
5
2x
26
3 x
13
4 ,
54
Y47,541 = x32x
7
3x
9
4x
28
5 , Y47,542 = x
7
2x
3
3x
9
4x
28
5 , Y47, 543 = x
3
1x
7
3x
9
4x
28
5 , Y47,544 = x
3
1x
7
2x
9
4x
28
5 ,
Y47,545 = x31x
7
2x
9
3x
28
5 , Y47,546 = x
3
1x
7
2x
9
3x
28
4 , Y47, 547 = x
7
1x
3
3x
9
4x
28
5 , Y47,548 = x
7
1x
3
2x
9
4x
28
5 ,
Y47,549 = x71x
3
2x
9
3x
28
5 , Y47,550 = x
7
1x
3
2x
9
3x
28
4 , Y47, 551 = x
3
2x
7
3x
25
4 x
12
5 , Y47,552 = x
7
2x
3
3x
25
4 x
12
5 ,
Y47,553 = x31x
7
3x
25
4 x
12
5 , Y47,554 = x
3
1x
7
2x
25
4 x
12
5 , Y47, 555 = x
3
1x
7
2x
25
3 x
12
5 , Y47,556 = x
3
1x
7
2x
25
3 x
12
4 ,
Y47,557 = x71x
3
3x
25
4 x
12
5 , Y47,558 = x
7
1x
3
2x
25
4 x
12
5 , Y47, 559 = x
7
1x
3
2x
25
3 x
12
5 , Y47,560 = x
7
1x
3
2x
25
3 x
12
4 .
6.7. A2-generators for P
+
5 in degree 47
Recall that Kameko’s squaring operation S˜q0∗)(5,47) : (QP5)47 → (QP5)21 is an epimorphism of
Z/2GL5-modules. Therefore, we get
B5(47) = B
0
5(47)
⋃
ϕ(B5(21))
⋃(
B
+
5 (47)
⋂
Ker((S˜q0∗)(5,47))
)
,
where |B05(47)| = 560, |ϕ(B5(21))| = 840 with ϕ : P5 → P5, ϕ(u) = X(∅, 5)u
2, ∀u ∈ P5. From
the results in Sect.3.4.2, we have
B
+
5 (47)
⋂
Ker((S˜q0∗)(5,47)) = B
+
5 (ω(1))
⋃
B
+
5 (ω(4))
⋃
B
+
5 (ω(5)),
where ω(1)) = (3, 2, 2, 2, 1), ω(4)) = (3, 4, 3, 1, 1), and ω(5)) = (3, 4, 3, 3).
B
+
5 (ω(1)) is the set of 196 admissible monomials: Y47, t, 1 ≤ t ≤ 370
Y47, 1 = x1x2x3x144 x
30
5 , Y47, 2 = x1x2x3x
30
4 x
14
5 , Y47,3 = x1x2x
14
3 x4x
30
5 ,
Y47, 4 = x1x2x143 x
30
4 x5, Y47, 5 = x1x2x
30
3 x4x
14
5 , Y47,6 = x1x2x
30
3 x
14
4 x5,
Y47, 7 = x1x142 x3x4x
30
5 , Y47, 8 = x1x
14
2 x3x
30
4 x5, Y47,9 = x1x
30
2 x3x4x
14
5 ,
Y47, 10 = x1x302 x3x
14
4 x5, Y47, 11 = x1x2x
2
3x
12
4 x
31
5 , Y47,12 = x1x2x
2
3x
31
4 x
12
5 ,
Y47, 13 = x1x2x313 x
2
4x
12
5 , Y47, 14 = x1x
2
2x3x
12
4 x
31
5 , Y47,15 = x1x
2
2x3x
31
4 x
12
5 ,
Y47, 16 = x1x22x
31
3 x4x
12
5 , Y47, 17 = x1x
31
2 x3x
2
4x
12
5 , Y47,18 = x1x
31
2 x
2
3x4x
12
5 ,
Y47, 19 = x311 x2x3x
2
4x
12
5 , Y47, 20 = x
31
1 x2x
2
3x4x
12
5 , Y47,21 = x1x
2
2x
12
3 x4x
31
5 ,
Y47, 22 = x1x22x
12
3 x
31
4 x5, Y47, 23 = x1x
2
2x
31
3 x
12
4 x5, Y47,24 = x1x
31
2 x
2
3x
12
4 x5,
Y47, 25 = x311 x2x
2
3x
12
4 x5, Y47, 26 = x1x2x
2
3x
13
4 x
30
5 , Y47,27 = x1x2x
2
3x
30
4 x
13
5 ,
Y47, 28 = x1x2x303 x
2
4x
13
5 , Y47, 29 = x1x
2
2x3x
13
4 x
30
5 , Y47,30 = x1x
2
2x3x
30
4 x
13
5 ,
Y47, 31 = x1x22x
13
3 x4x
30
5 , Y47, 32 = x1x
2
2x
13
3 x
30
4 x5, Y47,33 = x1x
30
2 x3x
2
4x
13
5 ,
Y47, 34 = x1x2x23x
14
4 x
29
5 , Y47, 35 = x1x2x
2
3x
29
4 x
14
5 , Y47,36 = x1x2x
14
3 x
2
4x
29
5 ,
Y47, 37 = x1x22x3x
14
4 x
29
5 , Y47, 38 = x1x
2
2x3x
29
4 x
14
5 , Y47,39 = x1x
2
2x
29
3 x4x
14
5 ,
Y47, 40 = x1x22x
29
3 x
14
4 x5, Y47, 41 = x1x
14
2 x3x
2
4x
29
5 , Y47,42 = x1x2x
2
3x
15
4 x
28
5 ,
Y47, 43 = x1x2x23x
28
4 x
15
5 , Y47, 44 = x1x2x
15
3 x
2
4x
28
5 , Y47,45 = x1x
2
2x3x
15
4 x
28
5 ,
Y47, 46 = x1x22x3x
28
4 x
15
5 , Y47, 47 = x1x
2
2x
15
3 x4x
28
5 , Y47,48 = x1x
15
2 x3x
2
4x
28
5 ,
Y47, 49 = x1x152 x
2
3x4x
28
5 , Y47, 50 = x
15
1 x2x3x
2
4x
28
5 , Y47,51 = x
15
1 x2x
2
3x4x
28
5 ,
Y47, 52 = x1x22x
15
3 x
28
4 x5, Y47, 53 = x1x
2
2x
28
3 x4x
15
5 , Y47,54 = x1x
2
2x
28
3 x
15
4 x5,
Y47, 55 = x1x152 x
2
3x
28
4 x5, Y47, 56 = x
15
1 x2x
2
3x
28
4 x5, Y47,57 = x1x2x
3
3x
12
4 x
30
5 ,
Y47, 58 = x1x2x33x
30
4 x
12
5 , Y47, 59 = x1x2x
30
3 x
3
4x
12
5 , Y47,60 = x1x
3
2x3x
12
4 x
30
5 ,
Y47, 61 = x1x32x3x
30
4 x
12
5 , Y47, 62 = x1x
3
2x
12
3 x4x
30
5 , Y47,63 = x1x
3
2x
12
3 x
30
4 x5,
Y47, 64 = x1x32x
30
3 x4x
12
5 , Y47, 65 = x1x
30
2 x3x
3
4x
12
5 , Y47,66 = x1x
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5, Y47,357 = x
3
1x
7
2x
9
3x
4
4x
24
5 ,
Y47,358 = x71x
3
2x
9
3x
4
4x
24
5 , Y47,359 = x
3
1x
5
2x
26
3 x
5
4x
8
5, Y47,360 = x
3
1x
5
2x
10
3 x
5
4x
24
5 ,
Y47,361 = x31x
5
2x
10
3 x
21
4 x
8
5, Y47,362 = x
3
1x
5
2x
11
3 x
20
4 x
8
5, Y47,363 = x
3
1x
5
2x
10
3 x
20
4 x
9
5,
Y47,364 = x31x
5
2x
10
3 x
12
4 x
17
5 , Y47,365 = x
3
1x
5
2x
10
3 x
13
4 x
16
5 , Y47,366 = x
3
1x
5
2x
11
3 x
12
4 x
16
5 ,
Y47,367 = x31x
7
2x
9
3x
20
4 x
8
5, Y47,368 = x
7
1x
3
2x
9
3x
20
4 x
8
5, Y47,369 = x
3
1x
7
2x
9
3x
12
4 x
16
5 ,
Y47,370 = x71x
3
2x
9
3x
12
4 x
16
5 .
57
B
+
5 (ω(4)) is the set of 112 admissible monomials: Y47, t, 371 ≤ t ≤ 482
Y47, 371 = x1x32x
6
3x
6
4x
31
5 , Y47, 372 = x1x
3
2x
6
3x
31
4 x
6
5, Y47,373 = x1x
3
2x
31
3 x
6
4x
6
5,
Y47, 374 = x1x312 x
3
3x
6
4x
6
5, Y47, 375 = x
3
1x2x
6
3x
6
4x
31
5 , Y47,376 = x
3
1x2x
6
3x
31
4 x
6
5,
Y47, 377 = x31x2x
31
3 x
6
4x
6
5, Y47, 378 = x
3
1x
31
2 x3x
6
4x
6
5, Y47,379 = x
31
1 x2x
3
3x
6
4x
6
5,
Y47, 380 = x311 x
3
2x3x
6
4x
6
5, Y47, 381 = x1x
3
2x
6
3x
7
4x
30
5 , Y47,382 = x1x
3
2x
7
3x
6
4x
30
5 ,
Y47, 383 = x1x32x
7
3x
30
4 x
6
5, Y47, 384 = x1x
7
2x
3
3x
6
4x
30
5 , Y47,385 = x1x
7
2x
3
3x
30
4 x
6
5,
Y47, 386 = x31x2x
6
3x
7
4x
30
5 , Y47, 387 = x
3
1x2x
7
3x
6
4x
30
5 , Y47,388 = x
3
1x2x
7
3x
30
4 x
6
5,
Y47, 389 = x31x
7
2x3x
6
4x
30
5 , Y47, 390 = x
3
1x
7
2x3x
30
4 x
6
5, Y47,391 = x
7
1x2x
3
3x
6
4x
30
5 ,
Y47, 392 = x71x2x
3
3x
30
4 x
6
5, Y47, 393 = x
7
1x
3
2x3x
6
4x
30
5 , Y47,394 = x
7
1x
3
2x3x
30
4 x
6
5,
Y47, 395 = x1x32x
7
3x
14
4 x
22
5 , Y47, 396 = x1x
7
2x
3
3x
14
4 x
22
5 , Y47,397 = x
3
1x2x
7
3x
14
4 x
22
5 ,
Y47, 398 = x31x
7
2x3x
14
4 x
22
5 , Y47, 399 = x
7
1x2x
3
3x
14
4 x
22
5 , Y47,400 = x
7
1x
3
2x3x
14
4 x
22
5 ,
Y47, 401 = x1x72x
27
3 x
6
4x
6
5, Y47, 402 = x
7
1x2x
27
3 x
6
4x
6
5, Y47,403 = x
7
1x
27
2 x3x
6
4x
6
5,
Y47, 404 = x1x72x
11
3 x
6
4x
22
5 , Y47, 405 = x1x
7
2x
11
3 x
22
4 x
6
5, Y47,406 = x
7
1x2x
11
3 x
6
4x
22
5 ,
Y47, 407 = x71x2x
11
3 x
22
4 x
6
5, Y47, 408 = x
7
1x
11
2 x3x
6
4x
22
5 , Y47,409 = x
7
1x
11
2 x3x
22
4 x
6
5,
Y47, 410 = x31x
5
2x
2
3x
6
4x
31
5 , Y47, 411 = x
3
1x
5
2x
2
3x
31
4 x
6
5, Y47,412 = x
3
1x
5
2x
6
3x
2
4x
31
5 ,
Y47, 413 = x31x
5
2x
6
3x
31
4 x
2
5, Y47, 414 = x
3
1x
5
2x
31
3 x
2
4x
6
5, Y47,415 = x
3
1x
5
2x
31
3 x
6
4x
2
5,
Y47, 416 = x31x
31
2 x
5
3x
2
4x
6
5, Y47, 417 = x
3
1x
31
2 x
5
3x
6
4x
2
5, Y47,418 = x
31
1 x
3
2x
5
3x
2
4x
6
5,
Y47, 419 = x311 x
3
2x
5
3x
6
4x
2
5, Y47, 420 = x
3
1x
5
2x
2
3x
7
4x
30
5 , Y47,421 = x
3
1x
5
2x
7
3x
2
4x
30
5 ,
Y47, 422 = x31x
5
2x
7
3x
30
4 x
2
5, Y47, 423 = x
3
1x
7
2x
5
3x
2
4x
30
5 , Y47,424 = x
3
1x
7
2x
5
3x
30
4 x
2
5,
Y47, 425 = x71x
3
2x
5
3x
2
4x
30
5 , Y47, 426 = x
7
1x
3
2x
5
3x
30
4 x
2
5, Y47,427 = x
3
1x
7
2x
29
3 x
2
4x
6
5,
Y47, 428 = x31x
7
2x
29
3 x
6
4x
2
5, Y47, 429 = x
7
1x
3
2x
29
3 x
2
4x
6
5, Y47,430 = x
7
1x
3
2x
29
3 x
6
4x
2
5,
Y47, 431 = x31x
7
2x
13
3 x
2
4x
22
5 , Y47, 432 = x
3
1x
7
2x
13
3 x
22
4 x
2
5, Y47,433 = x
7
1x
3
2x
13
3 x
2
4x
22
5 ,
Y47, 434 = x71x
3
2x
13
3 x
22
4 x
2
5, Y47, 435 = x
7
1x
27
2 x
5
3x
2
4x
6
5, Y47,436 = x
7
1x
27
2 x
5
3x
6
4x
2
5,
Y47, 437 = x71x
11
2 x
5
3x
2
4x
22
5 , Y47, 438 = x
7
1x
11
2 x
5
3x
22
4 x
2
5, Y47,439 = x
7
1x
11
2 x
21
3 x
2
4x
6
5,
Y47, 440 = x71x
11
2 x
21
3 x
6
4x
2
5, Y47, 441 = x
3
1x
5
2x
6
3x
30
4 x
3
5, Y47,442 = x
3
1x
5
2x
6
3x
3
4x
30
5 ,
Y47, 443 = x31x
3
2x
5
3x
6
4x
30
5 , Y47, 444 = x
3
1x
3
2x
5
3x
30
4 x
6
5, Y47,445 = x
3
1x
5
2x
3
3x
6
4x
30
5 ,
Y47, 446 = x31x
5
2x
3
3x
30
4 x
6
5, Y47, 447 = x
3
1x
3
2x
5
3x
14
4 x
22
5 , Y47,448 = x
3
1x
5
2x
3
3x
14
4 x
22
5 ,
Y47, 449 = x31x
3
2x
29
3 x
6
4x
6
5, Y47, 450 = x
3
1x
29
2 x
3
3x
6
4x
6
5, Y47,451 = x
3
1x
3
2x
13
3 x
6
4x
22
5 ,
Y47, 452 = x31x
3
2x
13
3 x
22
4 x
6
5, Y47, 453 = x
3
1x
5
2x
6
3x
6
4x
27
5 , Y47,454 = x
3
1x
5
2x
27
3 x
6
4x
6
5,
Y47, 455 = x31x
5
2x
6
3x
7
4x
26
5 , Y47, 456 = x
3
1x
5
2x
7
3x
6
4x
26
5 , Y47,457 = x
3
1x
5
2x
7
3x
26
4 x
6
5,
Y47, 458 = x31x
7
2x
5
3x
6
4x
26
5 , Y47, 459 = x
3
1x
7
2x
5
3x
26
4 x
6
5, Y47,460 = x
7
1x
3
2x
5
3x
6
4x
26
5 ,
Y47, 461 = x71x
3
2x
5
3x
26
4 x
6
5, Y47, 462 = x
3
1x
5
2x
11
3 x
6
4x
22
5 , Y47,463 = x
3
1x
5
2x
11
3 x
22
4 x
6
5,
Y47, 464 = x31x
5
2x
6
3x
14
4 x
19
5 , Y47, 465 = x
3
1x
5
2x
7
3x
10
4 x
22
5 , Y47,466 = x
3
1x
7
2x
5
3x
10
4 x
22
5 ,
Y47, 467 = x71x
3
2x
5
3x
10
4 x
22
5 , Y47, 468 = x
3
1x
5
2x
7
3x
14
4 x
18
5 , Y47,469 = x
3
1x
7
2x
5
3x
14
4 x
18
5 ,
Y47, 470 = x71x
3
2x
5
3x
14
4 x
18
5 , Y47, 471 = x
3
1x
7
2x
25
3 x
6
4x
6
5, Y47,472 = x
7
1x
3
2x
25
3 x
6
4x
6
5,
Y47, 473 = x31x
7
2x
9
3x
6
4x
22
5 , Y47, 474 = x
3
1x
7
2x
9
3x
22
4 x
6
5, Y47,475 = x
7
1x
3
2x
9
3x
6
4x
22
5 ,
Y47, 476 = x71x
3
2x
9
3x
22
4 x
6
5, Y47, 477 = x
3
1x
7
2x
13
3 x
6
4x
18
5 , Y47,478 = x
3
1x
7
2x
13
3 x
18
4 x
6
5,
Y47, 479 = x71x
3
2x
13
3 x
6
4x
18
5 , Y47, 480 = x
7
1x
3
2x
13
3 x
18
4 x
6
5, Y47,481 = x
7
1x
11
2 x
5
3x
6
4x
18
5 ,
Y47, 482 = x71x
11
2 x
5
3x
18
4 x
6
5.
B
+
5 (ω(5)) is the set of 15 admissible monomials: Y47, t, 483 ≤ t ≤ 497
Y47,483 = x1x72x
11
3 x
14
4 x
14
5 , Y47,484 = x
7
1x2x
11
3 x
14
4 x
14
5 , Y47,485 = x
7
1x
11
2 x3x
14
4 x
14
5 ,
Y47,486 = x71x
11
2 x
13
3 x
2
4x
14
5 , Y47,487 = x
7
1x
11
2 x
13
3 x
14
4 x
2
5, Y47,488 = x
3
1x
5
2x
11
3 x
14
4 x
14
5 ,
Y47,489 = x31x
7
2x
9
3x
14
4 x
14
5 , Y47,490 = x
7
1x
3
2x
9
3x
14
4 x
14
5 , Y47,491 = x
3
1x
7
2x
13
3 x
10
4 x
14
5 ,
Y47,492 = x31x
7
2x
13
3 x
14
4 x
10
5 , Y47,493 = x
7
1x
3
2x
13
3 x
10
4 x
14
5 , Y47,494 = x
7
1x
3
2x
13
3 x
14
4 x
10
5 ,
Y47,495 = x71x
11
2 x
5
3x
10
4 x
14
5 , Y47,496 = x
7
1x
11
2 x
5
3x
14
4 x
10
5 , Y47,497 = x
7
1x
11
2 x
13
3 x
6
4x
10
5 .
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